
International Journal of Mathematical Archive-3(3), 2012, Page: 932-934 

Available online through www.ijma.info ISSN 2229 – 5046 

International Journal of Mathematical Archive- 3 (3), Mar. – 2012                                                                                                             932 

 
ON SEPARATION INDEX OF FUZZY SETS 

 
Mamoni Dhar* 

 
Asst. Professor, Department of Mathematics, Science College, Kokrajhar-783370, Assam, India 

E-mail: mamonidhar@gmail.com, mamonidhar@rediffmail.com 
 

(Received on: 28-02-12; Accepted on: 21-03-12) 
________________________________________________________________________________________________ 

 
ABSTRACT 

The objective of this paper is to provide information regarding the fact that the way in which fuzzy variables 
separation index was introduced cannot give us a logical result if the complementation of fuzzy sets is defined on the 
basis of reference function. Here efforts have been made to show how it is not possible to define separation index in the 
manner. 
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1. INTRODUCTION: 
 
Data clustering is a process of dividing data elements into classes or clusters so that items in the same class are as 
similar as possible and items in the different classes are as dissimilar as possible. Depending on the nature of the data 
and purpose for which clustering is used, different measure of similarity may be used to place items into classes where 
similarity measures controls how the clusters are formed. In fuzzy clustering data elements can belong to more than one 
cluster, and associated with each element a set of membership levels. 
 
Separation is an indicator of isolation of clusters from one another .In other words, it can be said that separation 
measure provides us with the knowledge of the isolation between two fuzzy clusters which is obtained by computing 
the distance between the fuzzy clusters.  Different authors have defined separation index of two fuzzy subsets in 
different ways.  
 
Polit ([1], p-85) has defined a separation index between two fuzzy subsets A and B as  

                                                 𝑑𝑑∗(𝐴𝐴, 𝐵𝐵) = 1 −
∑ (𝜇𝜇𝐴𝐴𝑛𝑛 ∩𝜇𝜇𝐵𝐵𝑛𝑛 )𝑁𝑁

𝑛𝑛 =1
∑ (𝜇𝜇𝐴𝐴𝑛𝑛 ∪𝜇𝜇𝐵𝐵𝑛𝑛 )𝑁𝑁

𝑛𝑛 =1
  

 
where          𝜇𝜇𝐴𝐴𝑛𝑛 ∩ 𝜇𝜇𝐵𝐵𝑛𝑛 = min (𝜇𝜇𝐴𝐴𝑛𝑛 , 𝜇𝜇𝐵𝐵𝑛𝑛 )  and 𝜇𝜇𝐴𝐴𝑛𝑛 ∪ 𝜇𝜇𝐵𝐵𝑛𝑛 = max (𝜇𝜇𝐴𝐴𝑛𝑛  , 𝜇𝜇𝐵𝐵𝑛𝑛 ) 
 
Here  𝜇𝜇𝐴𝐴𝑛𝑛  and 𝜇𝜇𝐵𝐵𝑛𝑛 denote the membership functions of N available data of the two fuzzy subsets A and B. Then it was 
proved that       𝑑𝑑∗(𝐴𝐴, 𝐵𝐵)is a ultra metric measure of P(X) of the fuzzy parts of X data. Further, proceeding in this way it 
was concluded that a possible way of measuring compatibility of  two fuzzy sets A and B  which was denoted by  
G(A,B)  and was defined in the following manner:   

G (A,B)= 
∑ (𝜇𝜇𝐴𝐴𝑛𝑛 ∩𝜇𝜇𝐵𝐵𝑛𝑛 )𝑁𝑁

𝑛𝑛 =1
∑ (𝜇𝜇𝐴𝐴𝑛𝑛 ∪𝜇𝜇𝐵𝐵𝑛𝑛 )𝑁𝑁

𝑛𝑛 =1
 

 
One important thing to be remembered here is that this type of compatibility was found by replacing 𝐴𝐴𝑐𝑐  by B in the 
fuzzy entropy formula proposed by Kosko [2] which is  
 

𝐻𝐻𝐴𝐴 = 𝑀𝑀(𝐴𝐴∩𝐴𝐴𝑐𝑐 )
𝑀𝑀(𝐴𝐴∪𝐴𝐴𝑐𝑐 )

  and M(A)= ∑ 𝜇𝜇𝐴𝐴𝑛𝑛
𝑁𝑁
𝑛𝑛=1  

 
In this work, we shall show that the aforesaid way of finding compatibility between fuzzy sets can never logically give 
us the desired result.It is because of the fact that  the definition was derived from the formula of finding entropy of 
fuzzy sets which is defined on the basis of the assumption that fuzzy sets violates excluded middle laws .It is to be 
noticed here that  this phenomenon is caused by the fuzzy properties of fuzzy sets but here we can prove that these 
assumptions no longer holds if complementation is seen from our standpoints.  Excluded middle laws consist of two 
laws: The first, known as the law of excluded middle, deals with the union of a set A and its complement 𝐴𝐴𝑐𝑐  .  
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The second law, known as the law of contradiction, represents the intersection of the set A and its complement 𝐴𝐴𝑐𝑐 . The 
following equations describe these two laws symbolically:                                                    

the null set  and A ∪ Ac =the universal set Ω 
 

On the contrary, in case of fuzzy sets, from the inception it was accepted that 𝐴𝐴 ∩ 𝐴𝐴𝑐𝑐 ≠ the null set 𝜑𝜑 and 𝐴𝐴 ∪ 𝐴𝐴𝑐𝑐 ≠
the universal set Ω 
 

Here the complement 
cA of a fuzzy set A is defined with the help of membership function 

 
,  

 
It is to be worth mentioning here that in order to establish our claim, we have to take the help of the definition of 
complementation of fuzzy sets on the basis of reference function as defined by Baruah [3].This definition claim to 
satisfy all the properties of classical sets.The way of defining complementation in the process described seems logical 
and hence this is taken as a tool for reaching our point. 
 
