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ABSTRACT

In the present paper we shall establish some fixed point theorems for expansion mappings in complete metric spaces
and complete 2-metric spaces taking self mappings. Our results are generalization of some well known results.
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2. INTRODUCTION & PRELIMINARY::
This paper is divided into two parts
Section I: Some fixed point theorems for expansion mappings in complete metric spaces

Section I1: Some fixed point theorems for expansion mappings in complete 2- Metric spaces Before starting main
result we write some definitions.

Definition 2.1: (Metric Space) A metric space is an ordered pair (X, d) where X is a set and d a function on X xX with
the properties of a metric, namely:

1. d(x,y)>0. (non-negative) ,

2. d(x,y)=d(y, x) (symmetry),
2. d(x,y) =0if &only if x = y. (identity of indiscernible)
3. The triangle inequality holds:

d(x, z) <d(x, y)td(y, z), forall X, y,zin X & < y < z.

Example 2.1: Let Ep(or Rn):{x:(xl,xz,x3...,xn),xieR,Rthesetof real numbers}and let d be
defined as follows:

0 ey
If y=(y1,Y2, Y3 Yp)then d(X,y)=| X ‘Xi_yi‘ =d p(x, y)where p is a fixed number in [0, «).
1

The fact that d is metric follows from the well-known Minkowski inequality. Also another metric on S considered
above can be defined as follows

d(x,y) =sqpﬂxi - yi\}= doo(X,Y)
|
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Example 2.2: Let s be the set of all sequences of real numbers X = (Xi)io such that for some fixed

pelow), S

P
Xi‘ =< o0 In this case if y=y; is another point in S, we define

d(x,y) = (Z|Xi — yi| p))/p =d p(x, y) , and from Minkowski inequality it follows that this is a metric on S.

Example 2.3: For x, y €R, define d(x, y) = [x-y|. Then (R d) is a metric space. In general, for x = (x;, x5, X3, ..., X,)
and y = (y4,¥2, V3, -, ¥, )€ R", define

d(x,y) =G = y)? + 0 = 7202 + ot (6 — 1)
Then (R", d) is a metric space. As this d is usually used, we called it the usual metric.
Definition 2.2: (convergent sequence in Metric space)
A sequence in metric space (X, d) is convergent to xe X, if lim,_,, d(x,,x) = 0

Definition 2.3: (Cauchy sequence in Metric space) Let M= (X, d) be a metric space, let {x,} be a sequence in M, then
{xn}is a Cauchy sequence if and only if

VeeR: e0:AN: VM neNMN>N:dX,, X m)<e€
Definition 2.4: (Complete Metric space)
A metric space (X, d) is complete if every Cauchy sequence is convergent.
Definition (2.5): A 2- metric space is a space X in which for each triple of points x, y, z, there exists a real function d
(X, Y, z,) such that [M,] to each pair of distinct points x, y, z, d (x, y, ) # 0
[M2] d (X, y, z) = 0 when at lest two of X, Y, z are equal
[Ms]d (x,y,2)=d(y, z,x) =d (x,2,Y)
Mgld (X, y,2)<d (X, y,v) +d (X, v,2) +d (v, Yy, 2) forall X, y, z, vin X.

Definition (2.6): A sequence {X,} in a 2-metic space (X, d) is said to be convergent at x if

limd (x,, x,z)=0forall zin X.

n—oo

Definition (2.7): A sequence {X,} in a 2-metric space, (X, d) is said to be Cauchy sequence if limit

lim d (x,, x,z) =0 forall zin X.

m,n—o
Definition (2.7): A 2-metic space (X, d) is said to be complete if every Cauchy sequence in X is convergent.
Basic Theorems

In 1975, Fisher [4], proved the following results:

Theorem (A): Let T be a self mapping of a metric spaces X such that,

d(Tx,Ty) Z%[d (X, TX)+d(y,Ty) ]V X,y € X, ThenT isanidentity mappings.

Theorem (B): Let X be a compact metric space and T: X — X satisfies (4.A a)
And x zyand x,ye X.ThenT" hasa fixed point for some positiveintegerr,and T is invertible.

