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ABSTRACT
In 1981, Chang, Hsu and Rogers [1] defined an elegant labeling f of a graph G with q edges as an injective function
from the vertices of G to the set {0, 1, 2, . .., g} such that when each edge xy is assigned the label (f(x) + f(y)) (mod

(g+1)), the resulting edge labels are distinct and non — zero. In this paper, certain families of graphs are shown to be
elegant.
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1. INTRODUCTION

In this paper, by a graph we mean an undirected graph without loops or multiple edges. For notations and terminology,
we follow Bondy and Murthy [2].

Throughout this paper, we denote the cycle on n vertices by C,, and the path on n vertices by P,. Also, f stands for a
1 -1 function from V (G) to a subset of the set of non — negative integers and for any edge e = xy € E (G),
f *(xy) = f(x) + f(y). We call f* the induced edge labeling of G (induced by f).

Chang, Hsu and Rogers [1] defined an elegant labeling f of a graph G with g edges as an injective function from the
vertices of G to the set {0, 1, 2. . . q} such that when each edge xy is assigned the label (f(x) + f(y)) (mod (g+1)), the
resulting edge labels are distinct and non — zero. In this paper, certain families of graphs are shown to be elegant.

Balakrishnan, Selvam and Yegnanarayanan [3] have shown that the bistar B, is elegant if and only if n is even. For
example, an elegant labeling of B, is shown in Figure 1.1.

] =

Fig. 1.1

q° g% +1

Theorem 1.1: The total possibilities of the edge labeling in an elegant graph is 7 when q is even and

when q is odd.
Proof: case (i) when q is even.

Sub case (i): Let the edge label be k.

Bu{Gki):0<i SF%T -1} and its total is %

k-1
The possible edge labels are {(i, g-i+k+1) : k +1<i< %+ [ 5
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a

Hence, the total possible edge labels is q (%) = 5

Case (iiywhen q is odd.

Sub case (i): Let the edge label be k and let k be odd with 1 <k <q.

The possible edge labels are {(i, g-i+k+1) : k+1 <i< CIT+1+ k 2_1 Tud{(, ki):0<i< K 2_1 } and its total is qTJrl
+1 +1
SRESYE A @

Hence, the total possible odd edge label is (T) ( >

Sub case (ii): Let the edge label be k and let k be even with2<k <q-1.

The possible edge labels are {(i, g-i+k+1) : k+1 <i < g +1+ k ; 2} u{(i, kii):0<i< g—l} and its total is
gq-1
2
Hence, the total possible even edge labels is (qT_l) (qT_l) 2
Therefore, the total possible edge label is,
2
g+l qg+1 g-1..,9g-1_ ¢ .
+ = , when q is odd
(2)(2)(2)(2) q
q° q° +

Hence, the total possibilities of the edge labeling in an elegant graph is 7When g is even and when g is odd.

2. DEFINITIONS:

Definition 2.1: Consider the graph C, x P, Let C,, 1 <i < m denote the m cycles in the graph C, x Py, corresponding
to each vertex of v; of P,,. Add a new vertex v and join it to all the vertices of C,*, C.4 C.°, ..., C,™. The resulting
graph be called as C, .

Definition 2.2: [4] Let CnmT denotes the graph obtained from C, x P, by taking two new distinct vertices, say u and v
and joining u to all the vertices of C,* and v to all the vertices of C,™.

Definition 2.3: The total graph T (G) of G has the vertex set V(G) w E(G) in which two vertices are adjacent whenever
they are either adjacent or incident in G. The vertex set of T(Pp) is {u;, vj: 1 <i<n, 1<j<n-1} and the edge set of
T(Pn) is {Uj Uis1, VjVjsr, UiVi, Uipa Vit 1<i<n-1, 1<j<n-2}

For example, T (Ps) is shown in Figure 2.1.

Fig. 2.1

Definition 2.4: The graph P,? is a graph with vertex set V(P,?) = {u;i : 1 <i<n}and E(P,) = {uj Uiy : 1<i<n-1} U
{UjUsr:1<i<n-2}.

Definition 2.5: The graph K, + mKj is the join of the graph K, and m disjoint copies of K;. Some authors call this
graph a Book with triangular pages.
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For example, K, + 4K is shown in Figure 2.2.

A\

Fig. 2.2

Definition 2.6: The graph (P, u mK;) + N, is a graph with vertex set {z;, z,, X1, Xo. . . Xm} U {Y1, Y2} and the edge set
{2122, Y121, Y122, Y221, Y222} O {Y1 Xi, Y2 X/ 1 <i<m}.

