
International Journal of Mathematical Archive-3(4), 2012, Page: 1365-1371 
 Available online through www.ijma.info ISSN 2229 – 5046 

International Journal of Mathematical Archive- 3 (4), April – 2012                                                                                                          1365 

 
ON LORENTZİAN BCV SPACES 

 
Abdullah YILDIRIM* 

 
Harran University, Faculty of Arts and Sciences ,Department of Mathematics,  

Osmanbey Campus, 63300 Sanliurfa,Turkey 
E-mail: abd.yildirim@harran.edu.tr  

 
(Received on: 19-03-12; Accepted on: 05-04-12) 

________________________________________________________________________________________________ 
 

ABSTRACT 
Begining with the works of Sasakian, Riemannian or Lorentzian cases, many studies were devoted to the metric 
differential geometry of almost contact manifolds and related structures( see e.g. [1], [2], [3], [5], [6]). Two of them 
are M. Belkhelfa, I.E.  Hirica,  R.  Rosca, L.  Verstlraelen, ( see e.g. [3] ) made a study of On Legendre curves in 
Riemanniann and Lorentzian Sasaki Spaces and A. Yildirim, H. H. Hacisalihoğlu (see e.g. [6] ) On BCV(Bianchi-
Cartan-Vranceanu)-Sasakian Manifolds. Inspired by these studies, we examined the structures of Lorentzi-an BCV 
Sasakian spaces. 
 
2000 Mathematics Subject Classification: Primary53B30,53C50; Secondary 53D10. 
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1. INTRODUCTION 
 
From(see [2] ), we remind the following properties and definitions. Let M  be a (2n+1) manifold and ϕ,ξ, η are (1,1), 
(1,0), (0,1) tensorson M,  respectively. 
 
Definition 1: If η,ξ,ϕ tensors satisfy  the following conditions 
 

      ϕ²  = -I+ηξ, 
ϕξ = 0, 

                                                                                        ηoϕ = 0, 
                                                                                        η(ξ) = 1, 
 
then the structure (η,ξ,ϕ)and  (M,η,ξ,ϕ)  are called almost contact structure and called almost contact manifold on M,  
respectively. 
 
Proposition 1:  The linear endomorphism 

ϕ : χ(M) → χ(M) 
          X  → ϕ(X) 

has rank 2n. 
 
 
Definition 2:  Let g a  Riemannian or a Lorentzian metric such that g(ξ,ξ)=ε,ε=1,ε=-1, according as ε is spacelike or 
timelike, if it satisfies the following equations 
 
 g(ϕX,ϕY)  =  g(X,Y)-ε η(X)η(Y), 
 
        η(X)  =  ε g(ξ,X), 
 
the structure (η,ξ,ϕ,g,ε) is called almost contact metric structure on M. 
 
Definition 3: If the metric g satisfies the equation 
 
 g(ϕX,Y)=- εdη(X,Y), 
________________________________________________________________________________________________ 
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then the structure (η,ξ,ϕ,g) is called a contact metric structure on M. 
 
Proposition 2:  An almost contact metrik manifold (M,η,ξ,ϕ,g) is Sasakian manifold if and ony if 
 

(∇𝑋𝑋𝜙𝜙)𝑌𝑌=εg(X,Y)ξ-η(Y)X,  
for ∀ X,Y∈χ(M). 
 
Proposition 3: If a  global differential 1-form η is a contact structure on M, it satisfies the equation  η∧(dη)ⁿ≠0. 
 
Definition 4:  Let (M, η, ξ, ϕ) be a almost contact structure. Lie brackets operator [,] define  the following 
 

[, ]:𝜒𝜒(𝑀𝑀 × 𝑅𝑅) × 𝜒𝜒(𝑀𝑀 × 𝑅𝑅) → 𝜒𝜒(𝑀𝑀 × 𝑅𝑅), 
so that 

��𝑋𝑋, 𝑓𝑓
𝑑𝑑
𝑑𝑑𝑑𝑑
� , �𝑌𝑌,𝑔𝑔

𝑑𝑑
𝑑𝑑𝑑𝑑
�� = �[𝑋𝑋,𝑌𝑌], (𝑋𝑋𝑔𝑔 − 𝑌𝑌𝑓𝑓)

𝑑𝑑
𝑑𝑑𝑑𝑑
�. 

 
for ∀ X,Y∈ χ(M×R), ∀ f,g ∈ 𝐶𝐶∞(𝑀𝑀,𝑅𝑅). 
 
