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ABSTRACT
An attempt is made to derive recurrence relations of ascending, descending type and certain generating functions for
the generalized hypergeometric polynomials Un (f;7;X) by Weisner’s group-theoretic method which are useful for

deriving many other properties of Un (B;7:X) . Furthermore, some particular cases of generalized hypergeometric

polynomials Un (B;7;X), namely Laguerre, Mexiner, Gottlieb, Krawtchouk and Mexiner-pollaczek polynomials are

also pointed out, which are of great important in engineering, science and technology and constitute good models for
many systems in various fields.
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1. INTRODUCTION:

Recently, V. S. Bhagavan[3] studied some classical properties of Un(ﬂ;}/; X) such as the addition, multiplication
theorems, finite difference formula and various integral representations. It is interesting to note that the polynomial set
l.,ln (B;7;X) is a product of x" and hypergeometric function which enable to derive varies types of generating

functions .Because of the important role which hypergeometric polynomials/functions play in problems of physics and
applied mathematics , the theory of generating functions has been developed into various directions and found wide
applications in different branches of analysis namely infinite series, general theories of linear differential equations,
Statistics ( various type of distributions), operations research and functions of a complex variables. The hypergeometric
functions have also retained its significance in engineering, science and technology. In this paper, an attempt is made to
derive some simple generating functions, recurrence relations of ascending and descending type of the generalized

hypergeometric polynomials Un(,b’;;/; X) by the series manipulation method which are useful for obtaining many

other properties of Un(,B;y; X) .The principle interest in our results lies in the fact that a number of orthogonal
polynomials, that is, the Laguerre , Meixner, Gottlieb, Krawchouk and Mexiner-Pollaczek polynomial, are derived as
the special cases of our results. Some generating relations of these polynomials are well known but some of them are
believed to be new in the theory of special functions.

2. DEFINATION:

S. D. Bajpai and M. S. Arora [2] studied the semi-orthogonality property and an integral involving Fox’s H-function of
U, (B;7; X) defined as

U.(s;7:x) =x" zFl[—n,ﬁ;y;%], (2.1)

where n is a non- negative integer , X is any non-zero complex variable and £, are independent of n.

Remark: If S,y are dependent of n then many properties which are valid for £, independent of n fail to be valid
for #, 7 dependent upon n.
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In the paper, after obtaining ascending and descending recurrence relations, the main aim is to derive generating

functions for Un (B; 7 X) by series manipulation method which are of great important for deriving other properties of
U, (B;7:X) . The hypergeometric polynomial U_(3;7;X) satisfies the differential equation
{x(1-x) D*—[(n+ - —(y+2n-2)x]-n(y +n-D} U, (x) =0,

2.2)
where U,(x)=U,(B;y;x) and D=—

APPLICATIONS:

Lpimdgulgieg Bllo My @ 2.3
I/‘;Lm{ﬁ un(ﬂ.lm, Xj} o) Ln™ (%), (2.3)
where Ly (X) is the Laguerre polynomial . [9]

Uy (=Y:7:@=p ") )=@=p*) "M, (Y;7,p), provided y>0,0< p<1,y=0,1,2... (2.4)
where M, (Y ; 7, o) is the Mexiner polynomial.[10]

3Up(-yiLiA-e") ) =™ D)4, (v, ), (25)
where @, (Y, A) is the Gottlieb polynomial.[9]

4.Up(=y;-N;P)=P"K,(y;P,N), 2.6)
where K, (y; P, N) is the Krawtchouk polynomial.[10]

5U,(A+iy; 21;(1-e29)") = —(2i) " cosec"¢ P, (y ?), 2.7

(2/1) n
where Pn/I (y; @) is the Miexner —pollaczek polynomial.[10]

3. GENERATIG RELATIONS:
Here, we shall deduce only simple generating relations which are useful for obtaining many properties of Un (Br7:x)