For example, (P, w 2K;) + N, is shown in Figure 2.3. z;

Y1 Y2
X2

Fig. 2.3

Definition 2.7: For integers m, n> 0, we consider the graph Jelly Fish J(m,n) with vertex set V(J(m, n)) = {u, v, X, y}
U{Xy, X2+ oy Xmb UYL Yo, - -, Vet and the edge set E(J(m, n)) = {(u, X), (U, y), (U, v), (v, X), (v, )T U {(X, X) /1 <i

<m}o{y)/1<j<n}.

For example, J (3, 4) is shown in Figure 2.4.

X1 Y1
X2 Y2
X3 Ys

Fig. 2.4

Definition 2.8: (Cs, Ky m) (M > 1) be the graph obtained by attaching K; , to one vertex of the cycle Cs.

For example, (Cs, Ky 4) is shown in Figure 2.5.

Fig. 2.5
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Definition 2.9: (K, — {e}), is the one edge union of K, — {e}.

For example, (K4 — {e})s is shown in Figure 2.6.

Fig. 2.6
Definition 2.10: Let T be any tree. Denote the tree obtained from T by considering 2 copies of T by adding an edge
between them by T (2) and in general, the graph obtained from T,.; and T by adding an edge between them is denoted
by T(n). Note that T(1) is nothing but T.

For example, T and T (2) are shown in Figure 2.7.

Fig. 2.7

Definition 2.11: Let G be a graph with a fixed vertex v, and let vig, Va, ...,Vmo b€ the vertices in m copies of G
respectively corresponding to the vertex v,. The graph [P, G] is a graph obtained from m copies of G by joining vig
and V.10 by an edge for each i, 1 <i<m-1.

For example, [P,, Cs] is shown in Figure 2.8

Fig. 2.8
3. MAIN RESULTS:

Theorem 3.1:  [Pam.1, Cs] is an elegant graph for m > 1.
Proof: Let u, uy, us' be the vertices of j™ copy of Cs.
Define a function f: V — {0, 1,2, ..., q=8m -5} as follows :
fu!) =4(j-1), 1<j<2m-1
f(u') =4j-2,1<j<2m-1

flud) =4j-1,1<j<2m-1
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The induced edge labels are given as,

8j - 6, 1<j<m
fudu) = 8G-m-2, m+l<j<am-1

8j_31 1<J<m—1
f(UZjU3j): {8(]—m)+1, m<j<2m-1

8j -5, 1<j<m
f(ud ud) = 8(Gj-m-1, m+l<j<2m-1

o 8j, 1<j<m-1
Iy, 0t —
f(u'u’™)= {S(j—m)+4' m+1<j<2m-1

Hence, [Pam.1, C3] is an elegant graph for m > 1.

For example, an elegant labeling of [P3, C3] is shown in Figure 3.1.

2 = 10
] 3 4 4 2 11
Fig. 3.1
Theorem 3.2: Comb P, ® K, is an elegant graph.
Proof: Let uy, uy, . . ., U, be the vertices of the path P, and vy, vs, . . ., v, be the corresponding pendant vertices.
Define an one to one function f:V — {0, 1,2,...,q=2n- 1} as follows:
f(u) = 2i-1,1<i<n
f(v)) = 2(i-1), 1<i<n
The induced edge labels are given as,
. . n-1
4i, 1<i<
2
f (Ui Ui+1) = _ n—1 _
4i - 2n, +1<i<n-1
2
. o n+1
4i -3, 1<i<
_ 2
f (Ui vi) - _ n+1 _
4i—-2n-3, +1<i<n

Itis easy to check that f(E) = (1, 2, 3,...,q}. Hence, comb P, ® K is an elegant graph.

For example, an elegant labeling of Ps ® K; is shown in Figure 3.2.

1a e Se 71a 9

Fig. 3.2
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Theorem 3.3: The graph K, + mKj is an elegant graph for all m.
Proof : Let u, v be the vertices of K, and uy, u,, . . ., Uy be the remaining vertices of the graph K, + mK; with edges
{uw), (vu): 1<i<m}.
Define an one to one functionf:V —{0,1,2,3,...,g=2m+ 1} by
f(u) =0, f(v) =2m + 1,

f(u) =2i,1<i<m.

The induced edge labels are given as,
f(uu) =2i,1<i<m
fluv) =2m+1
f(vu) =2i-1,1<i<m
Hence, the graph K, + mK{ is an elegant graph for all m.

