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ABSTRACT

In this paper, the problem of the steady flow of a second order thermo-viscous fluid through a porous slab bounded
between two fixed parallel porous plates is examined. The two plates are kept at two different temperatures and the
flow is generated by a constant pressure gradient. The solution for the differential equations for the velocity and
temperature distribution with appropriate boundary conditions have been obtained by analytical method. Flow rate,
shear stress and heat transfer coefficient are calculated and illustrated graphically. The flow in the absence of porosity
of the plates and porosity of the medium has been deduced as the special cases. A special feature of thermo-viscous
fluids is that a force is generated in the direction perpendicular to both the flow direction and the cross-stresses
perpendicular to the plates.

Key Words: Thermo-viscous fluids, Darcy’s flux, strain thermal conductivity coefficient, porosity of the plates(V),
porosity of the medium(S).

1. INTRODUCTION

Koh and Eringin [2] introduced the concept of thermo-viscous fluids which reflect the interaction between thermal and
mechanical responses in fluids in motion due to external influences. For such a class of fluids, the stress-tensor “t” and

heat flux bivector * h * are postulated as polynomial functions of the kinematic tensor,viz.,the rate of deformation tensor
3 d 1:
dy =(u;; +u;;)/2

and thermal gradient bivector b’

b; =Eijk 0,

ij
where U; is the i" component of velocity and @ is the temperature field.

A second order theory of thermo-viscous fluids is characterized by the pair of thermo-mechanical constitutive relations:

t =l +a,d +a,d” + ab” + oy (db —bd)
and
h = b+ f,(bd +db)
with the constitutive parameters ¢; , S, being polynomials in the invariants of d and b in which the coefficients

depend on density( o ) and temperature( &) only. The fluid is Stokesian when the stress tensor depends only on the rate
of deformation tensor and Fourier-heat-conducting when the heat flux bivector depends only on the temperature
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gradient-vector, the constitutive coefficients ¢, and «, may be identified as the fluid pressure and coefficient of

viscosity respectively and ¢ as that of cross-viscosity.

Fluid flows through a porous media has been a subject of both experimental and theoretical since a long time. Darcy,

*

based on the findings of a large number of flows through porous media, proposed the empirical lawQ = —— AVP,
y7;

where Q is the total discharge of the fluid, k™ is the permeability of the medium, A is the cross-sectional area to flow
the fluid, 4 is the viscosity of the fluid and VP is the pressure gradient in the direction of the fluid. Dividing both

*

sides of the equation by the area then the above equation becomes = —— VP , where g is known as Darcy’s fluid
y7i

flux and we know that the fluid velocity (u) is proportional to the fluid flux(q) by the porosity(k*) , then

VP = —%u . The negative sign indicates that fluids flow from high pressure to low pressure.

The flow of incompressible thermo-viscous fluids satisfies the usual conservation equations.

Equation of Continuity

Equation of Momentum

v,
P{E"’Vkvi,k} = pky +1 _%Vi

and Energy equation

pcd=td; —q;; +py-—

where

F = k™ component of external force per unit mass,

C = specific heat,
¥ = energy source per unit mass and

g = i"" component of heat flux bivector.
0 =€ hjk/2

Recently, the problem of thermo-viscous fluid flow between two non permeable fixed parallel plates was examined by
Pattabhi Ramacharyulu and P.Nageswar Rao [8]. and the flow of thermo-viscous fluid between two non permeable
parallel plates in relative motion was examined earlier by Pattabhi Ramacharyulu and K. Anuradha [9]
P.Nageswar.Rao and Srinivas Joshi [7] investigated the steady flow of thermo-viscous fluid between two parallel
porous plates in relative motion.

2. MATHEMATICAL FORMATION OF THE PROBLEM

Consider the steady flow of a second order thermo-viscous fluid through a porous medium bounded between two
porous parallel plates. The flow is generated by a constant pressure gradient in a direction parallel to the plates. Further,
the plates are assumed to be porous allowing a constant injection at the lower plate and equal suction at the upper plate.
Let v, be the injection/suction velocity.