Definition 5: The  Nijenhuis torsion 𝑁𝑁𝐽𝐽  of a tensor field J of type (1,1) is the the tensor field of type (1,2) given by 
 

𝑁𝑁𝐽𝐽 :𝜒𝜒(𝑀𝑀 × 𝑅𝑅) × 𝜒𝜒(𝑀𝑀 × 𝑅𝑅) → 𝜒𝜒(𝑀𝑀 × 𝑅𝑅), 
so that 
                                                      𝑁𝑁𝐽𝐽 (𝑈𝑈,𝑉𝑉) = 𝐽𝐽2[𝑈𝑈,𝑉𝑉] + [𝐽𝐽𝑈𝑈, 𝐽𝐽𝑉𝑉] − 𝐽𝐽[𝐽𝐽𝑈𝑈,𝑉𝑉] − 𝐽𝐽[𝑈𝑈, 𝐽𝐽𝑉𝑉],                                                  (1.1)   
 
for ∀ U,V∈ χ(M×R). 
 
Proposition 4.  If  𝑁𝑁𝐽𝐽�(𝑋𝑋, 0), (𝑌𝑌, 0)� = �𝑁𝑁(1)(𝑋𝑋,𝑌𝑌),𝑁𝑁(2)(𝑋𝑋,𝑌𝑌) 𝑑𝑑

𝑑𝑑𝑑𝑑
� and  𝑁𝑁𝐽𝐽 �(𝑋𝑋, 0), �0, 𝑑𝑑

𝑑𝑑𝑑𝑑
�� = �𝑁𝑁(3)(𝑋𝑋),𝑁𝑁(4)(𝑋𝑋) 𝑑𝑑

𝑑𝑑𝑑𝑑
� at 

those cases  
                                              𝑁𝑁(1)(𝑋𝑋,𝑌𝑌) = 𝑁𝑁𝜙𝜙(𝑋𝑋,𝑌𝑌) + 2𝑑𝑑𝑑𝑑(𝑋𝑋,𝑌𝑌)𝜉𝜉,                                                                            (1.2) 
                                              𝑁𝑁(2)(𝑋𝑋,𝑌𝑌) = �𝐿𝐿𝜙𝜙𝑋𝑋 𝑑𝑑�(𝑌𝑌) − �𝐿𝐿𝜙𝜙𝑌𝑌𝑑𝑑�(𝑋𝑋) ,                                                                       (1.3) 
                                                  𝑁𝑁(3)(𝑋𝑋) = �𝐿𝐿𝜉𝜉𝜙𝜙�(𝑋𝑋),                                                                                                  (1.4) 
                                                  𝑁𝑁(4)(𝑋𝑋) = �𝐿𝐿𝜉𝜉𝑑𝑑�(𝑋𝑋),                                                                                                   (1.5) 
 
for ∀ X,Y∈ χ(M), where  L  denoting Lie derivative. 
 
Proposition 5:  For an almost contact metric structure (η,ξ,ϕ,g,) the covariant derivative of ϕ is given by 
 
2g((∇X ϕ)Y,Z) = 3dΦ(X,ϕY,ϕZ)-3dΦ(X,Y,Z)+g(N(1)(Y,Z),ϕX) +N(2)(Y,Z)η(X)+2dη(ϕY,X)η(Z) - 2dη(ϕZ,X)η(Y), 
 
where  Φ(X,Y)=εg(X,ϕY). In the particular case of a contact structure (Φ=dη) we have,[3], 
 
2g((∇X ϕ)Y,Z)=g(N(1) (Y,Z),ϕX)+2dη(ϕY,X)η(Z)-2dη(ϕZ,X)η(Y).  
 
Definition  6:  If the tensor  N(1)(X,Y)=[ϕ,ϕ](X,Y)+2dη(X,Y)ξ   on the Sasakian manifold (M,η,ξ,ϕ,g) vanishes then the 
tensor N(1) is called Sasakian tensor.M3 

 
2. LORENTZİAN BCV SPACES 
 
�𝑅𝑅3,𝑔𝑔𝜆𝜆 ,𝜇𝜇 � is called a  Riemannian or a Lorentzian BCV space which denoted by 𝔐𝔐3.   𝑔𝑔𝜆𝜆 ,𝜇𝜇  is a  Riemannian or a 
Lorentzian Bianchi -Cartan-Vranceanu (BCV) metric in R³ and denoted by 
 

𝑔𝑔𝜆𝜆 ,𝜇𝜇 = 𝑑𝑑𝑥𝑥1
2+𝑑𝑑𝑥𝑥2

2

�1+𝜇𝜇�𝑥𝑥1
2+𝑥𝑥2

2��2
+ 𝜀𝜀 �𝑑𝑑𝑥𝑥3 + 𝜆𝜆

2
𝑥𝑥2𝑑𝑑𝑥𝑥1−𝑥𝑥1𝑑𝑑𝑥𝑥2
1+𝜇𝜇�𝑥𝑥1

2+𝑥𝑥2
2�
�

2
                                                                                                           (2.1) 

 
where (x₁,x₂,x₃) denoting standart coordinates of  R³, ε=±1 and λ,μ∈R  such that   1+μ(x₁²+x₂²) > 0.  It is defined that a 
BCV space 𝔐𝔐3 is isomorphic to the following homogeneous a Riemannian or a Lorentzian 3-manifolds: 
 
