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ABSTRACT

In this paper, we prove some common fixed point theorems for a pair of self mappings using M.S. property and satisfy
certain sufficient conditions in setting of Menger space.
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INTRODUCTION:

There have been a number of generalizations of Metric space. One such generalization is Menger space introduced in
1942 by Menger [2] who used distribution functions instead of non negative real numbers as values of the metric.
Schweizer and Sklar [7] studied this concept and then the important development of Menger space theory was due to
Sehgal and Bharucha-Reid [4].

Sessa [5] introduced weakly commuting maps in metric spaces. Jungck [1] enlarged this concept to compatible maps.
The notion of compatible maps in Menger spaces has been introduced by Mishra [3]. Recently Singh and Jain [6]
generalized the results of Mishra [3] using the concept of weak compatibility and compatibility of pair of self maps. In
this paper, we extend the result of Sisodia, K.S. [8] to obtain a common fixed point for a pair of self mappings in
Menger space.

PRELIMINARIES:

Definitionl: A binary operation *: [0,1] x [0,1]— [0,1] is a continuous t-norm if * is satisfying the following
conditions:

(a) = is commutative and associative;

(b) = is continuous;

(c) axl=a for all ac[0,1];

(d) axb<c+d whenever a<c and b<d and a,b,c,d ¢[0,1].

Examples of t-norms are axb=max {a+b-1, 0} and axb= min {a, b}.

Definition2: A distribution function is a function F:[-o0,00] —=[0,1] which is left continuous on R, non-decreasing and
F(-00)=0, F(0)=1.

We will denote A by the family of all distribution functions on [-o0, «0]. H is a special element of A defined by

(0, ift <0,
H(t)‘{L ift>0

If X is a non empty set, F: XxX—A is called a probabilistic distance on X and F(x, y) is usually denoted by F.,.
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Definition3: The ordered pair (X, F) is called a probabilistic metric space (shortly PM-space) if X is a non empty set
and F is a probabilistic distance satisfying the following conditions: for all x, y, zeX and t, s>0;

(i) Fy(t)=1ex=y;

(ii) Fy,(0)=0;

(iii) Fyx= Fyx;

(iv) Fue(t) =1; Fo(s) =1= Fyy(t+s)=1.

The ordered triple (X, F,*) is called Menger space if (X, F) is a PM-space, * is a t-norm and the following
condition is also satisfied: for all X, y, zeX and t, s>0;

v) Fy(t+5)= Fa(t) * Fz(s).

Proposition1 [4]: Let (X, d) be a metric space, then the metric d induces a distribution function F defined by
Fuy(t)=H(t-d(x, y)) for all x, yeX and t>0. If t-norm = is axb=min {a, b} for all a,b €[0,1] then (X, F,*) is a Menger
space. Further, (X, F,x) is a complete Menger space if (X, d) is complete.

Definition4: Let (X, F,*) be a Menger space and = be a continuous t-norm.
(@) A sequence {x, } in X is said to be converge to a point x in X (written x,, — x) iff for every ¢>0 and A €(0, 1),
there exists an integer ny = ny (e, A) such that £, (¢)>1-A for all n = n,.
(b) A sequence {x,} in X is said to be Cauchy if for every ¢>0 and 1 €(0, 1), there exists an integer n, = ny(¢, A)
such that Feoxnir (¢)>1-A for all n = ny and p>0.

(c) A Menger space in which every Cauchy sequence is convergent is said to be complete.

Definition5: Self maps A and B of a Menger space (X, F,x) are said to be weakly compatible (or coincidently
commuting) if they commute at their coincidence points, i.e. if Ax=Bx for some xeX then ABx=BAX.

Definition6: Self maps A and B of a Menger space (X, F,) are said to be compatible if Fyp, pa., (£) — 1 for all t>0,
whenever {x, } is a sequence in X such that Ax,,, Bx,, = x for some x in X as n— oo.

Definition6: Self maps A and B of a Menger space (X, F,*) are called semi compatible if Fyp, g, (t) — 1 for all t>0,
whenever {x, } is a sequence in X such that Ax,,, Bx,, = x for some x in X.

Lemmal [6]: Let {x,} be a sequence in a Menger space (X, F,*) with continuous t-norm = and t = t > t. If there exists
aconstantk €(0, 1) suchthat F, , ., (kt)=F, ., (t)forallt>0andn=1,2... Then {x,} is a Cauchy sequence in X.

Lemmaz2 [6]: Let (X, F,x) be a Menger space. If there exists k €(0, 1) such that F,,, (kt) = F,,, (t) for all x, y eX and t>0,
then x = y.

Definition7 [8]: Let A and B be two self maps of a Menger space (X, F,*), we say that A and B satisfy M.S. property,
if there exists a sequence {x,, } in X such that Ax,,, Bx,, — x, for some x, € X as h— .
i.e. limy, o, Fpy x,(t) =lim, . Fy, ,,(t) = 1 forall t € (0,0).

t
t+lx—y|
Define A, B: X— [0,0) by Ax = gand Bx = 2?" forall x € X. Thenlim,_,,, Ax,, = lim,,_,,, Bx,, =0, where x,, = %

Examplel: Let X= [0, ). Let F, (t)= for all t>0.

MAIN RESULTS:

Theoreml: Let A and B be two weakly compatible self mappings of a Menger space (X, F,*) with ¢t = t > t such that
(i) A and B satisfy the M.S. property,
(i) Foreach x # y in X and t>0 Fy, 4, (qt) = mini{¥Fp, g, (t), Faxpx (t) * Faygy (t), Faypx (t) * Faygy, (£)}, where
for O<g<1
(iii) A(X) € B(X).
(iv) B(X) or A(X) is a complete subspace of X

Then A and B have a unique common fixed point.

