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ABSTRACT

This paper describes a class of null sets, lattice measure of an atom and lattice semi-finite measure. It has been
established a result that the lattice measure of any two atoms are either disjoint or identical. In fact it has been proved
that the class of all atoms in lattice sigma algebra is countable. Finally it has been observed various elementary
characteristics of atoms in lattice sigma algebra.
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1. INTRODUCTION:

The concept of measure of a lattice has been attempted by Szasz (1963)[6]. The fundamentals of measure theoretical
concepts were firstly described by Halmos (1974) [4]. Further a detailed attempt has been made on this concept by
Royden (1981) [5]. Hahn decomposition theorem for signed lattice measure is originated by Tanaka (2009) [7].The
concept of Radon — Nikodym theorem for signed lattice measure was obtained by Anil kumar etrl (2011) [2].

In section 2, based on Tanaka (2009) [7], the fundamentals of lattice sigma algebra, lattice measure on a lattice sigma
algebra were described. Further based on Anil kumar etrl (2011) [2] the concepts of lattice measurable set, lattice
measure space and lattice o — finite measure were defined. Here some elementary properties of lattice measurable sets
were derived.

In section 3, a class of null sets, atom, lattice measure of an atom and lattice semi-finite measure were introduced. Here
it has been derived a result that the lattice measure of any two atoms are either disjoint or identical. Also proved that the
class of all atoms in a lattice sigma algebra is countable. It has been obtained a theorem that if lattice sigma algebra is
atomless, then it contains countable number of disjoint non-empty lattice measurable sets. Finally it has been observed
that some elementary characteristics of atoms in a lattice sigma algebra.

2. PRELIMINARIES

This section briefly reviews the well-known facts of Birkhoff’s [1967][3] lattice theory.

The system (L, A, v), where L is a hon empty set, A and v are two binary operations on L, is called a lattice if A and v
satisfies, for any elements x, y, z, in L:

(L1) commutative law: X Ay=yAxandXvy=yv X
(L2) associative law: X A (YA Z) = (XAYy)Azand Xv (YvZ)=(XVYy) vz
(L3) absorption law: x v (y A X) =x and x A (y v X) = X. Hereafter, the lattice (L, A, v) will often be
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written as L for simplicity. A lattice (L, A, v) is called distributive if, for any x, y, z, in L.
(L4) distributive law holds: X v (y AZ) = (X vY) A (XvZ)and X A (Y Vv Z) = (X AY) Vv (X A 2).

A lattice L is called complete if, for any subset A of L, L contains the supremum v A and the infimum A A. If L is
complete, then L itself includes the maximum and minimum elements which are often denoted by 1 and 0 or | and O
respectively.

A distributive lattice is called a Boolean lattice if for any element x in L, there exists a unique complement x® such that
x v x¢ =1 (L5) the law of excluded middle
xAxt=0 (L6) the law of non-contradiction

Let L be a lattice and C: L — L be an operator. Then C is called a lattice complement in L if the following conditions
are satisfied.

(L5) and (L6); vxel xvxt=t1andxAxt=0,
(L7) the law of contrapositive; V X,y €L, x<yimplies x¢ > yC,
(L8) the law of double negation; Vv x e L, (xc)C =X.

Throughout this paper, we consider lattices as complete lattices which obey (L1) - (L8) except for (L6) the law of non-
contradiction. Unless otherwise stated, X is the entire set and L is a lattice of any subsets of X.

Definition 2.1: If a lattice L satisfies the following conditions, then it is called a lattice o-Algebra;
(1) vhelLhelL
(2 ifhjelLforn=1,23.. then v h el

n=1

We denote o (L) = B, as the lattice o-Algebra generated by L.

Example 2.1: [Halmos (1974)][4].

1. {¢, X} is a lattice o-Algebra.

2. P(X) power set of X is a lattice o-Algebra.

Example 2.2: Let X = R and L = {measurable subsets of ‘R } with usual ordering (<).

Here L is a lattice and o (L) = 8 is a lattice o - algebra generated by L.

Example2.3.Let X be any non-empty set, L = {All topologies on X}. Here L is a complete lattice but not o - algebra.
Example 2.4: [Halmos (1974)][4]. Let X = R and L = {E < R/ E is finite or E® is finite}.

Here L is lattice algebra but not lattice o - algebra.

Definitition 2.2: The ordered pair (X, B) is said to be lattice measurable space.