• If  μ=0,  λ=0, ε=1, then 𝔐𝔐3≅E³ ( Euclidean 3-space), 
• If  μ=0,  λ=0, ε=-1, then 𝔐𝔐3≅E₁³ ( Minkowski 3-space), 
• If  μ=0,  λ≠0, ε=1, then 𝔐𝔐3≅N³ ( Heisenberg 3-space), 
• If  μ=0,  λ≠0, ε=-1, then 𝔐𝔐3≅N₁³ ( Lorentzian Heisenberg 3-space). 
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We can see (2.1) that the matrix of components of  𝑔𝑔𝜆𝜆 ,𝜇𝜇   is 
 

𝑔𝑔𝜆𝜆 ,𝜇𝜇 =

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 4 + 𝜆𝜆2𝜀𝜀𝑥𝑥2

2

4�1 + 𝜇𝜇(𝑥𝑥1
2 + 𝑥𝑥2

2)�2 −
𝜆𝜆2𝜀𝜀𝑥𝑥1𝑥𝑥2

4�1 + 𝜇𝜇(𝑥𝑥1
2 + 𝑥𝑥2

2)�2
𝜆𝜆𝜀𝜀𝑥𝑥2

2�1 + 𝜇𝜇(𝑥𝑥1
2 + 𝑥𝑥2

2)�

−
𝜆𝜆2𝜀𝜀𝑥𝑥1𝑥𝑥2

4�1 + 𝜇𝜇(𝑥𝑥1
2 + 𝑥𝑥2

2)�2
4 + 𝜆𝜆2𝜀𝜀𝑥𝑥1

2

4�1 + 𝜇𝜇(𝑥𝑥1
2 + 𝑥𝑥2

2)�2 −
𝜆𝜆𝜀𝜀𝑥𝑥1

2�1 + 𝜇𝜇(𝑥𝑥1
2 + 𝑥𝑥2

2)�
𝜆𝜆𝜀𝜀𝑥𝑥2

2�1 + 𝜇𝜇(𝑥𝑥1
2 + 𝑥𝑥2

2)�
−

𝜆𝜆𝜀𝜀𝑥𝑥1

2�1 + 𝜇𝜇(𝑥𝑥1
2 + 𝑥𝑥2

2 )�
𝜀𝜀

⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

 
with respect to standard basis of R³. Standard base in this space  
 
𝜓𝜓 = � 𝜕𝜕

𝜕𝜕𝑥𝑥𝑖𝑖
= (𝛿𝛿1𝑖𝑖 ,𝛿𝛿2𝑖𝑖 ,𝛿𝛿3𝑖𝑖); 1 ≤ 𝑖𝑖 ≤ 3� is not orthonormal. If we denote a new base       

     
𝜑𝜑 = {𝑒𝑒1,𝑒𝑒2, 𝑒𝑒3} of �𝑅𝑅3,𝑔𝑔𝜆𝜆 ,𝜇𝜇 �, we can write as 
 

�

𝑒𝑒1 = {1 + 𝜇𝜇(𝑥𝑥1
2 + 𝑥𝑥2

2)} 𝜕𝜕
𝜕𝜕𝑥𝑥1

− 1
2
𝜆𝜆𝑥𝑥2

𝜕𝜕
𝜕𝜕𝑥𝑥3

𝑒𝑒2 = {1 + 𝜇𝜇(𝑥𝑥1
2 + 𝑥𝑥2

2)} 𝜕𝜕
𝜕𝜕𝑥𝑥2

+ 1
2
𝜆𝜆𝑥𝑥1

𝜕𝜕
𝜕𝜕𝑥𝑥3

𝑒𝑒3 = 𝜕𝜕
𝜕𝜕𝑥𝑥3

                                                      ⎭
⎪
⎬

⎪
⎫

                                                                                                                       (2.2) 

 
Theorem 1: Let  (x₁,x₂,x₃) be standart coordinates of  R³. Using orthonormal base φ (see  2.2), we get 
 ∇𝑒𝑒1𝑒𝑒1 = −2𝜇𝜇𝑥𝑥2𝑒𝑒2,                       ∇𝑒𝑒1𝑒𝑒2 = −2𝜇𝜇𝑥𝑥2𝑒𝑒1 + 𝜆𝜆

2
𝑒𝑒3,            ∇𝑒𝑒1𝑒𝑒3 = −𝜆𝜆𝜀𝜀

2
𝑒𝑒2,    

 ∇𝑒𝑒2𝑒𝑒1 = −2𝜇𝜇𝑥𝑥1𝑒𝑒2 −
𝜆𝜆
2 𝑒𝑒3,  ∇𝑒𝑒2𝑒𝑒2 = 2𝜇𝜇𝑥𝑥1𝑒𝑒1,                            ∇𝑒𝑒2𝑒𝑒3 =

𝜆𝜆𝜀𝜀
2 𝑒𝑒1,  

∇𝑒𝑒3𝑒𝑒1 = −
𝜆𝜆𝜀𝜀
2 𝑒𝑒2,                   ∇𝑒𝑒3𝑒𝑒2 =

𝜆𝜆𝜀𝜀
2 𝑒𝑒1,                                 ∇𝑒𝑒3𝑒𝑒3 = 0, 

  
and   [e₁,e₂]=-2μx₂e₁+2μx₁e₂+λe₃,  [e₃,e₂]=[e₁,e₃]=0, 

 
where ∇ and [,] are Levi-Civita connection and brackets operator on 𝔐𝔐3, respectively. 
 