In 1984 the first known result for expansion mapping was proved by Wang, Li, Gao and Iseki [13].
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Theorem (C): “Let T be a self map of complete metric space X into itself and if there is a constant o > 1 such that,
d(Tx, Ty)>ad(xy) Forall x,yeX.

Then T has a unique fixed point in X.

Theorem (D): If there exist non negative real numbersa.,f, y with a+p+y > 1 and a < 1 such that
d(Tx, Ty) =2 a d(x, Tx) +B d (y, Ty) + v d(x, y), For each x, y in X with x=¢y and T is onto then T has a fixed point in X.

Theorem (E): If there exist non negative real numbers a > 1 such that

d(Tx,Ty)zamin{d (x,7x),d(y,Ty),d(x, y)}V X, y £ X,
T is continuous on X onto itself, then T has a fixed point.

Theorem (F): If there exist non negative real numbers o. > 1 such that d (TX, T *X)>ad (X, TX)V X & X, Tisonto
and continuous then T has a fixed point

In 1988, Park and Rhoades [8] shows that the above theorems are all consequence of a theorem of park [7]. In 1991,
Rhoades [10] generalized the result of Iseki and others for pair of mappings:

Theorem (G): If there exist non negative real numbers oo > 1 and T, S be surjective self -map on a complete metric
space (X, d) such that;

d(Tx,Sy) >ad (x,y) VX & X, Then T and S have a unique common fixed point.

In 1989 Taniguchi [12] extended some results of Iseki .Later, the results of expansion mappings were extended to 2-
metric spaces, introduced by Sharma, Sharma and Iseki [11] for contractive mappings. Many other mathematicians
worked on this way.

Rhoades [10] summarized contractive mapping of different types and discussed on their fixed-point theorems. He
considered many types of mappings and analyzed the relationship amongst them, where d (Tx, Ty) is governed by,
d(x,y),d(x, Tx), d (y, Ty), d (x, Ty), d (y, Tx) .d (x, y), d (x, Tx), d (y, Ty), d (x, Ty), d (y, TX)

Many other mathematicians like Wang, Gao, Isekey [13], Popa [9], Jain and Jain [5], Jain and Yadav [6] worked on
expansion mappings. Recently, Agrawal and Chouhan [1, 2], Bhardwaj, Rajput and Yadava [1] worked for common
fixed point for expansion mapping.

Our object in this paper is, to obtain some result on fixed-point theorems of expansion type’s maps on complete metric
space, which are motivated by Rhoades [1], Wang, Gao, Iskey [2]. Also we are finding some results in 2- metric spaces
for expansion mappings.

Now in section I, we will find some fixed point theorems for expansion mappings in complete metric spaces.
3 MAIN RESULTS:

Theorem 3.1: Let X denotes the complete metric space with metric d and f is a mapping of X into itself. If there exist
non negative real’s, a, B, v, 1, 6 > 1 with ¢ + 2 + § > 1 such that

d(ix, fy) > & d(x, fx).d(y, fy)((jj((>; fg());((j;xf;/))d(y x).d (x, fx)
+Ald(x, B)+d(y, fy)]
+7[d(x, fy) +d(y, )]
+old(x.y)]

For each x, y in X with X # y and fis onto then f has a fixed point.

Proof: Let x, € X. since fis onto, there is an element x, satisfying x,= £1(x,). Similarly we can write

Xn= F (%), (N=1,2,3,...,)
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From the hypothesis

d(Xn_l,Xn):d(f Xn: f Xn+1)

S o d(xn, f xp)d(xn+1, f xn+Dd(xn, f xn 41 +d(xp.xn+1d(xn. f xp)d(xn, f xp)

d(xn+1, f xp)d(xn+1 F xn+2)

+ﬂ[d(Xnv fxn)+d(xn+1: f xn +1)]
+7[d(ens F x4 +d(xn 41, f xp)]
+5[d(Xn’Xn+1)]

