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ABSTRACT

Begining with the works of Sasakian, Riemannian or Lorentzian cases, many studies were devoted to the metric
differential geometry of almost contact manifolds and related structures( see e.g. [1], [2], [3], [5]. [6]). Two of them
are M. Belkhelfa, I.LE. Hirica, R. Rosca, L. Verstlraelen, ( see e.g. [3] ) made a study of On Legendre curves in
Riemanniann and Lorentzian Sasaki Spaces and A. Yildirim, H. H. Hacisalihoglu (see e.g. [6] ) On BCV(Bianchi-
Cartan-Vranceanu)-Sasakian Manifolds. Inspired by these studies, we examined the structures of Lorentzi-an BCV
Sasakian spaces.
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1. INTRODUCTION

From(see [2] ), we remind the following properties and definitions. Let M be a (2n+1) manifold and ¢,&, n are (1,1),
(1,0), (0,1) tensorson M, respectively.

Definition 1: If n,¢ ¢ tensors satisfy the following conditions

¢2 ='[+7]§,

¢& =0,
no¢ =0,
n) =1,

then the structure (n,¢,¢)and (M,n,E,¢) are called almost contact structure and called almost contact manifold on M,
respectively.

Proposition 1: The linear endomorphism
¢ (M) — x(M)

X —¢(X)
has rank 2n.

Definition 2: Let g a Riemannian or a Lorentzian metric such that g(&,&)=¢,6=1,6=-1, according as ¢ is spacelike or
timelike, if it satisfies the following equations

9(@X.8Y) = g(X,Y)-& n(X)n(Y),
nX) = ¢9(X),
the structure (m,¢,¢,8,€) is called almost contact metric structure on M.
Definition 3: If the metric g satisfies the equation

9(¢X.Y)=- edn(X.),
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then the structure (1,<,¢,9) IS called a contact metric structure on M.

Proposition 2: An almost contact metrik manifold (M,n,&,$,9) is Sasakian manifold if and ony if

(Vx @)Y =eg(X, Y)E-n(V)X,
for VX,Y g¢M).

Proposition 3: If a global differential 1-form 5 is a contact structure on M, it satisfies the equation nA(dn)"#0.
Definition 4: Let (M, 5, & ¢) be a almost contact structure. Lie brackets operator [,] define the following

[1:x(M X R) X x(M X R) = x(M X R),

(6r2) ()] - (2590 2)

for ¥X,Y € y(M%R), vf,g €C*(M,R).

so that

Definition 5: The Nijenhuis torsion N, of a tensor field J of type (1,1) is the the tensor field of type (1,2) given by
Nj:ix(M X R) X (M XR) - x(M XR),
so that
N, (U,V) = J*[U,V]+ U, V] = U, V] = J[U, V], 1.1)

for YU,V € y(MxR).

Proposition 4. If N;((X,0),(Y,0)) = (N(l)(X, Y),N®X,Y) :—t) and N; ((X' 0), (0,:—)) = (N(B)(X)'NM)(X) :_t) at
those cases

ND(X,Y) = Ny (X, V) + 2dn(X, Y)E, (1.2)
N, Y) = (Lyxn) (V) = (Loym)(X) (13)
N®X) = (Lep)(X), (1.4)
N®X) = (Len) (0, (1.5)

for ¥ X,Y € y(M), where L denoting Lie derivative.

Proposition 5: For an almost contact metric structure (1,&,4,9,) the covariant derivative of ¢ is given by
29((Vx$)Y.2) = 3dD(X.$Y $Z)-3dD(X,Y,.2)+g(N(Y.2).9X) +NO. 2)n(X)+2dy (4 Y.X)n(Z) - 2dn(@ZX)n(Y).
where @(X,Y)=cg(X,¢Y). In the particular case of a contact structure (@=dn) we have,[3],
29((Vxd)Y.2)=g(N? (Y.2).6X)+2dn(¢ Y. X)n(Z)-2dn($ Z.X)n(Y).

Definition 6: If the tensor NO(X,Y)=[¢,61(X,Y)+2dn(X,Y)E on the Sasakian manifold (M,n,& ¢,9) vanishes then the
tensor N is called Sasakian tensor.M®

2. LORENTZIAN BCV SPACES

{R3,gm} is called a Riemannian or a Lorentzian BCV space which denoted by 9t3. 9, 5@ Riemannian or a
Lorentzian Bianchi -Cartan-Vranceanu (BCV) metric in R? and denoted by