Theorem 2: Vector field  e₃∈ φ  is  Killing vector field on 𝔐𝔐3. 
 
Proof:.  If we use Lie derivative for ∀X,Y∈χ(𝔐𝔐3) 
 
�𝐿𝐿𝑒𝑒3𝑔𝑔𝜆𝜆 ,𝜇𝜇�(𝑋𝑋,𝑌𝑌) = 𝑒𝑒3𝑔𝑔𝜆𝜆 ,𝜇𝜇(𝑋𝑋,𝑌𝑌) − 𝑔𝑔𝜆𝜆 ,𝜇𝜇 ([𝑒𝑒3,𝑋𝑋],𝑌𝑌) − 𝑔𝑔𝜆𝜆 ,𝜇𝜇(𝑋𝑋, [𝑒𝑒3,𝑌𝑌]) 
 
                              = 𝑔𝑔𝜆𝜆 ,𝜇𝜇 �𝛻𝛻𝑒𝑒3𝑋𝑋,𝑌𝑌� + 𝑔𝑔𝜆𝜆 ,𝜇𝜇 �𝑋𝑋,𝛻𝛻𝑒𝑒3𝑌𝑌� − 𝑔𝑔𝜆𝜆 ,𝜇𝜇 �𝛻𝛻𝑒𝑒3𝑋𝑋,𝑌𝑌� + 𝑔𝑔𝜆𝜆 ,𝜇𝜇 �𝑋𝑋,𝛻𝛻𝑒𝑒3𝑌𝑌� − 𝑔𝑔𝜆𝜆 ,𝜇𝜇 �𝑋𝑋,𝛻𝛻𝑒𝑒3𝑌𝑌� + 𝑔𝑔𝜆𝜆 ,𝜇𝜇 (𝑋𝑋,𝛻𝛻𝑋𝑋𝑒𝑒3)
                                                                                                
                           = 𝑔𝑔𝜆𝜆 ,𝜇𝜇 �𝛻𝛻𝑒𝑒3𝑋𝑋,𝑌𝑌� + 𝑔𝑔𝜆𝜆 ,𝜇𝜇 �𝑋𝑋,𝛻𝛻𝑒𝑒3𝑌𝑌� 
 
                              = 0   
 
which completes the proof and hereafter we show e₃:=ξ                                                           
 
The dual basis θ of  φ  is  given by 
 

 𝜃𝜃 = �𝜃𝜃1 = 𝑑𝑑𝑥𝑥1
1+𝜇𝜇�𝑥𝑥1

2+𝑥𝑥2
2�

, 𝜃𝜃2 = 𝑑𝑑𝑥𝑥2
1+𝜇𝜇�𝑥𝑥1

2+𝑥𝑥2
2�

,𝜃𝜃3 = 𝑑𝑑𝑥𝑥3 + 𝜆𝜆
2
𝑥𝑥2𝑑𝑑𝑥𝑥1−𝑥𝑥1𝑑𝑑𝑥𝑥2
1+𝜇𝜇�𝑥𝑥1

2+𝑥𝑥2
2�
� 

 
and we can easily see  𝑋𝑋 = ∑ 𝜃𝜃𝑗𝑗3

𝑗𝑗=1 𝑒𝑒𝑗𝑗    for ∀X∈χ(𝔐𝔐3). 
 
Theorem 3: The connection forms 
 

                                       𝜔𝜔𝑔𝑔𝜆𝜆 ,𝜇𝜇 = �
0 𝜔𝜔12 𝜔𝜔13

−𝜔𝜔12 0 𝜔𝜔23
−𝜔𝜔13 −𝜔𝜔23 0

� 
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of the metric  𝑔𝑔𝜆𝜆 ,𝜇𝜇  relative to θ on the space 𝔐𝔐3 are 
 

�
                                    𝜔𝜔12 = 2𝜇𝜇𝑥𝑥2𝜃𝜃1 − 2𝜇𝜇𝑥𝑥2𝜃𝜃2 − 𝜆𝜆𝜀𝜀

2
𝜃𝜃3

𝜔𝜔13 = −𝜆𝜆𝜀𝜀
2
𝜃𝜃2

         𝜔𝜔23 = −𝜆𝜆𝜀𝜀
2
𝜃𝜃1         ⎭

⎪
⎬

⎪
⎫

                                                                                               (2.3) 

