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ABSTRACT

Let M be aright R —module. A right R —module N is called small pseudo M — principally injective (briefly,
small PM — principally injective) if, every R —monomorphism from an M —cyclic small submodule of M to N can
be extended to an R —homomorphism from M to N . In this paper, we give some characterizations and properties of
small pseudo quasi-principally injective modules.
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1. INTRODUCTION

Let R be a ring. A right R—module M is called principally injective (or P —injective) [6], if every
R —homomorphism from a principal right ideal of R to M can be extended to an R —homomorphism from R to
M . Equivalently, I, (@) =Ma for allae R . Following [9], a right R —module M is called quasi-

principally injective, if every R —homomorphism from an M —cyclic submodule of M to M can be extended to
M.

In [14], a right R —module M is called PPQ — injective if, every R —monomorphism from a principal submodule

of M to M extends to an endomorphism of M. A right R —module N is called small principally M —injective
(briefly, SP — M —injective) [13] if, every R —homomorphism from a small and principal submodule of M to N
can be extended to an R —homomorphism from M to N. Aright R —module M is called small principally quasi-
injective (briefly, SPQ —injective) if it is SP —M —injective. In this note we introduce the definition of small

PQ — principally injective modules and give some interesting results on these modules.

Throughout this paper, R will be an associative ring with identity and all modules are unitary right R —modules. For
right R —modules M and N, Hom_ (M, N) denotes the set of all R —homomorphisms from M to N and

S=End, (M) denotes the endomorphism ring of M. A submodule X of M is said to be M —cyclic submodule
of M if it is the image of an element of S. If X is a subset of M the right (resp. left) annihilator of X in R
(resp. S) is denoted by Iy (X) (resp. l(X)). By notations, N<® M, Nc* M, and N < M we mean that N

is a direct summand, an essential submodule and a superfluous submodule of M, respectively. We denote the
Jacobson radical of M by J(M).

Following [1], a submodule K of a right R —module M is superfluous (or small) in M, abbreviated K << M, in
case for every submodule L of M, K+L =M implies L=M.

It is clear that KR << R if and only ifk € J(R).
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2. SMALL PQ-PRINCIPALLY INJECTIVE MODULES

Definition 2.1: Let M be a right R —module. A right R —module N is called small pseudo M —principally
injective (briefly, small PM —principally injective) if, every R —monomorphism from an M —cyclic small
submodule of M to N can be extended to an R —homomorphism from M to N. M s called small pseudo quasi-
principally injective (briefly, small PQ-principally injective) if, it is small PM — principally injective.

F F F F
Example 2.2: Let R = where F isafield, M, =R, and N = :
0 F 0 0

Then N is small PM — principally injective.
. 0 F). .
Proof: Itisclear thatonly X = 0 0 is the nonzero M —cyclic small submodule of M .

01
Let @: X — N bean R —monomorphism. Since(O O]EX , there exists X;;,X;, € F such that
01 (X Xy,
"o o)) Lo o)
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.o~ ~((a b axy, bx,
Define @:M — N by ¢ = 0 forevery a,b,ceF.
c

0 0

It is clear that ¢ isan R —homomorphism and ¢ extends ¢ .

Then N is small PM — principally injective.

Clearly, every X —cyclic submodule of X is an M —cyclic submodule of M for every M —cyclic submodule X
of M . Then we have the following

Lemma 2.3:

(1) N is small PM — principally injective if and only if N is small PX — principally injective for any M —cyclic
submodule X of M.

(2) Every direct summand of small PM — principally injective is also small PM — principally injective.

Proof: (1) The sufficiency is trivial. For the necessity, let f(X) be an M —cyclic small submodule of X and let
o :f(X) — N bean R —monomorphism. Since f(X) < M [1, Lemma 5.18], there exists an R —homomorphism

a:M—>N such that a:&% where 1, :f(X)—> X and 1,:X—> M are the inclusion maps. Then

ou, extends o .