Example 2.5: Let X =R and L = {All Lebesgue measurable sub sets of R }. Then it can be verified that (R, R) isa
lattice measurable space.

Definitition 2.3: If the mapping p: B — R w {oo} satisfies the following properties, then W is called a lattice measure on
the lattice o-Algebra o (L).

D p(d=p(0)=0.
(2) Forallh,ge B, such that p(h), p(g) > 0and h < g = p(h) < p(g).

(3) Forallh,ge B p(hvg)+puhag)=ph)+u().
(4) Ifh, < B neNsuchthathy <h,<..<h <.., thenp( n\:l hy) = lim p(hy).

Note 2.1: Let py and i, be lattice measures defined on the same lattice o-Algebra 8. If one of them is finite, then the
set function p (E) = Hq (E) - Ho (E), E € Riswell defined and is countably additive on R.
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Example 2.6: [Royden (1981)][5]: Let X be any set and = P(X) be the class of all sub sets of X. Define for any
Ae B, u(A) =+oo if Aisinfinite = |A|if A is finite, where |A| is the number of elements in A.

Then p is a countable additive set function defined on 3 and hence  is a lattice measure on R3.
Definition 2.4: A set A is said to be lattice measurable set or lattice measurable if A belongs to B.

Example 2.7: [Anilkumar etrl 2011][1] The interval (a, o0) is a lattice measurable under usual ordering.

Example 2.8: [Anilkumar etrl 2011][1] [0, 1] < R is lattice measurable under usual ordering.
Let X=R, L= {lebesgue measurable subsets of ‘R } with usual ordering €) clearly o (L) is a lattice c-algebra
generated by L. Here [0, 1] is a member of o( L). Hence it is a Lattice measurable set.

Example 2.9: [Anilkumar etrl 2011][1] Every Borel lattice is a lattice measurable.

Definition 2.5: The lattice measurable space (X, 8) together with a lattice measure [ is called a lattice measure space
and it is denoted by (X, 3, W).

Example 2.10: ‘R is a set of real numbers, L is the lattice Lebesgue measure on SR and B is the family of all
Lebesgue measurable subsets of real numbers. Then (R, &, ) is a lattice measure space.

Example 2.11: SR be the set of real numbers and R is the class of all Borel lattices, 1 be a lattice Lebesgue measure
on R then (R, B, ) is a lattice measure space.

Definition 2.6: Let (X, B, W) be a lattice measure space. If p (X) is finite then p is called lattice finite measure.

Example 2.12: The lattice Lebesgue measure on the closed interval [0, 1] is a lattice finite measure.

Example 2.13: When a coin is tossed, either head or tail comes when the coin falls. Let us assume that these are the
only possibilities. Let X = {H, T}, H for head and T for tail. Let & = {¢, {H}, {T}, X}. Define the mapping P: 8 — [0,

11byP (¢ =0,P ({H}) =P ({T}) =%, P (X) = 1. Then P is a lattice finite measure on the lattice measurable space (X,
B).

Definition 2.7: If p is a lattice finite measure, then (X, B, W) is called a lattice finite measure space.

Example 2.14: Let 3 be the class of all Lebesgue measurable sets of [0, 1] and L be a lattice Lebesgue measure on [0,
1]. Then ([0, 1], B, p) is a lattice finite measure space.

Definition 2.8: Let (X, B, L) be a lattice measure space. If there exists a sequence of lattices measurable sets { X, }
such that

() X= v X, and (i) w(X,) isfinite then W is called a lattice ¢ — finite measure.
n=1

0

Example2.15: The lattice Lebesgue measure on (R, ) is a lattice o — finite measure since R = v (-n, n) and
n=1

W ((-n, n)) = 2n is finite for every n.

Definition2.9: If 1 be a lattice ¢ — finite measure, then (X, B, W) is called lattice ¢ — finite measure space.

Example2.16: Let R be the class of all Lebesgue measurable sets on SR = v (-n, n) and p be a lattice Lebesgue
n=1

measure on R then (R, B, W) is a lattice o — finite measure space.

Theorem 2.1: Let {E;} be an infinite decreasing sequence of lattice measurable sets. That is, a sequence with E;.; < E;
for each i N. Let Y (E;) < « for at least onei € N. Then

WAE )= LimuE,)
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Proof: Let p be the least integer such that p (E,) < c. Then p (Ej) < oo, for alli= p.