 
Now let we take 1-form η 
 
𝑑𝑑 = 𝜃𝜃3 =  𝑑𝑑𝑥𝑥3 + 𝜆𝜆

2
𝑥𝑥2𝑑𝑑𝑥𝑥1−𝑥𝑥1𝑑𝑑𝑥𝑥2
1+𝜇𝜇�𝑥𝑥1

2+𝑥𝑥2
2�

                                                                                                                                      (2.4) 
 
on 𝔐𝔐3 for   λ≠0. We can provide 
 
η(e₁)=η(e₂)=0, η(e₃)=1. 
 
On the other hand, we can give the following matrix of endomorphism ϕ with respect to standard basis of R³ 
 

𝜙𝜙 = �

0 −𝜀𝜀 0
𝜀𝜀 0 0

− 𝜆𝜆𝜆𝜆𝑥𝑥1

2�1+𝜇𝜇�𝑥𝑥1
2+𝑥𝑥2

2��
− 𝜆𝜆𝜆𝜆𝑥𝑥2

2�1+𝜇𝜇�𝑥𝑥1
2+𝑥𝑥2

2��
0
�                                                                                                                     (2.5) 

 
So we can easily show that 

 
𝜙𝜙2(𝑋𝑋) = −𝑋𝑋 + 𝑑𝑑(𝑋𝑋)𝜉𝜉                                                                                                                                                                      (2.6) 

 
𝜙𝜙(𝑒𝑒₁) = 𝜀𝜀𝑒𝑒2,𝜙𝜙(𝑒𝑒2) = −𝜀𝜀𝑒𝑒1,𝜙𝜙(𝑒𝑒3) = 0.                                                                                                                  (2.7) 

 
Theorem 4: Let us ∀X,Y∈χ(𝔐𝔐3)  and  𝑋𝑋 = ∑ 𝑢𝑢𝑖𝑖3

𝑖𝑖=1 𝑒𝑒𝑖𝑖, 𝑌𝑌 = ∑ 𝑣𝑣𝑖𝑖3
𝑖𝑖=1 𝑒𝑒𝑖𝑖   

 
∇𝑋𝑋𝜉𝜉 =  −𝜆𝜆𝜙𝜙 (𝑋𝑋)

2
                                                                                                                                                               (2.8) 

 
 𝑑𝑑𝑑𝑑(𝑋𝑋,𝑌𝑌) = 𝜆𝜆𝜀𝜀

2
𝑔𝑔𝜆𝜆 ,𝜇𝜇�𝑋𝑋,𝜙𝜙(𝑌𝑌)�.                                                                                                                                                         (2.9) 

 
Proof: Using 2.5 we obtain the following equality 
 
                                  𝜙𝜙(𝑋𝑋) = 𝜀𝜀𝑢𝑢₂𝑒𝑒₁ − 𝜀𝜀𝑢𝑢₁𝑒𝑒₂. 
Now then  
                                    ∇Xξ = ∇∑ 𝑢𝑢𝑖𝑖

3
𝑖𝑖=1 𝑒𝑒𝑖𝑖  ξ, 

                                            = ∑ 𝑢𝑢𝑖𝑖3
𝑖𝑖=1 ∇𝑒𝑒𝑖𝑖  ξ, 

                                            = 𝑢𝑢1∇𝑒𝑒1  ξ+ 𝑢𝑢2∇𝑒𝑒2  ξ + 𝑢𝑢3∇𝑒𝑒3  ξ, 
                                            = 𝑢𝑢1 �−

𝜆𝜆𝜀𝜀
2
𝑒𝑒2�+ 𝑢𝑢2 �

𝜆𝜆𝜀𝜀
2
𝑒𝑒1�+ 𝑢𝑢3(0), 

                                            = −𝜆𝜆
2

(𝜀𝜀𝑢𝑢₂𝑒𝑒₁ − 𝜀𝜀𝑢𝑢₁𝑒𝑒₂), 

                                            = −𝜆𝜆
2
𝜙𝜙(𝑋𝑋), 

 
and then using Ricci equation we can be provide in the following equation 
 
                            𝑑𝑑𝑑𝑑(𝑋𝑋,𝑌𝑌) = 𝜆𝜆𝜀𝜀

2
𝑔𝑔𝜆𝜆 ,𝜇𝜇 �𝑋𝑋,𝜙𝜙(𝑌𝑌)�, 

 
which completes the proof     
                                                                                                    
Using 2.4, we can obtain η∧dη≠0. Moreover, using 1.1, 1.2, 1.3, 1.4 and 1.5 the following equations can be proved by 
direct calculation on 𝔐𝔐3 
 