>a. d(xn,xn-19d(xn+1:xn)d(xn,xn) +d(xn, xn +Dd(xn +1, xn =1Dd (xns xn -1
d(xn+1,xn-1d(xn +1,xn)

+ Bld(xp xn =1 +d(xn + 1. x0) [+ 719 (xp xn) +d (xn + 1. xn -]

+5[d(Xn1Xn +])]

> a.d(Xn,Xn +1)d(Xn +1,Xn—1)d(Xn,Xn—1)
d(xn 41, xn—1d(xn +1,xn)

+ Ald (xn xn -2 +d(xn 11, xn)]

+7[d(Xn +11Xn—l)]

+5[d(Xn’Xn+])]

> a.d(xn,xn_1)+,3[d(xn,xn_1)+d(xn +1’Xn)]
+7[d (xn +1’Xn)—d(Xn1Xn—1)]
+5[d(Xn,Xn+])]

= (l-a-B+y)d(xp xn—1 = (B+r+3)d(X,., X.)

Q-a-B+y)
L+y+0

Therefore {X,} converges to x in X. Let y e £ (x), for infinitely many n, X,# x for such n,

d(xn,X) =d(f xp4+1. fy)
>a.d(Xn +1 Fxne0d(y, )d(xn 41, ) +dxn. VA, f xp+Dd(xn+1 F xn40

= d(XnJrl’Xn)S -d(Xn|Xn_1)

- d(y, f xp+d(y. fy)
+Ald(en 41 Fxn D +d(y, )]

+7[d(xn 41 W)+, fxpn1D]

+0d(xn+1.Y)

5 . 9&n+1.xp)d(y, ¥)d (xn +1.¥) + d(xn, Y)Y, xn)d (xn + 1. xn)
- d(y,xp)d(y,x)

+ Bld(xn + 1, xp) +d(y,%)]
+7d(xn 1+ 1.%) +d(¥,xp)]

+8d(xn+1,Y)
© 2012, IIMA. All Rights Reserved 1308



Piyush Bhatnagar*, Abha Tenguriya*, B. R. Wadkar** and R. N. Yadava***/ SOME FIXED POINT THEOREMS FOR EXPANSION
MAPPINGS TAKING SELF MAPPINGS/ IIMA- 3(3), Mar.-2012, Page: 1305-1315

Since d(xp,X) — o asn — oo, we have

d(xn+1.xn) =d(xn+1,%) =0
Therefore d(X,y)=0=>Xx =y

ie. y=f(x)=x

This completes the proof of the theorem 3.1.

Theorem 3.2: Let X denotes the complete metric space with metric d and f is a mapping of X into itself.

If there exist non negative real’s, a, B, v, 1, 8> 1 with ¢ + f+ y +2n—0 >1 such that

d(x, Xx).d(y, fy).d(x, fy)+d(x,y).d(y, fx).d(x, fx)

A B)=a d(y, $).d(y, )

+ﬁd(x, fy).d(x,y)+d(y, fx).d(x, x)
d(y, fx)

ry d(x, fx).d(y, fy)

d(x,y)

i d(x, y).d(fx, fy)+d(x, fx).d(y, fy)
d(y, fy)

+od(y, fy

For each x, yin X with x #y & d (Y, X).d(y, fy) # 0 and f is onto then f has a fixed point.

Proof: Let x, € X. since fis onto, there is an element x, satisfying x,= £1(X,). Similarly we can write
X=X, (N=1,2,3,...,)

From the hypothesis
d(Xn_]_,Xn):d(f Xn: f Xn+1)

> g d(xn, Fxp)d(xn+1 fFxn+Dd(xn: f xp+D) +dxn xn+09(xn+1: F xp)d(xn. f xp)

) d(xn+1 fxp)d(xn+1, f xn+1
d(xpn: f xn+2Dd(xn xn+2) +d(xn4+1 F xp)d(xn, f xn)
| d(xn+1 f xn)
_,_{d(xn’ fxn)d(xn41: f Xn+1)}
d(xn:xn+1
+ﬂd(Xn7Xn+1)d(an. fxn+D+dxn: f xp)dxn+1 f xp+2)
d(xn+1 fxn+2)