2
dx%+dx% ( A xzdx1—x1dxz)
=————=+eldx3+-—5—= 2.1
I = a2 eed) 3T 2 Tru(xt+x3) (2.1)

where (X4,Xz,X3) denoting standart coordinates of RS, e=+1 and 4, #€R such that 1+u(x,2+x2?) > 0. Itis defined that a
BCV space 3 is isomorphic to the following homogeneous a Riemannian or a Lorentzian 3-manifolds:

e If 4=0, /=0, e=1, then M3=E3 ( Euclidean 3-space),

o If 4=0, 1=0, e=-1, then M3=E ;3 ( Minkowski 3-space),

o If 4=0, J#0, e=1, then M3=N3 ( Heisenberg 3-space),

e If 4=0, J#0, e=-1, then M3=N,3 ( Lorentzian Heisenberg 3-space).
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We can see (2.1) that the matrix of components of g, , is

4+ A2ex3 Aexyx, Aex,
4(1 + p(x? + x%))2 4(1+p(x? + x%))2 2(1+ p(xf +x3))
Aexqx, 4+ A2ex? Aex,
o = |~ -
! 4(1 + p(x? + x%))2 4(1+p(x? + x%))2 2(1+ p(xf +x3))
Aex, Aexy
- £
| 2(1 4 p(x? +x2)) 2(1+ p(x? +x2))

with respect to standard basis of R3. Standard base in this space

a —_—

Y= {ax‘ = (811,602,031 <0 < 3} is not orthonormal. If we denote a new base

@ ={e;, e, €33 of {R3, g, , }, we can write as

_ 24,209 1y 9
e; = {1+ puxf +x3)} ) 2/1x2 ax3\|

_ 2 4,210 1, 9
e; ={1+pu(xf +x3)} o T SAx P

_0 |
63 - axg J

Theorem 1: Let (Xxz,Xz,X5) be standart coordinates of R3. Using orthonormal base ¢ (see 2.2), we get

2 2
ve1el = _2ﬂx2€2, Ve1eZ = _Zﬂxzel + 563, Vele3 = —78
A Ae
Ve, €1 = —2uxie; — 263, Ve,00 = 21ux €4, Ve, €3 = >
Ae Ae
Ve3el = —762, Ve3ez = 761, Ve3e3 =0,

and [61,62]:'21106261 +2[UC1€2+/1€3, [63,EZ]=[61,E3] :0,

where V and [,] are Levi-Civita connection and brackets operator on 93, respectively.

Theorem 2: Vector field e;€ ¢ is Killing vector field on 3.

Proof:. If we use Lie derivative for ¥X,Y gy t3)

(L83 gl,/,t)(X' Y) = e?ygl,y (X' Y) - gl,y ([63,X], Y) - gl,y (X' [63,Y])

=9apu (V€3X’ Y) + g (X' Vegy) ~YGru (V€3X’ Y) + 9 (X' ‘763 Y) - gl,u(

=9ru (‘7e3X' Y) + Gau (X' Vegy)

=0
which completes the proof and hereafter we show e =¢
The dual basis 6 of ¢ is given by

dJC1 2 _ dxz
1+/,t(x%+x%)' - 1+/,t(x%+x%)'

9={91= 6% = dx +

2 1+/,t(x%+x%)
and we can easily see X = Zle 6/ g for VX Ey(M3).

Theorem 3: The connection forms

A X2 dX1 —X1dxz

0 w1 W13
wgl,u = _(,()12 O (,()23
—wWi3 —Wy3 0
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of the metric g, , relative to 6 on the space > are

w1y = 2ux,0" — 2ux,0% — %893\'

wy3 = =56 | (2.3)
2

Wy3 = _7891 J

Now let we take 1-form 5

n=03= di, +220x1% (2.4)

2 1+/,t(x%+x%)
on M3 for J#0. We can provide

n(ez)=n(ez)=0, n(es)=1.

On the other hand, we can give the following matrix of endomorphism ¢ with respect to standard basis of R3

0 —& 0
0 0
¢ = _ fex1 _ Aexy 0 (25)
2(1+/,t(x%+x%)) 2(1+y (x%+x%))
So we can easily show that
P*(X) = =X +n(X)¢ (2.6)
P(e1) = eey, p(ez) = —cey, p(e3) = 0. (2.7)
Theorem 4: Let us bX,YE@R®) and X =X w, e, Y = X3 v, ¢
¢ (X)

Vg =~ (28)
dn(X,Y) == g;,. (X, (). (29)

Proof: Using 2.5 we obtain the following equality

¢ (X) = euzeq — euqes.
Now then
Vi€ = V53 lue &

=Xy Ve, &

= ulve1 E—l— uzvez E + u3v83 E’
1 |

=y (_7892) +u, (7891) + u5(0),

1
= =3 (euzes — eusey),

= 200,
and then using Ricci equation we can be provide in the following equation
dn(X,Y) =% g, (X, 6(1)),
which completes the proof