 𝑁𝑁(1) =  𝑁𝑁(3) = 0,  𝑁𝑁(2) =  𝑁𝑁(4) = 0.                                                                                                                                (2.10) 
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Theorem 5: For an almost contact metric structure (η,ξ,ϕ, 𝑔𝑔𝜆𝜆 ,𝜇𝜇 ,ε) there exists the following equation 
 
𝑔𝑔𝜆𝜆 ,𝜇𝜇 (𝜙𝜙𝑋𝑋,𝜙𝜙𝑌𝑌) = 𝑔𝑔𝜆𝜆 ,𝜇𝜇 (𝑋𝑋,𝑌𝑌)− 𝜀𝜀𝑑𝑑(𝑋𝑋)𝑑𝑑(𝑌𝑌),                                                                                                                         (2.11) 
 
for ∀X,Y∈χ(𝔐𝔐3). 
 
Proof.  ∀X,Y∈χ(𝔐𝔐3)  
 
                     𝑔𝑔𝜆𝜆 ,𝜇𝜇 (𝜙𝜙𝑋𝑋,𝜙𝜙𝑌𝑌) = −𝑔𝑔𝜆𝜆 ,𝜇𝜇 (𝑋𝑋,𝜙𝜙2𝑌𝑌)     
                                                  = −𝑔𝑔𝜆𝜆 ,𝜇𝜇 (𝑋𝑋,−𝑌𝑌 + 𝑑𝑑(𝑌𝑌)ξ)                               
                                            = 𝑔𝑔𝜆𝜆 ,𝜇𝜇 (𝑋𝑋,𝑌𝑌)− 𝜀𝜀𝑑𝑑(𝑋𝑋)𝑑𝑑(𝑌𝑌)                                                                      
 
Theorem 6: For the orthonormal basis φ={e₁,e₂,ξ=e₃} of χ(𝔐𝔐3), then we have 
 
(∇𝑋𝑋𝜙𝜙)𝑌𝑌 = 𝜆𝜆𝜀𝜀

2
�𝑔𝑔𝜆𝜆 ,𝜇𝜇(𝑋𝑋,𝑌𝑌)ξ − 𝑑𝑑(𝑌𝑌)𝑋𝑋�.                                                                                                                                 (2.12) 

 
Proof: Let us ∀X,Y∈χ(𝔐𝔐3)  and  𝑋𝑋 = ∑ 𝑢𝑢𝑖𝑖3

𝑖𝑖=1 𝑒𝑒𝑖𝑖 , 𝑌𝑌 = ∑ 𝑣𝑣𝑖𝑖3
𝑖𝑖=1 𝑒𝑒𝑖𝑖 . Using 1.1, 1.6 and 2.10 we obtain 

 
2𝑔𝑔𝜆𝜆 ,𝜇𝜇�(∇𝑋𝑋𝜙𝜙)𝑌𝑌,𝑍𝑍� = 2𝑑𝑑𝑑𝑑(𝜙𝜙𝑌𝑌,𝑋𝑋)𝑑𝑑(𝑍𝑍)− 2𝑑𝑑𝑑𝑑(𝜙𝜙𝑍𝑍,𝑋𝑋)𝑑𝑑(𝑌𝑌) 

and then using 2.9  
 
2𝑔𝑔𝜆𝜆 ,𝜇𝜇 �(∇𝑋𝑋𝜙𝜙)𝑌𝑌,𝑍𝑍� = 𝜆𝜆𝜀𝜀𝑔𝑔𝜆𝜆 ,𝜇𝜇 (𝜙𝜙𝑌𝑌,𝜙𝜙𝑋𝑋)𝑑𝑑(𝑍𝑍) − 𝜆𝜆𝜀𝜀𝑔𝑔𝜆𝜆 ,𝜇𝜇 (𝜙𝜙𝑍𝑍,𝜙𝜙𝑋𝑋)𝑑𝑑(𝑌𝑌)  
 
                                  = 𝜆𝜆𝜀𝜀�𝑔𝑔𝜆𝜆 ,𝜇𝜇 (𝑋𝑋,𝑌𝑌) − 𝜀𝜀𝑑𝑑(𝑋𝑋)𝑑𝑑(𝑌𝑌)�𝑑𝑑(𝑍𝑍) − 𝜆𝜆𝜀𝜀�𝑔𝑔𝜆𝜆 ,𝜇𝜇 (𝑋𝑋,𝑍𝑍) − 𝜀𝜀𝑑𝑑(𝑋𝑋)𝑑𝑑(𝑍𝑍)�𝑑𝑑(𝑌𝑌) 
 
                                  = 𝜆𝜆𝜀𝜀𝑔𝑔𝜆𝜆 ,𝜇𝜇(𝑋𝑋,𝑌𝑌)𝑑𝑑(𝑍𝑍)− 𝜆𝜆𝜀𝜀𝑔𝑔𝜆𝜆 ,𝜇𝜇 (𝑋𝑋,𝑍𝑍)𝑑𝑑(𝑌𝑌)  
 