+p

+ 5d (Xn+1’ f Xn+l)
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- d(xpn:xn—1d(xn+1,xn)d(xn, xn) +d(xn, xn + 9 (xn +1, Xxn —Dd(xn, Xn -1)
d(xn 41, xn-2d(xn +1,xn)
) d (xn: xn)d (xn: Xn +2) + d(xp + 1 xn -2 (xp, xn —1)
d(xn+1xn-1
+y d(xn xn—29(xn+1Xn)
d(xn: Xn+1)
n d(xn,xn+2d(xn—1,xn) +d(xpn, xn —1)d(xn +1,Xn)
d(xn:xn+2)

+od (Xn+1’ Xn)

o d(xn:xn+29(xn+1:xn -9 (xn:xn -2
d(xn+1,xn—Dd(Xn+1,xn)
LB d(xn+1:xn-24(xn. xn-1)
d(xn+1:xn-1)
+7[d(xn.xn—)]
+217.0 (X, 40 Xo) + 0 (X10 X)

>

2 a.d(xp,xn—1+LAd(X,: X, )
+ 7/[d (Xn ' Xn —1)]+ 277d (anl’ Xn)
+ 5d (Xn+1’ Xn)

>(a.+pf+y+2n)d (Xn’ XH) +6.d (Xn+l’ Xn)(l— a-p-y-2n)d (Xn’ anl) >0.d (XM, Xn)

l-a—f-y-2
5

= d (Xn+l’ Xn) = 1 d (Xn ! Xn—l)

l-a-p-r-2n _,
o

Since

Therefore {X,} converges to x in X. Let y e f* () , for infinitely many n , x, # x for such n,

d(xn. ) =d(f xn+1, )
5 2. 36n+1 T xp+ )Y, H)d(xn +1, ) +d(xp +2.)A W, T xn 1+ +20 F xn+2)
- d(y, fxn+d(y, fy)

+ﬂ{d(><n +1 W) +dxn+1,Y)+d (Y, f xn+2)d(xn+1 F xn+1)
d(y, f xn+1)
H{d(xnﬂ, f xp4+Dd(y, fy)}
d(Xn +1,Y)
+7 d(Xn +1,y)d (Xn +1» fY)"‘d(Xn +1 f Xn +]_)d(y1 fy)
d(y, fy)

+o.d(y, fy)
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> g 9 +1.xp)d(Y, X)d(xp +1. %) +d(xp +1, Y)Y xn)d (xp +1. Xn)
) d(y, xn)d(y,X)

+ﬁ,[d(xn +1,X) +d(xn +1,¥) +d (Y, xp)d(xn +1, Xn)
d(y,xn)

+7/[d(xn +1,xn)d(y,x)}

d(xn+1:Y)
n d(xn4+1,Y)d(xn +1,%) +d(xp+1,xp)d (¥, X)
d(y,x)
+0.d(y,x)

Since d(xp,X) = 0,asn — oo, we have

d(xn4+1,X) =d(xn+1,xn) =0

Therefore d(X,y)=0=Xx=Yy

i.e.y=f(x)=x

This completes the proof of the theorem 3.2

Now in section Il we will find some fixed point theorems in 2-metrc spaces for expansion mappings.
Section 11: Some fixed point theorems in 2-Metric spaces for expansion mappings

Theorem 3.3: Let X denotes the complete 2- metric space with metric d and f is a mapping of X into itself. If there
exist non negative real’s, a, f, v, , 9, a (real) > 1 with ¢ + 2 + § > 1 such that

d(x, fx,a).d(y, fy,a).d(x, fy,a)+d(x,y,a).d(y, fx,a).d(x, fx,a)
d(y, fx,a).d(y, fy,a)

+B[d(x, fx,a)+d(y, fy,a)]

+y[d(x, fy,a)+d(y, fx,a)]

+6[d(x,y,a)]

d(fx, fy,a) >«

For each x, y in X with X # y and f'is onto then f has afixed point.