With reference to a coordinate system O(XYZ) with origin on the plate, the X-axis in the direction of the fluid flow, Y-
axis perpendicular to the plates. The plates are represented by y=0 and y=h. The two plates are maintained at constant

temperatures &, and & respectively.
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Y.lh
Suction = v,
L= ity 7 =my, -
pxessu:egﬁdimt T Temperature S(3).
- 1; fluid velocity uly)
M i-9, X
m]xncn* ¥y

Let the steady flow between the two plates is characterized by the velocity field [u(y),";, 0] and temperature field &(y).
This choice of velocity satisfies the continuity equation. The equations of motion in the absence of external forces and
internal energy sources reduces to

in the X-direction

2
Oa—u 8p+ﬂ82_a6%8t29+p|:x_/iu @
oy OX oy OX oy k
in the Y-direction :
2
0 (ou
0=py,—|—| +pF 2
ay(ayj ’
in the Z- direction :
0 ( 00 ou
0=« + pF, (3)
8y(6y 6y]

and the energy equation

2
00 00 ou 06 ou 849 6 0 06 0°u
pc(u—x+v —]=u(—] —Qg——— ﬁs +py—tu? (@)

0 *
o oy oy ° ox oy 5)/ ay ox oy k
together with the boundary conditions u=0, & =8, aty=0
u=0, =46, aty=h (5)

The fluid is assumed to be slightly thermo-viscous in such a way that the interaction between the mechanical stress and
thermal gradients characterized by the coefficient () is of a lower order in magnitude compared to the magnitude of

. . . 2 cu . .. . .. .
viscous dispensation i~ (d—] and non Fourier heat transfer coefficient 53 i.e. terms containing & in the

momentum and energy balance equation taken to be smaller than the other terms in the energy equation. Under this
assumption and in the absence of external forces and internal energy source, the equations (1) and (4) can be reduced to

ou_ ap y7,

—=——tu u (6)
pv°ay ox ay 'S
2 2 2
o020, 20V ) (8, 0000 o
OX oy ay oy’® ox oy® Kk
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The following non-dimensional quantities are introduced

_0-6, 0 _6-6. w_u . N

p u
=hY , u=(“)u, u, =(ELyu, T=22 22 K2 Cc os=——
Y S T S A S " R
by = Bs a — ,U2 a _0‘6/7(01_00)2 V_Voph

P g a2 ZPOZ0) y, _Voh

ph’c ph*c(6, - 6,) e )7

where C, and C, are non- dimensional pressure and temperature gradients respectively and S is the porosity of the
medium and V is the porosity of the plates

In terms of these non-dimensional quantities, the equations (6) and (7) can be written as

du d?U
V dY = -C1+ dY > 'SU (8)
dT du \? duU d27
UC2 +V d_Y: al{(wj ‘SUZ:l +b3C2 dYZ + K de 9)

together with boundary conditions
u@=0 u@=o0 (10)

TO)=0 T@A)=1 (11)

The equation (8) and the boundary conditions in (10) yields the velocity distribution

C ] ] )
UY)=—=2 ™m0 Dsinhm,Y —e™' sinhm, (Y —=1) —sinhm
) Ssinhmz{ , (Y -1) )

The equation (9) and the boundary conditions in (11) yields the temperature distribution
oY) = YC,(a,C,-C,) {emY —1}(1_ C,(aC, —CZ)J
mS e" -1 mS
_aAB(m?-m,’ - S)
m,(2m, —m)(e™ -1)
A(C,-2aC, —b,C,(m, +m,)?)
(m, +m,)(m, +m, —m)(e" -1)
B(C,-2aC, —b,C,(m,—m,)?)
(m, —m,)(m, —m, —m)(e" -1)
a, A’ ((m, +m,)* - S)
~2(m, +my)[(2(m, +m,) —m] (" - 1) {
a,B((m,—m,)*-S)
2(m,—m)[(2(m, —m,) —m](e™ —1)

{e™(@—e™)+(e™ —em) "™ (1-e")