(2 Let N be a small PM —principally injective module, X c® N, seS with sS(M)< M and let
o :S(M) — X bean R —monomorphism. Let @:X — N be the injection map. Since @o. is monic, there exists
an R —homomorphism [:M — N such that o =1 where 1:S(M) — M is the inclusion map. Then =3

extends o where 7: N — X is the projection map.
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Theorem 2.4: Let M be aright R —module. If every M —cyclic small submodule of M is projective, then every
factor module of a small PM — principally injective module is small PM — principally injective.

Proof: Let N be a small PM —principally injective module, X a submodule of N, S(M) < M and let
¢@:S(M) > N/X be an R —monomorphism. Then by assumption, there exists an R —homomorphism
(’[\):S(I\/I) — N such that ¢ = n(Ap where N — N/ X is the natural R —epimorphism. If X e Ker((Ap) , then
o(X) = n(Ap(X) =X so X =0 which shows that (?) is monic. Since N is small PM — principally injective, there

exists an R —homomorphism 3:M — N which is an extension of (B to M. Then mf is an extension of @
toM.

Let M be aright R —module withS = End, (M) . Following [8], write

W(S) = {s eS: Ker(s) c* M} :
It is known that W(S) is an ideal of S. Aright R —module M is called a principal self-generator if every element
m e M has the form m =y(m,) forsome y:M — mR.

Lemma 2.5: Let M be a small PQ — principally injective module. If Ker(s) = Ker(t), where s,teS with
S(M) < M, then StcSs.

Proof: Let Ker(s) = Ker(t), where s,teS with (M) < M. Define ¢:5(M)—> M by @(s(m)) =t(m)
forevery me M . Itis obvious that ¢ isan R —monomorphism.

Since M is small PQ — principally injective, let (T) € S be an extension of .

Then
t=pS=@s €SS so St Ss.

Proposition 2.6: Let M be a principal module which is a principal self-generator andSoc(Mz) < M. If M s
small PQ — principally injective, then J(S) < W(S).

Proof: Letse J(S). IfKer(s)z® M, then Ker(s)mK =0 for some nonzero submodule K of M.
SinceSoc(M;) ® M,Soc(M;) "K #0. Then there exists a simple submodule KR of M such that
KR < Soc(Mz) nK' [1, Corollary 9.10]. As M is a principal self-generator and KR is simple, KR = t(M) for
somet eS. It follows that Ker(st) = Ker(t). Since M is a principal module, J(M) < M [11, 21.6] and we have
J(S)M c J(M), it follows that St(M) is a small submodule of M . Since M is small PQ — principally injective,

St = Sst by Lemma 2.5. Write t=gst wheregeS. It follows that(1—gs)t=0 so t=(1-gs)'0=0, a
contradiction.

Proposition 2.7: Let M be a principal nonsingular module which is a principal self-generator and Soc(M) < M.
If M issmall PQ — principally injective, then J(S) =0.

Proof: Since J(S) < W(S) by Proposition 2.6, we show that W(S) = 0.
Let Se W(S) andletm € M . Define @R — M by o@(r) =mr foreveryreR.

It is clear that @ is an R —homomorphism. Thus
rR(s(m)) ={reR: s(mr)=0}
={reR: mreKer(s)}

© 2012, IIMA. All Rights Reserved 964



S. Wongwai*/ Small PQ-principally Injective Modules/ IIMA- 3(3), Mar.-2012, Page: 962-967

={reR: o(r) e Ker(s)}
= ¢ ' (Ker(s)).

It follows that @ (Ker(s)) =° R [3, Lemma 5.8(a)] so Iy (s(M)) =® R. Thus s(m) e Z(M.)=0 because
M is nonsingular. As thisistrue forall me M,

we have s =0. Hence W(S) =0 as required.

Proposition 2.8: Let M be a small PQ — principally injective module and S€ S.

(1) If s(M) isasimple and small right R —module, then SS is a simple left S—module.

(2 If Ss, @..@Ss, is direct, s,€S withs;(M)<M, (1<i<n), then any R —monomorphism
o:S;(M)+...+s,(M) > M hasanextensionin S.