Proof: Let x, € X. since fis onto, there is an element x, satisfying x,= £1(X,). Similarly we can write
X =i (X01), (N=1,2,3,...,)

From the hypothesis

d(xp-1xn,a) =d(fxn, fxn4+1.8)

d(xp, fxp.@)d(xp+1 Fxn+1,2)d(xn Fxn+1.8) +d(xp xn+1,2)d(xp, Fxp,@)d(xp, fxp,a)

d(xn+1 Fxn@)d(xn+1 Fxn+1,a)

+ﬂ[d(xn, fxn,a) +dxn+1 fxn+1. a)]
+7[d0xn, fxn 2@ +d(xn 41 Fxn,@) ]
+5[0|(Xnaxn +1, a)]
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3 . 3G xn-2,2)d(xn +1 xn, a)4 (xn xn &)+ d (xns xn +1,2)d (xn 11 X0 -1, 8)d (xn Xn 1, )
o d(xn+1xn-13)d(xn+1 xn, @)
+ﬁ[d(xn, xn-1,a) +d(xn+1xn, a)}“?/[d(xn, xn,a) td(Xn+1xXn-1 a)]

+5[d(xn,xn +1, a)]

d(xn, xn +1,a)d (xn +1 xn—1,8)d(xp, xn -1, @)
d(xn+1xn-1,a)d(xn+1,xn, d)
+ﬂ[d (xn:xn—1,a) +d(xn + 1, X, a)]
+7[d (Xn+1Xn-1: a)]
+S[d(xn xn+1.2) ]

> a.d(xp xp—_1,a) +,3[d (xn:xn—1.8)+d(xpn +1 xn, a)]
+7/[d (Xn+1xn,a) —d(xn, xn -1, a)]
+5[ d(xnixn+1,0) ]

= (1—a—,8+}/)d(xn, Xn—1a)2(B+y+0)d(X, . X, &)

(I-a-pB+7)
p+y+0

= d(XnJrl’Xn’a)S 'd(Xn1Xn_1’a)

Therefore {X,} converges to x in X. Let y e £ (x), for infinitely many n, X,# x for such n,

d(xpx,8)=d(fxpo1 fy,a)

o d(y, fxn+1,a)d(y, fy,a)

+B8[d(xn+1 fxns+1.8)+d(y, fy,a)] +7[d(xn +1 fy.a)+d(y, fxpig, a)J
+6.d(xn4+1Y.a)

- d(xn +1xn, )4 (¥, X,@)d (xp +1, % @) +d(xp, ¥, 2)d (¥, xpn, 8)d (xp 41, X, @)
d(y.xn,a)d(y.x,a)

+B[d(xp+1xn @) +d (Y, x,a) ]

+7[d(xn +1% @) +d (Y, xp, a)}

+0.d(xp4+1, Y. @)

since d(xp,X,8) = asn — oo, we have
d(xn+1xn@)=d(xp+1.%a)=0

Therefore d(X,y,a)=0=>x=y

ie. y=f(x)=x
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This completes the proof of the theorem 3.3.

Theorem 3.4: Let X denotes the complete 2-metric space with metric d and f is a mapping of X into itself.

If there exist non negative real’s, a, B, v, 1, 8,a(real) > L with ¢ + S+ y +2n—06 >1 such that
d(x, fx,a).d(y, fy,a).d(x, fy,a)+d(x,y,a).d(y, fx,a).d(x, fx,a)

d(fx, fy,a) >« d(y, fx,a).d(y, fy,a)

+ﬁd(x, fy,a).d(x,y,a)+d(y, fx,a).d(x, fx,a) +7[d(x, fx,a).d(y, fy,a)}
d(y, fx,a) d(x,y,a)
. d(x, y,a).d(fx, fy,a)+d(x, fx,a).d(y, fy,a)

d(y, fy,a)
+o.d(y, fy,a)

For each x, yin X with x #y, & d(y, fx,a).d(y, fy,a) # Oand f is onto then f has a fixed point.

