
International Journal of Mathematical Archive-3(4), 2012, Page: 1472-1481 
 Available online through www.ijma.info ISSN 2229 – 5046 

International Journal of Mathematical Archive- 3 (4), April – 2012                                                                                                           1472 

 
MATHEMATICAL INEQUALITIES ON FRACTIONAL CALCULUS: A SURVEY 

 
*aChinchane V. L. & bPachpatte D. B. 

 
a Department of Mathematics,Deogiri Institute of Engineering and Management 

Studies Aurangabad-431005, INDIA 
 

b Department of Mathematics,Dr. Babasaheb Ambedkar MarathwadaUniversity, 
 Aurangabad-431 004, INDIA 

 
E-mail: chinchane85@gmail.com, pachpatte@gmail.com 

 
(Received on: 12-01-12; Accepted on: 22-04-12) 

________________________________________________________________________________________________                                                          
ABSTRACT 

The study of mathematical inequalities play very important role in classical differential and integral equations which 
has applications in many fields. Fractional inequalities are important in studding the existence, uniqueness and other 
properties of fractional differential equations. In this paper, we present some fractional inequalities, Generalized 
Gronwall inequalities, Hilbert-Pachpatte inequalities, Minkowski fractional inequalities, Harmite-Hadamard integral 
inequalities and Opial-Type inequalities. 

 
Keywords: Generalized Gronwall inequalities, Hilbert-Pachpatte inequalities, Minkowski fractional inequalities, 
Harmite-Hadamard integral inequalities, Opial-Type inequalities, fractional derivative and fractional integration.  
________________________________________________________________________________________________ 
 
1.  INTRODUCTION AND PRELIMINARIES 
 
The main objective of the paper is to survey of some recent development in the field of fractional inequalities which is 
currently receiving considerable attention. We prepare some material which will be needed later since we will be 
dealing with different result and application in different paper, it will be also task here in this section to unify the 
notations. We denote )][(0, xC m  the space of all functions of all ][0, x  which have continuous derivative up to order 

m, ])([0, xAC  is the space of all absolutely continuous function on ][0, x . ])([0, xAC m  denote the space of all 

])([0,1 xCg m−∈  with ])([0,1)( xAg m ∈−  for any R∈α  we denoted by ][α  the integral part of α  (the integer 

K  satisfying 1+≤≤ KK α ). let 0>α , and 1][= +αm , the space )( 1LJ α  consist of all functions of f  on 

][0, x  of the form ψαJf ∈  for some ][0, xL∈ψ . 
 
We shall introduce the following definitions and properties which are used through our this paper.  
 
Definition 1.1: A function )(tf , is convex function if  

 ),()(1)())(1( sfttfstf −+≤−+ ααα      (1) 
 where 10 ≤≤α .  

 
Definition 1.2: A function )(tf , is concave function if  
 

 ),()(1)())(1( sfttfstf −+≥−+ ααα  (2) 
 where 10 ≤≤α .  

 
Definition 1.3: A real valued function     )(tf , 0≥t  is said to in space µC , R∈µ  if there exist real number 

µ≥p  such that 

)(=)( 1 tfttf p , where [)([0,)(1 ∞∈Ctf . 
________________________________________________________________________________________________ 
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Definition 1.4: A function )(tf , 0≥t  is said to in space nCµ , R∈µ  if [)([0,)( ∞∈Ctf n .  
 
Definition 1.5: The Riemann-Liouville fractional integral operator of order 0≥α , for function  1)( −≥∈ µµCf  is 
defined as:  

  0,>0,>;)()(
)(

1=)( 1

0
tdfttfJ

t
ατττ

α
αα −−

Γ ∫  (3) 

                                                )(=)(0 tftfJ , 

where  duue u 1

0
=)( −−∞

∫Γ αα . 

 
For our convenience of establishing the result, we give the semigroup property:  
 

 0,0,),(=)( ≥≥+ ttfJtfJJ αβαβα  (4) 
 

Definition 1.6: The Riemann-Liouville fractional derivative of f  of order α , is defined as:  

  ,)()(
)(

1=)( 1

0
τττ

α
αα dft

dt
d

m
tfD mt

m
−−−








−Γ ∫  (5) 

 
 where 1][= +αm . In addition, we stipulate  
 

 1.0,:=0,>,:=,:=:= 00 ≤≤−− αβ ααββ iffJfDiffDfJfJffD  (6) 
 

If α  is positive integer, then f
dt
dfD αα )(= . 