Consider the series
(@)n Up (,B ittt & (- ) (@) (B), X xk¢n
Z r;wzo (nN—K)Ik1(),

Z(oz) (B), ()" {Z(avtk)n(xt) }

n=0 k!(7)k n=0
o k
0 :(1_Xt)—a (o), (B), { —t } |
k=0 kv, Ll-xt
Therefore,
S (a)nun(ﬂ;V;X)tn_ o\ —t
n;) n! =(1=x) {a ﬁy’l xt}

(3.1
Corollary: In particular, if o zythen, we get
(it) Similarly
Z u, (; ;/,x)t Z(xt) Z(ﬁ) (-t)¥
n=0 n=0 k=0 kl(y)k
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Which yields

imzexp(xt)lﬁ[ﬂ;y;—t].

n=0 n!

Z(7)nu (IB %X)tn (1 Xt)y E |:ﬂ —t }

"1—xt

=(1-xt)" 7 (1-xt+1)”.

3. RECURRENCE RELATIONS:

i(ﬂ/)n un(ﬁ;%x)tn =(1—xt)ﬂ_7(l—xt+t)_ﬂ

(i) Let G=4y
0G ] -1
Then 5:—(ﬁ—y)t(l—xt) G+ Atl-xt+1)1G
and %:—(ﬁ—y)x(l—xt)‘lG—ﬂ(l—x)t(l—xt+t)‘1G.
,0G _ 0G
This implies that 6 ta__ﬂt(l Xt) G,
] 1 t ] ’ tn+1
XZ(7) U(ﬂ?/X) 2(7) U(ﬁ;]!7X)
.. n+1
0 e n © (V)n un(ﬂ;?/;x)tmrl _ - (7)n Un(ﬂ,]/,X)t .
$ OByt g SN A 2 n!
=t (n-1)! n=1

Now, comparing the coefficient of t", we finally have

(r+n=-0A-x) Uy (B x)+nx@-x) U (Brx)-n(y+n-1)
U (870 -nl(n-D @)+ B1Un(B: %) =0

(ii) Further, from (2.8) and (2.9), we have

1- x)—X t@?(ﬁ Nta-xt)Le,

n+1

\ - Z (7)n Un (nﬂ 7 )t x(1- X)z(?/)nu n (857Xt

n!

g o (N)nUn(Bi70t"!
© (P Un(B; 7 X)t - (B-7) .

2 (MDaUn(Bi7i0t" = > n!
I = =

which implies that
(r+n-0A-%) Uy (Biri0)-nx@-x) UL (B7ix)+n(y+n-1)
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Un(Bryix)=nl(n-Dx-g+y1 U, _,(B7:x)=0. 8

' '
Eliminating u”(B’Y’X) and un—l(ﬂ’y’ X) respectively from (3.6) and (3.8), we have the following recurrence
relations:

D U (B:iyix)=NU_ (Bi7:x). 3.9)
and
D U,(B7:x)= x(11— X){(7+n) U (B 7)) +[(n+B)=(r+2n)x] U, (B %) . (3.10)

These two independent differential recurrence relations determine the linear ordinary differential equation

{x@1-x) D? —[(n+B-D)-(r+2n-2)X]ID-n(y +n-1} U, (B;7:X) =0, (3.11)
where D = di We now seek linearly independent lowering and raising differential operators B and C each of the

X
form

A (% y)§+ A (x, y)§+ A,(x,Y)

such that

Bly"U, (B x)]=a,y" U (Bi7:x)], n=1, (312)
and

Cly" U, (8701 =by™ U (B;7:%)], n=1, (3.13)

where @y, and bn are expressions in ‘n” which are independent of x and y, but may contains # and .