Proof: Let x, € X. since fis onto, there is an element x, satisfying x,= £1(X,). Similarly we can write
Xn= F (%), (N=1,2,3,...,)

From the hypothesis
d(xp-1xn.8)=d(fxp, Fxn41.0)

oy d(xp, fxn,@)d(xn4+1 fxn+1@)d(xp, fxns1@)+d(xn xn+2,8)d(xn+1, Fxp,@)d(xn, Fxn a)
) d(xn+1 fxp@)d(xn+1 fxn+1.2)

d(Xn1 f Xn+1 a)d (an Xn+1, a)+d(Xn +1 f Xn,a)d (Xna f Xn,a)
' d(xpn+1 Fxpe @)

d(Xn, f Xn,a)d(Xn +1 f Xn+1 a)
d(xn: xn +1, a)
o d(xn, xn+2.@)d(fxpy, Fxn+1,a) +d(xn, Fxn,@)d(xn+1 Fxn+1,a)

d(xn+1 fxn +1, a)

Ty

+6d (XM, f X,p a)

" d(xn, xn —1,8)d (xn + 1 xn, @) d(xn, xn, @) +d(xp, Xn +1, 2)d (Xn +1, Xn =1, 8)d (xp, Xn -1, @)
' d(xn +1xn-1a)d(xn +1, xn, @)

N _d(Xnv xn,a)d(xn: xn+1,a) +d(xn + 1 xn-1.8)d (xn, xn -1, a)
d(xn+1xn-12)
d(xn,xn-1,a)9(xn+1 xn, @)
d(xn:xn+1.8)
. d(xn, xn +1@)d (xn -1, xp, @) +d(xp, xn -1, a)d(xn + 1. X, )
d(xp, xn+1,@)

+0.d(X, . X,p @)
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o d(xn. xn +1, a)d(xn +1 xn -1, a)d(xn, xn -1, a)
d(xn+1xn-1a)d(xn+1xn,a)
d(xn+1Xn-134(Xn xn-1,a)
' d(xn+1xn—1,a)
+y[d(xp xn-18) |+ 27.d(X, X, ) +5.d(X,.p X, @)

>a.d (Xn, Xn -1, a) +4d (Xn’ Xo-r a)
+7[dxnixn-1.8) ]+ 274 (X, X @)
+6.d (Xn+l’ Xn’ a)

2(a.t f+y+2n)d(X,, X, p@)+0d(X, X, AA-a-B-y-2n7)d(x, X, ) 20d(X, X,

l-a-f-y-2
= d(Xn+1’Xn’a')S z ﬂé‘ z n'd(Xn’Xn—l’a)

l-a-f-y-21 _,
)

Since

Therefore {X,} converges to x in X. Let y e £ (x), for infinitely many n , x, # x for such n,

>a d(Xn +11 an +1,a)d(y! fy,a)d(Xn+1; fy;a)+d(Xn +1l y!a)d(y! an +11a)d(xn +1y an +1’a)
d(y! fxn +l! a)d(yv fyva)

5 d(xn+1 V@) +d(xn+1 Y. @) +d (Y, Fxny1 a)dxn+1 Fxns1a)
d(y, fxn+1,a)

+}/[d(xn +1 fxp+1@)d(y, fy,a)

d(Xn +1 y,a)
n d(xp+1 Y, A)d(xn+1 V,8)+d(xp 41 fFxp1,2)d(y, fy,a)
d(y, fy,a)
+6.d(y, fy,a)

Zald(xn +1xn, a4 (Y, X,2)d(xn4+1,% @) +d(xp+1,Y,2)d (Y, xn a)d(xn +1, Xn, @)
d(y,xn,a)d(y,x a)
+ﬁ{d(xn+1,x,a)+d(xn+1, y,a)+d(Y,xna)d (X 41, X, &)
d(y, xn,a)
ﬂ/[d(xn L1 xpa)d(y, x,a)}
d(xp+1Y.@)

d(y,xa)

+o.d(y, x,a)
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Since d(xp, X,a) = 0,asn — oo, we have

d(xp+1X%a)=d(xn+1xn,a) =0

Therefore d(X,y,a)=0=>x=Yy

i.e.y=f(x)=x

This completes the proof of the theorem 3.4
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