                              = 𝜆𝜆𝜀𝜀�𝑔𝑔𝜆𝜆 ,𝜇𝜇 �𝑔𝑔𝜆𝜆 ,𝜇𝜇(𝑋𝑋,𝑌𝑌)𝜉𝜉,𝑍𝑍�� − 𝜆𝜆𝜀𝜀�𝑔𝑔𝜆𝜆 ,𝜇𝜇 (𝑑𝑑(𝑌𝑌)𝑋𝑋,𝑍𝑍)�  
 
                              = 𝜆𝜆𝜀𝜀𝑔𝑔𝜆𝜆 ,𝜇𝜇 �𝑔𝑔𝜆𝜆 ,𝜇𝜇 �(𝑋𝑋,𝑌𝑌)𝜉𝜉 − 𝑑𝑑(𝑌𝑌)𝑋𝑋,𝑍𝑍�� 
 
Hence we obtain 

(∇𝑋𝑋𝜙𝜙)𝑌𝑌 =
𝜆𝜆𝜀𝜀
2
�𝑔𝑔𝜆𝜆 ,𝜇𝜇 (𝑋𝑋,𝑌𝑌)ξ − 𝑑𝑑(𝑌𝑌)𝑋𝑋�                                                                                   

 
CONCLUSİON 
 
In veiw of 2.10, 2.11, 2.12 we can say that (𝔐𝔐3,η,ξ,ϕ, 𝑔𝑔𝜆𝜆 ,𝜇𝜇 ,ε) is a 3-dimensional Sasaki space. 
 
1. Curvatures And Torsions Of Lorentzian BCV Spaces 
 
Let Riemannian curvature be 

𝑅𝑅�𝑒𝑒𝑗𝑗 , 𝑒𝑒𝑘𝑘�𝑒𝑒𝑖𝑖 = �𝑅𝑅𝑖𝑖𝑗𝑗𝑘𝑘𝑙𝑙
3

𝑙𝑙=1

𝑒𝑒𝑙𝑙 , (1 ≤ 𝑖𝑖, 𝑗𝑗, 𝑘𝑘, 𝑙𝑙 ≤ 3) 

on 𝔐𝔐3. All of  𝑅𝑅𝑖𝑖𝑗𝑗𝑘𝑘𝑙𝑙   described as follows: 

𝑅𝑅121
1 = 0,                          𝑅𝑅121

2 = 4𝜇𝜇 −
3𝜀𝜀
4 𝜆𝜆2,      𝑅𝑅121

3 = 0, 

𝑅𝑅313
1 =

𝜆𝜆2

4 ,                       𝑅𝑅313
2 = 0,                        𝑅𝑅313

3 = 0, 

𝑅𝑅323
1 = 0,                          𝑅𝑅323

2 =
𝜆𝜆2

4 ,                     𝑅𝑅323
3 = 0 

𝑅𝑅221
1 = −4𝜇𝜇 +

3𝜀𝜀
4 𝜆𝜆2,     𝑅𝑅221

2 = 0,                       𝑅𝑅221
3 = 0 

𝑅𝑅331
1 = −

𝜆𝜆2

4 ,                    𝑅𝑅331
2 = 0,                       𝑅𝑅331

3 = 0, 

𝑅𝑅112
1 = 0,                           𝑅𝑅112

2 = −4𝜇𝜇 +
3𝜀𝜀
4 𝜆𝜆2, 𝑅𝑅112

3 = 0, 

𝑅𝑅223
1 = 0,                          𝑅𝑅223

2 = 0,                       𝑅𝑅223
3 = −

𝜆𝜆2

4
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𝑅𝑅212
1 = 4𝜇𝜇 −

3𝜀𝜀
4 𝜆𝜆2,         𝑅𝑅212

2 = 0,                       𝑅𝑅212
3 = 0 

𝑅𝑅332
1 = 0,                           𝑅𝑅332

2 = −
𝜆𝜆2

4 ,                𝑅𝑅332
3 = 0 

𝑅𝑅113
1 = 0,                           𝑅𝑅113

2 = 0,                       𝑅𝑅113
3 = −

𝜆𝜆2

4
 

 
Theorem 8: Sectional curvature of all plane sections ortogonal to ξ is equal to 

4𝜇𝜇 −
3𝜀𝜀
4
𝜆𝜆2 

on 𝔐𝔐3. 
 