Using (3.12), (3.13) and recurrence relations (3.9) and (3.10), we get the following linear partial differential operators
(lowering and raising) respectively:

0

B=-y'—, 3.14
y o (3.14)
and
0 2 0
C=xy(@-x)—+2x-D)y"—+({x=p)y. (3.15)
OX oy

4. BILATERAL GENERATING FUNCTIONS:

In this section, we have derived a theorem and its two corollaries on bilateral generating relations for the ypergeometric
polynomial set LIn (B 7; X) through Weisner’s group- theoretic technique. It is followed by its applications to various
classical polynomials.

From (3.15), we have derived the transformed group generated by C is given by

exp(WC) f (x,y) = (L—wxy)” 7 {L+wy(L-x)} ”

f [x+wxy(1—x), y j
(1—wxy){1+wy(1-x)}

@.1)

Let us suppose that
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G(x,t) = kZ: u U, (B 7 X)t* Replacing t by twy , we have G(X, twy) = kz,ukuk (B; 7 x)t wkyk,
=0 =0

4.2)
Operating both sides of (4.2) by exp(wC), we get
exp(WC) G (x, twy) = exp(wC) 3 s Uy (B x)t why*. 43)
=0
By using (3.15) and (4.1), we obtain exp(WC)G (X, twy) = (L—wxy)”? 7 {L+ wy(L—x)} #
G| x+wxy(l-x), twy . 4.4)
(L —wxy){1+wy(1-x)}
On the other hand, the right hand reduces to exp(wC) i,ukuk (B7: X)tkayk
k=0
= (WC
- SO S U it |
n=
© o Wn+k
=2 > —Cly*U, (8701t
n=0k=0 N:
RS (y+ K) -
Now equating (4.4) and (4.5) we obtain
_ . twy
@—wxy)? 7 {L+wy(l-x)} 7 G(x+wxy(1— x), j
(1— wxy){1+wy(1-x)}
ii’w kU, (i) (wy)"
== —k)! e y (4.6)
Putting y=1 in (4.6), we get
1-w)? 7L+ wy(l-x)} 7 G 1-x), tw .
@-wx)” " {L+wy(l—x)} (x+wx( X) W)L Wi X))
oo N
H (y+K)
zzo (n—k)! Un (872wt (4.7)

Thus, we arrive at the following theorem:

— R k .
Theorem: If there exists a linear generating relation of the form G(x,1) = kZ:;) Hy Uk (B7,X)t" , where H s

independent of x and t , then the following linear generating relation will exit

_ B~ B _ tw _ < . n
A-wx)” 7L+ w@d-x)} G(x+wx(1 X), (1—WX){1+W(1—X)}} nZ;‘)an(t)un(ﬂ,y,x)w,

(4.8)

k
& (k) t
where On () = nZ:;‘) (n—k)! ' (4.9)

Corollary 1:
Consider the generating function (3.2) ,that is,
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2 ug (87 0)t" .
5 LT e ) 5 711 w0

n=0

1
Let us suppose that £, = k—and G(x,t) =exp(xt) K [,8; 7 —t]. By the above theorem, we have the following

+k
generating relation Zz Z( )r;<)k| NUR% x)wntk

n=0k=0

xXtw —tw

1—wxj 3 {ﬂ; & (1-wx){1+wy (1-x)} |

= A-wx)" 7+ wy(L-x)F P exp (

(4.11)
Left hand side can be deduced to
o (;/)anl[—n;y;—t] ]
nz Z:: kl(n k)' n(ﬁ 7’X)Wt _nZ:;‘) n! Un(ﬂ,y,X)W . (4_12)
» (7) R[-nr-t]
Then Z : I U, (570 w"
n=0 n:
(w7 WL P xtw j £l g —tw |
(L-wx)”" " {1+w(@d-x)} eXp(l_WX 1h 'B’%(l—WX){1+W(1—X)} (4.13)
Now , we replacing —t by z and w by t, we get
= (7) R[-nr-7]
2 U, (872 x)t"
n=0 n:
- - xt)P 7t x)}y (XZtJ a . .
R S G A Py Al e e (1)

which is a bilateral generating relation for U, (8;7;X).
Corollary 2:

Consider the another generating function (3.1) for Un (B7:%)

2 70tk -
ie., k;)(a)k uk(ﬁ 7% =(1-xt) 1{06 B y’i—tt} (4.15)

Letussu ——(a)k =(1-xt)™“ —t
ppose that 44, = l and G(x,t) =(1- xt) a, f, }/,1 "

In a similar way, by applying previous theorem, we get the following generating relation
i ()n zFl[—n,a;y; Z]un(ﬂ;y; x)t"

n=0 n!