LetE= A Ei and F = E; — Ejs1.
i=1

Then the sets F;’s are lattice measurable and pair wise disjoint, clearly

E,-E =_$ F . Therefore, W(Ep-E)= ip(Fi) = ip(Ei -E;.,)
i=p i=p

i=p

But u(Ep) = w(E)+ wE,-E) and p(E;)=wWE;,)+ WE; -E;,)
For all i = p since E < E, and E;+; < E;, further, using the fact that i (E;) < o, for all i > p,

it follow that W(Ep - E) = u(Ep) -p(E) and w(E, -E,,) = W(E,) - w(E,,,) foralli>p.

nN—oo

Hence (ED) -H(E)= D (E) - (E, ) = %Lrgi(u(Ei)-u(Ei+l)) = Lim(u(E, )-n(E,))
:u(Ep)— IF_I,T ;,L(En ) Since u(Ep) < oo, it gives ],l(E) = I;_I)rl] ;,L(En )

Theorem 2.2: Let {E;} be an infinite increasing sequence of lattice measurable sets. That is, a sequence with E;.; > E;
for each i€ N. Let | (E;) < o for at least one i € N.

Then u(inj = Limpu(E, ).

n—w

Proof: If p (E,) = « for some pe N, then the result is trivially true, since u(vl Eij > u(Ep) = o,
1=

And p (En) = o, for each n > P. Let p (Ej) < oo, for each i€ N.

Now E = v E,, evidently F; = E; - Ej...
i=1

Then the sets Fy’s are lattice measurable and pair wise disjoint, clearly E—Ei= v F
i=p

o0 0 o0

U (E -E) =u(i§lFi)= 2 H(E) = D H(E,;-E)= HE)-WE) = Z(u(Ei+1)-u(Ei))
= Lim > (u(E)-w(E) = Limu(E,o)-u(E,)

It gives w(E)=Limu(E, ).

3. CHARACTERIZATION OF CLASS OF ATOMS IN LATTICE SIGMA ALGEBRAS

Definition3.1: Let (X, R) be a lattice measurable space. A nonempty class N of sets, where N is contained in 3 is called
a class of null sets of 8
(1)IfE e NandF € B, thenE A F eN, and

(2) IfE, € N,n=1,2,3..., then v E_eN.

n=1
Definition3.2: Let (X, B, 1) be a lattice measure space. A set E in B is called a p-atom if

(1) p(E)>0and
(2) If FelR such that F is contained in E, then either p (E-F) =0 or i (F) = 0.
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Definition3.3: Let B be a lattice o — algebra of a subsets of X. A lattice measurable set E is said to be an atom of §§ if
(1) E# ¢ and
(2) FinR, Fiscontained in E implies F= ¢ or F=E.

Example 3.1: Let § = {all Lebesgue measurable subsets of a real line SR } here R is a lattice ¢ — algebra. Clearly {1} is
a member of §, put {1}=E it can be easily verified that E is an atom of .

({1} #@thatisE # ¢ alsoFe B, F<E,then F= ¢ or F=E).

Note 3.1: A lattice o — algebra B of X is said to be atomless if there are no atoms of 3.

Definition3.4: Lattice semi-finite measure: A lattice measure p on a lattice ¢ — algebra R of X is said to be semi finite
if FeR, p (F) = wo implies there exists E € [ such that E is contained in Fand 0 < p (E) < co.

Definition3.5: A partially ordered set X is said to satisfy the countable chain condition, or to be ccc, if every strong
antichain in X is countable. In other words no two elements have a common lower bound.

Example 3.2: The partially ordered set of non-empty open sub lattices of X satisfies the countable chain condition that
is every pairwise disjoint collection of non-empty open sublattices of X is countable.

Result 3.1: Let (X, B, W) be a lattice measure space. If E; and E; are atoms, then either p (E; AE2) =0or p(Es AEy) =0
or (the lattice measure of any two atoms are either disjoint or identical)

Proof: Let E;and E; are atoms. Since E;is an atom by definition3.2, E, €R such that E; is contained in E; implies p
(El-Ez) =0or u (Ez) =0.

Since E; is an atom p (E;) # 0 implies u (E;-Ez) = 0.

By similar argument we have that p (Ex-E;) = 0.

Now consider E; A E; = (E1-E») Vv (Ex-E;) implies W(E; A Ez) = W(E-Ey) + W(E2-Ey).
Which implies W(E; A Ez) = 0. Also evidently (E; v Ey) = (E1 AEp) v (E1 AE)).
This implies W(E; v E,) = W(EL A Ep) + W(EL A E).