For example, an elegant labeling of K, + 4K is shown in Figure 3.3.

Fig. 3.3

Lemma 3.4: C3 x Py, is an elegant graph.

Proof: Let V(C3 x Py) = {u;j /1 <i<3 & 1<j<n}andE(Csx Ppn) ={(uy Uz), {(uy ugz), {(us ug),:1<j<n}u
{(uijjui ) 1<j<n-1}

Define an one to one functionf:V — {0,1,2,...,q=6n-3} as follows:
flup)=i-1,1<i<3 forj=1
f(uy) =4, f(uy) = 5,f(uy) = 6 and

Let a =i + j where the summation is taken modulo 3 with residues 1,2,3.
f(Uy) = F(U@syy ) +1,1<i<3 for3<j<n

Clearly, the edge labels 1, 2,3, ...,q=6n-3.
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For example, an elegant labeling of C3 x P4 is shown in Figure 3.4.

Fig. 3.4

Theorem 3.5: C3, is an elegant graph for any n.

Proof: C; x Py is an elegant graph by lemma 3.4. Let V(Cs,) = {v,u;j:1<i<3, 1<j<n}andE(Cs,) = E(Csx Pp)
u{vuyi1<i<3, 1<j<n}

Define f(u;;) as in lemma 3.4 and

f(v)=6n-2
The edge labels of ujjv is 6n—2+f(uy), 1<i<3 and 1<j<n.
Clearly, the edge labels of C3 x P, are distinct and non — zero.

For example, an elegant labeling of Cs,4 is shown in Figure 3.5.

Fig. 3.5

Theorem 3.6: Cs, "is an elegant graph for any m.

Proof: C; x P, is an elegant graph by lemma 3.4. Let V(C;, ") = V(Cs x P,) U {u, v} and E(C3, )= E(C5 x P,) U {(u
U), (VUj) - 1<i<3, 1<j<n}

Define f(u;) as in lemma 3.4 and f(u) =6n -2, f(v) =3n +4
The labels of the edges Uy U, UgoU, Ugs U, UygV, UV, UpgV @as6n—2,6n-1,...6n+ 3.

Hence, the edge labels of ngn* distinct and non — zero.
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For example, an elegant labeling of C; 4" is shown in Figure 3.6.

Fig. 3.6

Theorem 3.7: The total graph T(P,) is an elegant for any positive integer n.

Proof: Let P, = uy, Uy, ..., upand let V(T(P,)) = V(Py) u{vi:1<i<n-1}and E(T(P,)) = E(Pn) W {Vi Vis:
1<i<n=1} U {(uVvy), (Vi Uis1) : 1 <i<n-1}. The total number of edges is 3n — 4.

Define an one to one functionf: V—{0,1,2,3...q=4n-5} by

i, 1<i<2?
flu) = 2i-3,3<i<n
0, j=1
flv) = 2j,2<j<n-1

The labels of the edges are given as:

2i+1, 1<i<?2
fluiuig) = 4(i-1), 3<i<n-1
4, i=1
flvjvi) = 4i+2, 2<i<n-2
Si—4, 1<i<?2
fluiv) = 4i-3,3<i<n-1
5i—-3,1<i<2
flupivi) = 4i-1,3<i<n-1

Hence, the wiar yrapin 1 (mpy 15 @n elegant for any positive integer n.

For example, an elegant labeling of T (Ps) is shown in Figure 3.7.

1 2 3 7 9

Fig. 3.7
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Theorem 3.8: The graph P,” is an elegant graph.
Proof: Let uy, Uy, . . ., U, be the vertices of the path P, .
Define an one to one functionf: V — {0, 1,2,3,...,q} by
flu)=i-1,1<i<n
The labels of the edges are given as :
fluiui) =2i-1,1<i<n-1
f(uiuisp) =2i,1<i<n-2
Hence, the graph P,? is an almost elegant graph.

For example, the elegant labeling of Ps? is given in the Figure 3.8.

Fig. 3.8

Theorem 3.9: (P, U mKj) + N, is an elegant graph.
Proof: Let z; and z,and y; and y, and x;, 1 < j < m be the vertices of (P, U mK;) + N,.
Define an one to one functionf:V — {0, 1,2,3,...,q=2m + 5} by

f(z)=3(-1),1<i<2

fly) =i, 1<i<2

f(x) =2j+3,1<j<m
The labels of the edges are given as:

f(y1z) =1,

f(z1y2) =2,

f(z12,) =3,

fly1 22) = 4,

f(y222) =5,

fly1x)=2j+4,1<j<m

fly2%x)=2j+51<j<m

Hence, (P, U mKj) + N, is an elegant graph.
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For example, an elegant labeling of (P, U 2K;) + N is shown in Figure 3.9.

o

7

Fig. 3.9
Theorem 3.10: Jelly fish J (m, n) is an elegant graph for any positive integers m,n.