2. RELATED WORKS: 
 
Qing-Shi Gao, Xiao-Yu Gao and Yue Hu  [10] went a step further and found that there is some mistakes Zadeh’s fuzzy 
sets and found that  it is incorrect to define the set complement as one minus the membership function of the given 
fuzzy set. Becuseuse it can be proved that set complement may not exist in Zadeh's fuzzy set. And it also leads to 
logical confusion, and is seriously mistaken to believe that logics of fuzzy sets necessarily go against classical and 
normal thinking, logic, and concepts. Hence they went a step forward and found some shortcomings in the Zadeh’s 
fuzzy set theory and consequently they wanted to remove the shortcomings which seemed to them debarred fuzzy sets 
to satisfy all the properties of classical sets. They introduced a new fuzzy set theory,called  C-fuzzy set theory which 
satisfies all the formulas of the classical set theory. The C-fuzzy set theory proposed by them was shown to overcome 
all of the errors and shortcomings, and more reasonably reflects fuzzy phenomenon in the natural world. It satisfies all 
relations, formulas, and operations of the classical set theory.  
 
From above it is clear that the author of the aforesaid paper was not satisfied with Zadehian theory and hence found an 
alternate definition. Now let us have a look at the definition which we are going to use. 
 
3. BARUAH’S DEFINITION OF COMPLEMENT OF FUZZY SETS: 
 
According to Baruah ([3] & [4] ), a fuzzy set should be defined with the help of two functions of which, one is named 
as fuzzy membership function and the other is named as fuzzy reference function from which the membership values 
are to be counted. The membership value is defined to be the difference between the membership function and 
reference function. Again, the membership value is taken to be different from membership function in the sense that in 
the Zadehian case these two were taken to be equivalent. 
 
A possible justification behind such a claim is as follows: if a glass is half filled with water then the empty portion is to 
be counted from the portion which is already filled and hence there arises the necessity of reference function. 
 
Accordingly, for a normal fuzzy number N, if the fuzzy membership function and reference function are denoted by 

 and respectively such that both lying between 0 and 1 and ≥
 then for a fuzzy number denoted by  {x, , , 𝑥𝑥𝑥𝑥𝑥𝑥 } , we would call the difference {𝜇𝜇2(𝑥𝑥) − 𝜇𝜇1(𝑥𝑥)} as 
the fuzzy membership value. 
 
As a consequence of the above discussion, for a normal fuzzy number 𝑁𝑁 = [𝛼𝛼, 𝛽𝛽, 𝛾𝛾] 
 
defined with a membership function   and if  is a continuous nondecreasing function in the interval 
[𝛼𝛼, 𝛽𝛽]  and is a continuous non increasing function in the interval [𝛽𝛽, 𝛾𝛾], then we must have the following: 
 
                                    if  

 
                                                                   =  , if  
 
                                                                   = 0, otherwise. 
 
while   ,  
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The membership function of the complement cN will have to be written as  
 

( ) 1N c xµ =  ,  x−∞ < < ∞  

But it is to be pointed out here that ( )N c xµ is to be counted from 1( )xψ , if xα β≤ ≤ , from 2 ( )xψ , if xβ γ≤ ≤  
and from zero otherwise in order to keep a difference between the fuzzy membership function and fuzzy membership 
value. Accordingly, it is defined that the fuzzy membership function of the normal fuzzy number N to be equal to 1 for 
entire real line and the membership value would have to be counted from the membership value of N. 
 
Thus from the view of extended definition of complementation of fuzzy sets using a reference function, we would get 
the following two results which were considered most debatable from Zadeh’s initial conception.       
                                                    

the null set  and 𝐴𝐴 ∪ 𝐴𝐴𝑐𝑐 =the universal set  
 

Thus it found that the assumption which was from the very beginning that given a fuzzy set neither its intersection with 
complement is the null set, nor its union with the complement is the universal set no longer holds. Hence the definition 
of entropy on the basis of these assumptions cannot produce the desired result. Thus the framework which was taken as 
the basis for finding the formulae for separation index and compatibility between two fuzzy sets becomes unacceptable 
since it becomes illogical from the view of complementation of fuzzy sets on the basis of reference function Anything 
without a proper logical foundation cannot be considered for further use .So from our standpoints the proposed 
definition is based on a very weak base and hence have nothing to do for further studies.  
The above lines are given to yield a deeper understanding of the principle involved and the principle is discussed and 
this is similar to those obtained for crisp sets. Hence is  our claim. 
 
3. CONCLUSIONS: 
 
In this article, one of the definitions of fuzzy variable separation index has been discussed and commented on .The 
main objective of the paper is to show that these definitions which were derived on the  assumptions that fuzzy sets 
violates excluded middle laws are not at all dependable since these are not logical. The reasons for such claims are also 
discussed and the different views of what it should include have been proposed. The complementation of fuzzy sets on 
the basis of reference function which was derived with the help of superimposition of sets played a crucial role in 
establishing our claim. The main contribution of this paper is to provide information that the separation index and 
compatibility between fuzzy sets should have to be defined in such a manner that would produce a result leaving no 
contradiction of any kind.  
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