—(1-xt)" 7 L+ta-%)) P f1-xta-2)}

. —t
F{a’ﬂ’y’ {1+t(1-x)}H{1-xt(1- z)}}’

(4.16)
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which is other bilateral generating relation for Un (Bi7:X).

5. APPLICATIONS

The foIIowing generating relations have been derived from (4.14) and (4.16) by using the conditions of (4.1)

1. i nix” — 2 (X)L (2)t" = (x—t) e xH exp(—_t(xiz)j OFl{—;lJra;(XXiztt)z}.

o (1+a),
Z.i LB [N el+ 4 z]x LR (0t

n=0

=(x—t)“ T x ex ( j(x t+tz) ™ F | o1+ 4, Xt
N Pl (x—t)(x—t+tz) |

3 g%a—pl’nlﬁ[‘”?% ZIM,(y; 7, p)t"

=(l-p Y @-p-0)V T (1-p T -tp7) exp Llp—zitjl 1{ YT plzf(tl)(_ll_);)i_ o |
provided »>0,0<p<1, y=0,12,..

4 3 Doy Fln M i Y
=(1-p Y @-p =)A= p T -tp )

L-piot-2y7, [a Vg 2tl-p’)’ }

(-pt-tpH)A-p ' -tA-2)}]
provided »>0,0<p<1, y=0,12,3,..

5. Zi;(e"1 D)™ R [-na;y;z]é, (y; )L"

eV et VYLl adsadNY -zt . zt(1-e*)?
=(1-e")1-e"-t) " (l-e"-te”) exp((l_ t)j F{ y’l’(l—eﬂ—t)(l—ei—te’l)}'

6. i(e*’1 )", F [-n,e;L 2] 4, (y; A)t"
= (L-e")(1-e" —t)* I (1-e* ~te’)” {1-e" —t(1- z)}‘“

Fi“’ Y T ey —t(l—z)}}

L R[-n—N;z]K, (y; P,N)(Pt)"

73

n!
Pt zy

=@-P)NY(@L+t-Pt)e ‘ jF—;—N; :

=Py ) Xp(l Pt P TPy t-py

provided 0<P<1, y=0,12,. N.
N
n=0

= 1-Pt)* ™ @+t—Pt)’ (L- Pt+2Pt)* F,| at,—y;—N; Zy

A=PO= )'( ) 21[“ S Py Pt+ 2Py |

provided 0<P<1, y=0,12,.. N.
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9. > (2i) " cosec"s , F, [-n;24; 2] P} (y; #)t"
n=0
— - - )Y (A a-e 2]

2t o (e ™)’
exp {m} 1F{“'y’ e o{arna-e ) -t}}'

10. >"(2i) "cosec"s ,F, [-n,a; 24; 2] Py (y; #)t"
n=0

= (- (1-e 2 —t) V(A4 t)1-e ) —t}_ﬂ_iy (1—e2¢ _t4zt) @

o zt(1-e2?)?
2 Fl[“”l Y e ™) — e 7 —t+ Zt}}'

These are all the bilateral (bilinear) generating relations for the Laguerre. Polynomials whereas the results for the

Meixner, Gottlieb, Krawtchouk and Meixner — Pollaczek polynomials are believed to be new.

Remark: In a similar way, one can be deduced other types of generating functions from the lowering differential
operator “B”, which are of great importance in the theory of special functions of mathematical physics.
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