{emler2 (1_ emY ) n (emY _ em) _ e(mlerz)Y (1_ em)}

{eml—m2 (1_ emY ) n (emY . em) . e(ml—mz)Y (1_ em)}

e2(ml+m2) (1_ emY ) 4 (emY _ em) _ eZ(mlerz)Y (1_ em)}

{e2(ml—m2) (1_ emY ) + (emY _ em) _ e2(ml—m2)Y (1_ em)}
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The flow rate Q is:

1
o jU(Y)dY __2cm, {coshmﬁcoshmz}_&
0

S(m,?-m,?%) sinhm, S

. du
The Shear Stress is: —
dy

Cl

=1 {eml‘“’ [m, coshm,Y +m, sinhm,Y]—e™ [m, coshm, (Y —1)+m, sinh m, (Y —1)]}
Ssinhm,
. du
The Shear Stress on the Lower plate is: v /(Y =0)

C, ;
=——21 m,(e™™ —coshm,)—m, sinhm
Ssinhmz{ 2 )=y 2}

du
The Shear Stress On the upper plate is: W/(Y =1)

C, .
=—————im, sinhm, —m, (e™ —coshm
S sinh mz{ ! 2 ~Ma( 2)}

dT
The heat transfer coefficient characterized by the Nussult number is: d_Y

m -1 m m,+m m;—m, m, +m, m, —m,
= p+me Y{f—m—pl(l—e“)wz(l—el )+ Pa(l—e™ ™) = p, (L-e*™ ™)) - p, (1-e” ’}
+(L-e™)2p,me®™ —(m, +m,)e™ ™" [p, ~2p,e™ ™" ]~ (m, ~m,)e™ ™ [p, ~2p,e™ ™" ]}

dT
The heat transfer coefficient characterized by the Nussult number on the lower plate is: d—Y/(Y =0)

-1 m m,+m m;—m mg+m m;—m
=p+ﬂ{f;;—ma—¥1%+ma—el2)+ma—elz)—ma—¥‘l”)—ma—¥“ ”}

+ (1_em){2 pm, — (ml + mz)[pz - 2p4]_ (m1 - mz)[ps - 2ps]}

dT
The heat transfer coefficient characterized by the Nussult number on the upper plate is: W/(Y =1)

m -1 m. m; +m m;—m my+m m;—m
=|o+me{1'cf_e — PL—€™) + P =€) + py(1—e™ ) = p, L - ) - py (- ”}

m
+ (1_ em){z plmlezml - (ml + mz)e(ml+m2)[ P, — 2 p4e(m1+m2)] - (ml - mz)e(ml_mZ)[ p; — 2 pse(ml_mZ)]}
From the equation (2) the cross-viscous stress generated in the direction perpendicular to the flow is:

or oy 0 fau)
y lucayay

omer {(ml2 +m,?)[m, cosh m, (2Y —1) + m, sinh m, (2Y —1)]}

-m, [(ml2 +m,?)coshm, +2m,m, sinh mz]

—2u.C,’ N g2mu-Y {mz (m,? +m,?)sinh 2m, (Y —1) + 2m,’m, sinh 2m2Y}

~ S%sin? hm, 2 |+m,(m, +3m,?*)cosh 2m,Y —m, (m,*> —m,’)

e2™ m,(m,* +m,?)sinh 2m,Y —2m,*m, sinh 2m, (Y —1)
2 |+m,(m,’ —m,?)cosh2m, (Y —1)—m, (m,’ +3m,?)
© 2012, IIMA. All Rights Reserved 1129



N. Pothanna® *, N. Ch. Pattabhi Ramacharyuluz and P. Nageswararaos/ STEADY FLOW OF A SLIGHTLY THERMO-VISCOUS FLUID IN
A POROUS SLAB .... / IIMA- 3(3), Mar.-2012, Page: 1125-1135

From this we observed that the viscous stress generated depends only on Riner-Rivilin cross viscosity coefficient (i.e.
M. ) and is independent of thermo viscous parameters.