Using 2.4, we can obtain nAdy#0. Moreover, using 1.1, 1.2, 1.3, 1.4 and 1.5 the following equations can be proved by
direct calculation on 9%

NO = N® =0 N® = N® =, (2.10)
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Theorem 5: For an almost contact metric structure (17,¢¢, g, ,.¢) there exists the following equation
91u (DX, PY) = g2, (X, Y) — en(XIn(Y), (2.11)
for vX,Y g(3).
Proof. vX,Y &)

gl,y (¢X' ¢Y) = _gl,/,t (X' ¢2Y)
= —Y9iu (X' -Y+ U(Y)E)
Gap X, Y) — en(X)n(¥)

Theorem 6: For the orthonormal basis p={e;,e. ¢=ez} of x(M3), then we have

A
(Vy )Y =2{g;, (X, V)E—n(1)X}. (2.12)
Proof: Letus bX,YEM) and X = Y3  u;e;, Y = X3, v, e, Using 1.1, 1.6 and 2.10 we obtain

29,,((Vx )Y, Z) = 2dn(@Y, X)n(Z) — 2dn(Z, X)n(¥)
and then using 2.9

2924 (T @)Y, Z) = 2695, (PY, pXIN(Z) = Aeg, ., (Z, dXIN(Y)
= 2[g;,, (X, V) — en(Xn()|n(2) — Ae]g;,, (X, 2) — en(XIn(@)|n(Y)
= 2e9,,X,YIn(Z) — 2eg,, (X, Z)n(Y)
= 2[92, (90, K, E Z)] = 2e[g2, 1(N)X, 2)]
= 2£9,,.[91,, (X, )€ —n(V)X,Z)]

Hence we obtain
Ae
(Vx )Y =—{g2,, (X, V)E - n ()X}
CONCLUSION
In veiw of 2.10, 2.11, 2.12 we can say that (93,7, 9au-€) is a 3-dimensional Sasaki space.
1. Curvatures And Torsions Of Lorentzian BCV Spaces
Let Riemannian curvature be
3
R(e, e )e; = ZRfjk e,(1<1i,j,k1<3)

=1
on M3. All of Rf]-k described as follows:

3¢
R%21 =0, R1221 =4u _7/12' Ri?’21 =0
1 Ve 2 3
R3i3 = Z' R313 =0, R313 =0
1 2 Ve 3
R33 =0, R3y3 = Z' R33 =0
3¢
R}y = —4u +Z/12' R, =0, R} =0
1 A 2 3
R33 = _Z' R33; =0, R33; =0
3¢
Rij; =0, R%j, = —4u+ 7/12' R, =0,
/12
R%23 =0, R%23 =0, R2?’23 =—

4
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R%u =4u _%/12' R%n =0, R2?’12 =0
/12
R%32 =0, R3%32 = _Z' R§32 =0
/12
R%13 =0, R1213 =0, Ri?’13 = _Z

Theorem 8: Sectional curvature of all plane sections ortogonal to & is equal to
4y — — 22
—
on 3.

Proof: Sectional curvature of a plane independent of the selected bases [3]. Let us take plane [1=Sp{e;,ez} orthogonal
to & Now then

9ru(R(e,ez)ez,€1)

K(ey,e,) =
s Iiu (e, 61)9/1,y (ez,€3) — G (e,€1)?

= giu(Ri12€1 + R}126, + R3jpe3,€1)
3¢
= G, ((4/1 - 7/12) e, + 0e, + Oe3,el>

3¢
= 4[1 - ZAZ
which completes the proof.

2
We can easily show that K(e1,e3)=K(e2,e3)=’1:,

Remark: So we note (337,56, g4,,.6) by R*(4p — %/12).

3¢
4

~ 2
Theorem 9: Let us give structure (M>n,&¢, g, 4.6). The Ricci operator is S = (—4,u + - %) ¢>and the Ricci

curvature is

Rice(X, V)= (—4u + 225~ L) g, , (87, )

for vX,Y gynd).
Example: Let us give structure (93,7, 9, 9au-€) and a ortogonal base of M?is

a 1 a
er = {1+ulxf + x%)}a_xl_ Elxza_xg

3] 1 d
ey = {1+ pu(xf + x%)}a_xz + E/bﬁ o,
0
¢ = 0x;3
now then
= 3e12 A2 , 3¢22 A2
S(ey) = (—411 + 84 _:) e1, Ricc(ey,eq) = 4 — 84 o
. 3e12 A2 , 3e12 A2
S(ey) = (—411 + 84 _:) e;, Ricc(ey,e;) = 4u— 84 o
S(e3) =0, Ricc(ez,e3) = 0,

and then scalar curvature

3
. 312 A2
6(P) = z Ricc (eip,el-p) =8u———+—
i=1
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