Proof:  Sectional curvature of a plane independent of the selected bases [3].  Let us take plane Π=Sp{e₁,e₂}  orthogonal 
to ξ.  Now then 

𝐾𝐾(𝑒𝑒1,𝑒𝑒2) =
𝑔𝑔𝜆𝜆 ,𝜇𝜇(𝑅𝑅(𝑒𝑒1,𝑒𝑒2)𝑒𝑒2,𝑒𝑒1)

𝑔𝑔𝜆𝜆 ,𝜇𝜇 (𝑒𝑒1, 𝑒𝑒1)𝑔𝑔𝜆𝜆 ,𝜇𝜇 (𝑒𝑒2, 𝑒𝑒2)− 𝑔𝑔𝜆𝜆 ,𝜇𝜇 (𝑒𝑒2,𝑒𝑒1)2 

 
                                                                      = 𝑔𝑔𝜆𝜆 ,𝜇𝜇 (𝑅𝑅212

1 𝑒𝑒1 + 𝑅𝑅212
2 𝑒𝑒2 + 𝑅𝑅212

3 𝑒𝑒3, 𝑒𝑒1) 

                                                                               = 𝑔𝑔𝜆𝜆 ,𝜇𝜇 ��4𝜇𝜇 −
3𝜀𝜀
4
𝜆𝜆2� 𝑒𝑒1 + 0𝑒𝑒2 + 0𝑒𝑒3,𝑒𝑒1� 

                                                                               = 4𝜇𝜇 −
3𝜀𝜀
4
𝜆𝜆2 

which completes the proof.         
                                                                                                 
We can easily show that K(e₁,e₃)=K(e₂,e₃)=𝜆𝜆2

4
. 

 
Remark:  So we note (𝔐𝔐3³,η,ξ,ϕ, 𝑔𝑔𝜆𝜆 ,𝜇𝜇 ,ε) by R³(4𝜇𝜇 − 3𝜀𝜀

4
𝜆𝜆2). 

 
Theorem 9: Let us give structure (M³,η,ξ,ϕ, 𝑔𝑔𝜆𝜆 ,𝜇𝜇 ,ε). The Ricci operator is �̃�𝑆 = �−4𝜇𝜇 + 3𝜀𝜀𝜆𝜆2

4
− 𝜆𝜆2

4
�𝜙𝜙².and the Ricci 

curvature is 
 
                                   Ricc(X,Y)= �−4𝜇𝜇 + 3𝜀𝜀𝜆𝜆2

4
− 𝜆𝜆2

4
� 𝑔𝑔𝜆𝜆 ,𝜇𝜇 (𝜙𝜙𝑌𝑌,𝜙𝜙𝑋𝑋) 

for  ∀X,Y∈χ(𝔐𝔐3). 
 
Example:  Let us give structure (𝔐𝔐3,η,ξ,ϕ, 𝑔𝑔𝜆𝜆 ,𝜇𝜇 ,ε) and a ortogonal base of  M³ is 
 

𝑒𝑒1 = {1 + 𝜇𝜇(𝑥𝑥1
2 + 𝑥𝑥2

2)}
𝜕𝜕
𝜕𝜕𝑥𝑥1

−
1
2 𝜆𝜆𝑥𝑥2

𝜕𝜕
𝜕𝜕𝑥𝑥3

𝑒𝑒2 = {1 + 𝜇𝜇(𝑥𝑥1
2 + 𝑥𝑥2

2)}
𝜕𝜕
𝜕𝜕𝑥𝑥2

+
1
2 𝜆𝜆𝑥𝑥1

𝜕𝜕
𝜕𝜕𝑥𝑥3

𝑒𝑒3 =
𝜕𝜕
𝜕𝜕𝑥𝑥3

                                                      

 

 
now then 
�̃�𝑆(𝑒𝑒1) = �−4𝜇𝜇 + 3𝜀𝜀𝜆𝜆2

4
− 𝜆𝜆2

4
� 𝑒𝑒1, 𝑅𝑅𝑖𝑖𝑅𝑅𝑅𝑅(𝑒𝑒1,𝑒𝑒1) = 4𝜇𝜇 − 3𝜀𝜀𝜆𝜆2

4
+ 𝜆𝜆2

4
, 

 
�̃�𝑆(𝑒𝑒2) = �−4𝜇𝜇 + 3𝜀𝜀𝜆𝜆2

4
− 𝜆𝜆2

4
� 𝑒𝑒2, 𝑅𝑅𝑖𝑖𝑅𝑅𝑅𝑅(𝑒𝑒2,𝑒𝑒2) = 4𝜇𝜇 − 3𝜀𝜀𝜆𝜆2

4
+ 𝜆𝜆2

4
, 

 
�̃�𝑆(𝑒𝑒3) = 0,                                       𝑅𝑅𝑖𝑖𝑅𝑅𝑅𝑅(𝑒𝑒3,𝑒𝑒3) = 0, 
 
and then scalar curvature 

𝛿𝛿(𝑃𝑃) = �𝑅𝑅𝑖𝑖𝑅𝑅𝑅𝑅 �𝑒𝑒𝑖𝑖𝑝𝑝 , 𝑒𝑒𝑖𝑖𝑝𝑝 �
3

𝑖𝑖=1

= 8𝜇𝜇 −
3𝜀𝜀𝜆𝜆2

4 +
𝜆𝜆2

4  
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