Proof: Since A and B satisfy the M.S. property, there exists a sequence {x,} in X such that lim,_. Ax, =
limy_,..Bx,=x, for some x, € X. Suppose that B(X) is complete, then lim,,_,., Bx,, = Ba for some a € X.

~ lim,_,, Ax,, = Ba by —(i).
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Now, we show that Aa = Ba.
Condition (ii) implies that
Fyy, 40(qt) = mini{Fp, go (t), [Fax, 5x, () * Faapa (O], [Faapx, &) * Fax, 5o (0]}
Letting limit n — o
Fpaaa (qt) = minéfll, Fpapq (€) * Faqpa (), Fagpa () * 1}
= {1, Faapa (t), Faapa (O}
Faaa (qt) = Fpapa (£)
~ Aa = Ba.
Now we show that Aa is the common fixed point of A and B.
Since A and B are weakly compatible,
BAa = ABa = BBa = AAa
Fiaanq (qt) = min{Fgapaq (), Fagsa (t) * Fanapaa (), Fanapa () * Fagpaq (£)}
= min{Faaaaq (£), Frana (t) * Fananna (), Fagana (8) * Fagana (0}
= min{(t), 1, Fyanna (t) * Fpanaa ()}
Fpanna (qt) = Fpapna ()
~ AAa = Aa.
Hence Aa is the common fixed point of A and B.
Even, if we assume that A(X) is complete and proceed as above the result will be same.
Now it is left to prove that the fixed point is unique.

Let xgand y, be two common fixed points of A and B. then

Ee 190 (@t) = Faxyay,(qt)
= min{ Fgy 5y, (), [Faxoaro () * Fayonyo (O [Fayesxe (1) * Faxopy, (01}
= min{ (t), [Fryxo (&) * Fyy0 (O, [y (8) * Frgy (O3

Eroy0(qt) 2 Fegy, (2).

“ X0 = Yo-

Corollaryl: Let A and B be two non compatible weakly compatible self mappings of a Menger space (X, F,*) with
t = t = t such that

(I) FAxAy (qt) = min{ FBxBy (t)7 FAxBx (t) * FAyBy (t)' FAyBx (t) * FAxBy (t)}
(i) AX) c B(X).

If B(X) or A(X) is complete subspace of X, then A and B have a unique common fixed point.

Theorem2: Let A and B be two weakly compatible self mappings of a Menger space (X, F,*) with ¢t = t > t such that
(i) A and B satisfy the M.S. property,

(ii) Foreachx # yin X and t>0 Fy,4y (qt) = mini{Fg, g, (1), [
0<qg<1.
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(i) A(X) € B(X).
(iv) B(X) or A(X) is a complete subspace of X
Then A and B have a unique common fixed point.

Proof: Since A and B satisfy the M.S. property, there exists a sequence {x,} in X such that lim,_, Ax, =
limy_,..Bx,=x, for some x, € X. Suppose that B(X) is complete, then lim,,_,, Bx,, = Ba for some a € X.

~ lim,,, Ax,, = Ba by (i).
Now, we claim that Aa = Ba.
If Aa # Ba, then Fyup, (t) < 1 forallt.

Condition (ii) implies that
. [
FAx,,Aa (qt) = mln{ Fan Ba (t)1

FAanxn (t)+F paBa (t)] [FAana (t)+FAaB Xn (t)]}
2 ! 2

Letting limit n — <

[1+FAaBa (f)] [1+FAaBa (f)]}

FBaAa (qt) = min{ 1! 2 ’ 2

14F gqpa (t)
FBaAa (qt) = [AZ—B]

> Fyupq () forallt.

§ UtFaase O]

Because, i < Fyapa (t) then Fy 5, () > 1, which is a contradiction.

Hence Aa = Ba.

Let us now prove that Aa is the common fixed point of A and B.

Suppose that Aa # AAa. Since A and B are weakly compatible, BAa = ABa and therefore
BBa = ABa and BAa = AAa.

Then by (ii), we have

(t), [FAaBa (t)+§AAaBAa (t)] , [FAaBAa (t)‘;FAAaBa (t)]}

Fraanq (qt) = min{Fyqp4q

(t), [1+F 440440 )] [Fagaaa (t)+Fasaaa (t)]}

= min{Fsq444 5 ) 5

. 14F gpaana (O
= min{Fyqa444 (t), [%#» Fpaana (0}

= Faaaaa (t)

1
Because Fygaaq () < [+, atanta @] +FAA“2AA“ )

Thus Fagana (£) = Faqaaq (t) for all t.

This implies that Ada = Aa.

Hence Aa is the common fixed point of A and B.

Even, if we assume that A(X) is complete and proceed as above the result will be same.
Finally we show that the fixed point is unique.

If possible, let x, and y, be two common fixed points of A and B. then
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F;Coyo (qt) = FAXoAyO (qt)

: [FaxaBxo©+FayoBya O] [FaxaByo®)+FayoBxq ()]
= min{Fp,,py, (t), —— - voByotDl [AxoByo - LEQL)

Fxoxo(t)+Fy0y0(t)] [Fxoyo(t)+Fy0x0 )]

2 ’ 2 }

. [
= min{F, ,,(t),

=min{F,, (t), 1,E,, ()}
= Foy, (qt) = F,, (), forall t.
o xO = yol
Hence the theorem.

Corollary2:Let A and B be two non-compatible weakly compatible self mappings of a Menger space (X, F,*) with
t *t >t such that
(I) FAxAy (qt) = minEzEFBxBy
(i) AX) c B(X).

(t) [F axBx (t)+FAyBy (t)] [FAxBy (t)+FAyBx (t)]

> ' 5 }, where for 0<g<1.

If B(X) or A(X) is complete subspace of X, then A and B have a unique common fixed point.
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