Here
pzcl(alcl_cz)_l =3~1AB(m12_m22_S)
mS S my(2m, —m)(e™ -1)
_ A[Cz B 2a101 _b3cz(m1 + mz)z] _ B[Cz - 2a1C1 —b3C2 (ml - mz)z]
© (o m)(m, +m, —m)(e” -1) T (my—my)(m, ~m, ~m)(e" ~1)
p alAz[(m1+m2)2_S] ale[(ml_mz)z_S]
4 5

" 2(m, +m,)[2(m, +m,)-mle" ~1) " 2(m, —m,)[2(m, —m,)—m](e" ~1)°
v WV 2448 v _Cie™-e™) B:(:1(e”“2 —e™)

m=—,m=-——— ,m=—, A . : _
2 2 K 2S sinhm, 2Ssinhm,

3. RESULTS AND DISCUSSION

The effects of large and small values of various parameters like thermal conductivity coefficient(bs), porosity of the
medium(S) and porosity of the plates(\V)on velocity and temperature distributions have been discussed in the following

figures by taking C,=1.5,C, =1,K=1, a,=1

From Fig. (1) & Fig. (2), it is observed that, for low and high porosity of the medium (i.e. for S=0.01 and S=10) the
velocity of the fluid is decreases up to the center of the channel and then it is increases so as to attain the velocity of the
upper plate. From Fig. (1) & Fig (2), it is also observed that, as we increase the porosity of the medium the velocity
profiles slowly increases and if we increase the porosity of the plates (i.e. V=0.1-2.0) the velocity profiles are increases
upto the center of the channel then from the centre of the channel the velocity profiles slowly decreases near the upper
plate then after they are coincident upto the upper plate. The parabolic profiles are realized in the following figures ((1)
& (2)).

From Fig.(3), it is found that, for bs=1 and if the porosity of the medium, porosity of the plates are small (i.e.
$=0.01,Vv=0.1,0.5,1) the temperature profiles are sharply rises and attains the maximum temperature at the hotter plate
and for large V (i.e.for V=1.5) the temperature profile decreases near the lower plate then it is increases to attain the
temperature of the hotter plate. If the porosity of the plates are very large (i.e.for V=2) the temperature cools very fast
upto the centre of the channel then it is increases to attain the maximum at the hotter plate.

Fig.(4) illustrates that, for high porosity of the medium (i.e. for S=10), as we increase the value of thermal conductivity
coefficient (i.e b;=3) and in the increasing the values of V the temperature cools very fast near the lower plate then the
temperature profiles are increases near the hotter plate , after wards the temperature profiles slowly decreases so as to
attain the temperature of the hotter plate.

From Fig.(5) &Fig.(6), for low and high porosity of the medium( i.e. for S=0.01 and S=10), it is observed that, for
increasing the values of the porosity of the plates (i.e. V=0.1-2.0) the shear stress increases near the center of the
channel then it is decreases near the upper plate , after wards it is increases and attains maximum at the upper plate and
also from the Fig.(5) &Fig.(6), we observed that there are two inflection points one is near the center of the plates ,other
one is near the upper plate.

From Fig.(7) , for low porosity of the medium( i.e. for S=0.01), it is observed that, for increasing the values of the
porosity of the plates (i.e. V=0.1-2.0) the heat transfer coefficient slowly increases near the center of the channel then it
is slowly decreases near the upper plate , after wards it is increases and attains maximum at the upper plate

From Fig.(8), for low porosity of the medium( i.e. for S=10), it is observed that, for increasing the values of the
porosity of the plates (i.e. V=0.1-2.0) the heat transfer coefficient decreases upto the center of the channel then it is
increases and coincides with the nussult number of the upper plate.

From Fig.(7)&Fig.(8), It is noticed that, for low porosity of the medium there are two inflection points one is near the

center of the plates other one is near the upper plate but for the high porosity of the medium only one inflection point is
observed.
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Vel (U) with S=0.01

1 T T T T T T
naf g
— e V=05
0.8 ik S --- V=001
V=1
o7t
3 —epe-- V=15
0.6 e ———
> 05} 2 7
0.4l T 4
o.3f R T .
ozt e -
0.1k R -
D 1 1 1 1 1 1
-0.14 0.1z 0.1 -0.08 -0.06 -0.04 0.0z

U0y

Fig. (1): Variations of the velocity (U) profiles with the porosity of the medium(S) and the porosity of the plates (V)