Proof: (1) If A is a nonzero submodule of SS and 0= as € A, then Sas < A. Note that a.S(M) is a nonzero
homomorphic image of the simple module S(M) , then atS(M) is simple.

It is clear thataS(M) < M. Define @:as(M)—>M by o(as(m))=s(m) for everymeM. Since
Ker(a) ns(M) =0, ¢ is well-defined. It is clear that ¢ is an R —homomorphism. Since as(M) is simple
and @ is nonzero, Ker(p)=0.

Then there exists an R —homomorphism @ €S is an extension of @. HenceS=@asS e Sas. It follows that
Ss=Sas so A=SS.

(2) Since o is monic, for eachi there exists an R —homomorphism @,:M — M such that

si(M)

¢;S;(M) =as;(m) foral meM .

since (Y. s )M)<M, (3" s)M) =" s(M) and a

¢@:M — M such that, forany me M,

" is monic, o can be extended to
Qs (M)

o8 )m)=a} " s)m).

It follows thatZ:inzl(pSi = Z:inzlcpisi . Since SS, @...@Ss, isdirect, @S, =@, forall 1<i<n. Therefore @

is an extension of ot .

Theorem 2.9: Let M be a small PQ — principally injective module, S,t € S with S(M) < M.

(1) If s(M) embedsint(M),then SS is an image of St.

) If s(M)=t(M), then Ss=St.

Proof: (1) Let f:5(M)— t(M) be an R —monomorphism. Since M is small PQ — principally injective, there

exists f € S such that f extends f .

Let 6:St — Ss defined by o(ut) = ufs for every U€S. Since fs(M) c t(M), o is well-defined. It is clear

that o is an S—homomorphism. Note that fS(M) :fS(M) < M. Since T is monic, Ker(s)=Ker(fs) and
hence by Lemma 2.5, Ss < Sfs. Thens € Sfs — o(St).
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() Let f:s(M)—t(M) be an R —isomorphism. Since M is small PQ — principally injective, f can be
extended to f:M —> M. Define o:St — Ss by o(ut)= ufs for everyUeS. It is clear that G is an
S—epimorphism. If ut € Ker(c), then 0=o(ut) = ufs=ufs. Since Im(fs) = Im(t), ut=0. This shows

that ¢ is monic.

Proposition 2.10: Let M be a principal, small PQ — principally injective module which is a principal self-generator.
Then Soc(My) < 1, (J(S)) .

Proof: Let MR be a simple submodule of M . Suppose o(m) = 0 for some . € J(S). As M is a principal self-
generator, MR = Zsels(M) forsomel = S.

Since MR is simple, MR =S(M) forsome0#sel. Then as =0 and Ker(as) = Ker(s). Since M is small
PQ — principally injective and a.S(M) is a small submodule of M, Ssc Sas by Lemma 2.5. Write S=Bas

where B€S. Then (1-Ba)s=0 so s=(1—Pa) ™ 0=0, acontradiction.

Following [5], a ring R is called semiregular if R/J(R) is regular and idempotents can be lifted modulo J(R) .

Equivalently, R is semiregular if and only if for each elementa R, there exists e’ =eecRa such
thata(l—e) € J(R).

Proposition 2.11: Let M be a principal, small PQ — principally injective module.

(1) If S islocal, thenJ(S)={seS: Ker(s)#0}.

(2) If S is semiregular, then for everys e S\J(S), there exists a nonzero idempotent o €SS such that
Ker(s) c Ker(a) and Ker(s(l—a))#0.

Proof: (1) Since S is local, SS# S foranys € J(S). If s J(S) andKer(s) =0, then by Lemma 2.5, S Ss

because S(M) < M. It follows thatS = Ss , which is a contradiction. This shows that J(S) — {S eS: Ker(s)# 0} .
The other inclusion is clear.

(2) Lets e S\J(S). Then there exists a.” = o € Ss such thats(1— o) € J(S). Then o # 0 and Ker(s) c Ker(a).
IfKer(s(l-a))=0, then ScSs(1-a) by Lemma 2.5. It follows that gS(1—a) =1,, for somegeS. It
follows thato = 0, a contradiction.
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