Which leads to u(E; v Ep) = M(E1 A Ey) (since H(E; A Ey) =0).

Again if p(E1-Ez) #0, then p (E;) = 0.

Now E; A E;<E; implies W(E; A E3) < w(Ey).

Which implies p (E; A Ey) <0.

But P (E; A E;) >0 (by definition 2.3).

Therefore u (E; A Ep) =0.

If E;- E1# 0 similarly we get u (E; AEp) = 0.

Result 3.2: Let (X, B3, 1) be a lattice measure space and p is lattice ¢ — finite measure. Then the class A of all atoms in a
lattice c-algebra (3 is countable.

Proof: Let Ey, E, € A be any two sets by result 3.1.
We have either p (Ey AE;) =0o0r u(E; AEy) =0.

If L (E1 A E2) =0, then the set (Ey A E;) represents an atom or if p (E; A E») = 0 then (E;-E») and (E»-E;) represents two
disjoint atoms.

This implies two disjoint sets in 3 — N.
© 2012, IIMA. All Rights Reserved 1452



D. V. S. R. Anil Kumar* et al./ CHARACTERIZATION OF CLASS OF ATOMS IN LATTICE SIGMA ALGEBRAS/ IIMA- 3(4), April-2012,
Page: 1448-1454

Continuing this process for E;, E; ...... , We get a countable collection of disjoint sets in  — N. Which leads to 8 — N is
countable.

Theorem 3.1: Let p be a lattice semi-finite measure on a lattice ¢ — algebra 3 of X. Let N denotes the collection of sets
of 1 - measure zero. Then 3 — N satisfies countable chain condition (ccc) if and only if p is lattice ¢ — finite measure.

Proof: If p is lattice ¢ — finite measure, it is obvious that B — N satisfies countable chain condition (ccc) (by result 3.2).
Conversely, if p(X) < oo, then there is nothing to prove.

If p (X) = oo, choose E; in 3 such that 0 < p (E;) < .

Choose E; in 3 such that E; is contained in X — E; and 0 < i (E,) < 0.

Continuing this process we get a sequence of disjoint sets E;, E,, ..., in B such that E; in 8 — N and p(E;) < oo.

Ifp(X- v E,) < «, then we have a decomposition of X.
i=

Which implies that p is ¢ — finite.

Hence p (X - v E;) = . Choose E, in B such that E, is contained in X - v E; and 0 < u(E,) < «, where a is the first
i=1 i=1

countable ordinal.

Proceeding inductively, since B — N satisfies countable chain condition (ccc), there exists a countable ordinal § such
thatp (X- v A, ) <.
a<p

This implies that p is lattice o — finite measure.

Theorem 3.2: Let B be a lattices — algebra of a set X. Then R is atomless if and only if every non empty set in 3
contains countable number of disjoint non empty sets in B.

Proof: Let E in 3 be non empty set. Fix x € E. We can choose E; in E such that x ¢ E;.
Now E; is non empty and E, is contained in E.

Choose E; in E such that x ¢ E,.

Now E, is non empty and E, is contained in E - E;.

Choose Ej; in E such that x ¢ Es.

Continuing this process we get a family {E,/ a < B} of non empty disjoint sets contained Bwhere f§ is the first
uncountable ordinal.

The converse part is trivial.

Theorem 3.3: Let B be a lattice ¢ — algebra of a set X. Then it satisfies countable chain condition (ccc) if and only if 8
is isomorphic to the power set.

Proof: We can prove this theorem by using theorem 3.1 and theorem 3.2.

If B satisfies countable chain condition (ccc), then the number of atoms of 13 is countable.
From X remove all atoms of .

In the view of above theorem 3.2, the remaining part is empty.

Hence it is isomorphic.
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. m m
Example 3.3: Take the numbers 0, 1 and the fractions —, 0<—<1
n n

That is

1121231234
0, L, — = o o T e order as follows

m m m r . m r . .
0<—<1 forall —; — < — onlyif max(m,r)=r; —, — in comparable if n #s.
n n n S n s

Clearly the fractions from 0 to 1 have a countable infinity of atoms and of dual of atoms.

CONCLUSION

This work illustrates a class of null sets, lattice measure of an atom and lattice semi-finite measure. A crucial result
obtained that the lattice measure of any two atoms are either disjoint or identical. Observed scrupulously that the class
of all atoms in lattice sigma algebra is countable. VVarious elementary characteristics of atoms in a lattice sigma algebra

have been identified.
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