Vel (U) with S=10

0 1 1 1 1 1 1 8
-0.07 -0.06 -0.05 -0.04 -0.03 -0.02 -0.01 0
uy)

Fig. (2): Variations of the velocity (U) profiles with the porosity of the medium(S) and the porosity of the plates (V)

Temp (T) with S=0.01 and bz=1

()

Fig. (3): Variations of the temperature (T) profiles with porosity of the medium (S), thermal conductivity coefficient
(bs) and the porosity of the plates (V)
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Temp (T) with S=10 and bs=3

o
-3 ] } 1
T x 10°

Fig.(4):Variations of the temperature (T) profiles with porosity of the medium (S), thermal conductivity coefficient(bs)
and the porosity of the plates (V)

Shear Stress with S=0.01

o .,f‘/ . 1 1 1 !
-0.6 -0.4 -0.2 (o} 0.2 0.4 0.6 0.8
Shear Stress

Fig. (5): Variations of the Shear Stress with the porosity of the medium(S) and the porosity of the plates (V)

Shear Stress with S=10

o = I 1 1 1 I I
-0.3 -0.2 -0.1 o 0.1 0.2 0.3 0.4

Shear Stress

Fig. (6): Variations of the Shear Stress with the porosity of the medium(S) and the porosity of the plates (V)
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Nussult Number with $=0.01, b;=1

o w" 4 1 1 1 1 1
-30 -20 -10 (0] 10 20 30 40
Nussult Number

Fig. (7): Variations of the Nussult Number with the porosity of the medium(S), thermal conductivity coefficient (bs)
and the porosity of the plates (V)

Nussult Number with S=10, b;=3

o - B L
-4 -3 -2 -1 o 1 2 3
Nussult Number

x 10°
Fig. (8): Variations of the Nussult Number with the porosity of the medium(S), thermal conductivity coefficient (bs)
and the porosity of the plates (V)

4, SPECIAL CASES:
Special case-1: If the plates are not porous (i.e. V, =0)

In this case, the velocity distribution is obtained as

U= {smh\/_Y—smh\/_(Y -1)- smh\/_}

Ssmh\/_

and the temperature distribution is obtained as

2 2
T) =Y +Y (Y 1) KCS: [1+cos h%} +2sinh /SY sinh /S (1=Y) b3C23+8a1C13°§S s

S? cosh ——
2
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The Shear Stress is: —
dy

sech

J§

J_ J_QY 1)
2

T
The Nussult number is: —
dy

C,

L 22Y -Da,C

-2012, Page: 1125-1135

2
L |1+ cos? h\/g +
2 | sys

Special case-11: If the medium is not porous (i.e. S =0)

KS

In this case, the velocity distribution is obtained as

|

and the temperature distribution is obtained as

1_ eVOY
1-e"

um=%{

VoY V VoY
VoV K Vo Vot
l1-eX 2(11— e (1—eV°Y )—e K
Vol (K1)
K Vo VoY
T(Y)= 1\/0 ey 2q(22K 5 {EK(l—GZVOY)_e K (1_
l1-eX
VY .
_(1—e J{(m+2)2q32 qu“} Y(l—e
m
C
The Shear Stress is: - Vl [l—ev" +V0eV°Y]
V,(e% -1)

T
The Nussult number is: —
dy

VoY Vo ]
—h e% kK _K|1-ex [e%"
Vo(k—1)
p— 1 -
=Ny
0
- 2Km?2 « [(m+2)q3 +2m(q4 _m)]+

C
a, :ﬂevj__l)[cz(l_bsvoz)+2a1C1(1_eV0)] P
Cl v
q, = C,V,—a,C,(1-e™)
4 m[ 2Vo 11 ]

C.C,
Vo

Q; =
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2V, (2k-1)

e ol o)
ewﬁ+@mv_¥w%

)

(mY +2)q, -2mq,
2m?

VoY

K

d,

oo

~——~[(mY +1)q, -mq, ]
m

a‘1(:12
(1-e%)?’

sinh \/§(12— 2Y) [b3CZS +8a,C, cos’ h\/g]

_ZK{

Vo

1-eX

-
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