Proof: Letu, v, X, y, X;, L<i<mandyj, 1 <j<n be the vertices of Jelly fish. Let V(J(m, n)) ={u, v, x,y}u{xi:1<i
smpu{y;rl<j<n}and EQ(m, n)) ={(u, x), (U, y), (U, V), (v, X), (v, )} o {(xi, x) :1<i<m}Po{(y; y):1<j<n}

Define an one to one functionf:V —{0,1,2,3,...,g=m+n+5} by
f(u) =0,
f(v) =3,
f(x) =1,
fly) =2,
fly)=3+j, 1<j<n
fx)=n+4+i, 1<i<m
The labels of the edges are given as follows:
f(ux) = 1,
fuy) =2,
f(uv) =3,
f(xv) =4,
flyv) =5,
f(xx)=n+5+i,1<i<m
fyy) =5+j,1<j<n

Clearly, the edge values are distinct and non — zero. Hence, Jelly fish J(m,n) is an elegant graph for any positive
integers m,n.

For example, an elegant labeling of J (3, 4) is shown in Figure 3.10.

0
A
9

10 1 5
i}
11 7

3

Fig. 3.10
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Proposition 3.11: C3 6 Ky, (m > 1) is an elegant graph.
Proof: Let V(C3 6 Kym)={us, Uz, U3, Vi, Vo, V3, ... Vikand E(C3 6 Ky ) = {(us Up), (U2 U3), (Us up)} w {uz vi:1 <i<m}.
Let u, be the common vertex (centre vertex) of Ky .
Define an one to one functionf: V — {0, 1,2,3,...,q=m+ 3} by

flu)=i-1,1<i<3

f(v)=2+j, 1<j<m
The labels of the edges are given as :

f(uyuy) =1, f(uous) = 3, f(usuy) = 2,

fluv) =3+ j,1<j<m

Clearly, the edge labels are distinct and non — zero. Hence, C30 K;, (m=>1)is an elegant graph.

For example, an elegant labeling of C; 6 Ky is shown in Figure 3.11.

al
A
o
-
2 1 .
=
Fig. 3.11

Theorem 3.12: (K, — {e}); is an elegant graph fort > 1.

Proof: Let V(Ks—{e})) = {u;, vi: 1<i<n} and E((Ks—{e})o) = {(Uju 1), (Vi Vis1), (Ui Visy) :1<i<n-1} U
{uivi:1<i<n}.

Define an one to one functionf: V — {0, 1,2,3,...,q} by
f(u) =2i-2,1<i<n
f(v)=2i-1,1<i<n

The labels of the edges are given as :
f(ui ) =4i—2, 1<i<n-1,
f(vivis) =4i,1<i<n-1,
f(uivi)=4i-3,1<i<n,
f(uivii) =4i-1,1<i<n-1.

Clearly, the edge labels are distinct and non — zero. Hence, (K, — {e}); is a near felicitous graph fort > 1.
For example, an elegant labeling of (K, — {e}), is shown in Figure 3.12.

| ;‘_ IE\IB
b I 3 5 7 .9
Fig. 3.12
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Theorem 3.13: n—armed crown C3;® K, m> 1 is an elegant graph.

Proof: Let V(C5® Ky )={uy, Uy, Uz, :1 < j < m}and E(C3® Kp) ={(u1 Uz), (Uz U3), (Uz ur)Fo{(us vj), (U2 Vj), (U3 vj):1 <j
<m}

Define an one to one functionf: V — {0, 1,2,...,q=3m+ 3} by
flu)=i-1,1<i<3

For1<i<2,
fUgy) =142, 1<j<m

Fori=3,
f(Ugspyj) = F(ug) +j, 1 <j<m

The label of the edges are given as :
flusv) =2j+1,1<j<m
flupv) =2(j+1), 1<j<m
fluzv) =2m+4+(j-1), 1<j<m
Clearly, the edge labels are distinct and non — zero. Hence, n —armed crown C3;® K, m> 1 is an elegant graph.

For example, an elegant labeling of C;® Kj is shown in Figure 3.13.

a 6 8
0
7 9
1
10
11
Fig. 3.13
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