 
We also need the following result on law of indices for fractional integral and differentiation. 
 
Lemma 1.1: (Chapter 1 Theorem 2.5) The law of indices  
 

 )(=)( tfJtfJJ vuvu +  (7) 
is valid in the following case:  
1.  0>0,> vuv +  and ][0, tLf ∈ ;  

2.  0>0,< uv  and )( 1LJf v∈ ;  

3.  0<0,< vuu +  and )( 1LJf vu−−∈ .  
  

Lemma 1.2: (5.Lemma 3.1) Let 0≥α , αβ ≥ , let )(0, xLf ∈  have an ∞L  fractional derivative fDβ  in [0,x], 

and let 0=(0)fD k−β , for 1]1...[= +βk . Then 
 

 ].[0,,)()(
)(

1=)( 1

0
xtdfDttfD

t
∈−

−Γ
−−∫ τττ

αβ
βαββ  (8) 

  
2.  GENERALIZED GRONWALL INEQUALITY 

 
The Gronwall inequality, which play a very important role in classical differential equations. We first recall standard 
Gronwall inequality which found in [3]. 

 

Theorem 2.1: If dssxskthtx
t

t
)()()()(

0
∫+≤    ),[ 0 Ttt∈ ,  

where all functions involved are continuous on ),[ 0 Tt , +∞≤T , and 0)( ≥tk , then )(tx  satisfies 

dsduukexpskshthtx
t

s

t

t
])([)()()()(

0
∫∫+≤ , ),[ 0 Ttt∈ . 
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If, in addition, )(th  nondecreasing, then 







≤ ∫ dsskexpthtx

t

t
)()()(

0
, ),[ 0 Ttt∈ .  

 
In [11] author establish A Generalized fractional Gronwall inequality on the base of iteration argument. 

 
Theorem 2.2: Suppose that 0≥β , )(ta  is nonnegative function locally integrable on Tt ≤≤0  (some +∞≤T ) 
and g(t) is nonnegative, nondecreasing continuous function defined on Tt ≤≤0 , )()( constantMtg ≤ , and 
suppose )(tu  is nonnegative and locally integrable on Tt ≤≤0  with 

dssusttgtatu
t

)()()()()( 1

0

−−+≤ ∫ β . 

on the interval. Then 

dssast
n

tgtatu n
nt









−

Γ
Γ

+≤ −∫ )())(
)(
))()(()()( 1

0

β

β
β

, Tt ≤≤0 .  

Proof:  Let dssusttgtB
t

)()()(=)( 1

0

−−∫ βφ , 0≥t , for locally integrable function φ . Then 

)()()( tButatu +≤  
 
implies 

)()(=)( 1

0=
tutaBtu kn

k
+∑ −

. 

 
Let us prove  

,))())(
)(
))()((()( 1

0
dssust

n
tgtuB n

ntn −−
Γ
Γ

≤ ∫ β

β
β

 (9) 

 
and 0)( →tuBn  as ∞→n  for each t in Tt ≤≤0 . We know this relation (2.1) is true for 1=n . Assume that it is 
true for some kn = . If 1= +kn  then the induction hypothesis implies 
 

dsdus
k

sgsttgtuBBtuB k
kstkk









−

Γ
Γ

−≤ −−+ ∫∫ τττ
β
β ββ )())(
)(
))()((()()())((=)( 1

0

1

0

1  

 
since )(tg  is nondecreasing , it follows that 

dsdus
k

sttgtuB k
kstkk









−

Γ
Γ

−≤ −−++ ∫∫ τττ
β
β ββ )())(

)(
))((()())(()( 1

0

1

0

11 . 

 
By interchanging the order of integration, we have 
 

τττ
β
β ββ dudssst
k

tgtuB k
kttkk )()())(

)(
))((())(()( 11

00

11








−−

Γ
Γ

≤ −−++ ∫∫  

dssust
k

k
kt

)())(
)1)((

))(((= 11)(
1=

0

−+−
+Γ

Γ
∫ β

β
β

, 

 
where the integral 

dzzztdssst kkkt 11

0

111 )(1)(=)()( −−+−− −−−− ∫∫ βββββ

τ
ττ  

),()(= 11)( βββτ β kt k −+−  

11)()(
1)((

)()(= −+−
+Γ
ΓΓ βτ

β
ββ kt

k
k

, 

is evaluated with the help of substitution ))((= ττ −+ tzs  and the definition of beta function see [8. PP.67].  
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Hence the relation (2.1) is proved, since 
 

0))())(
)(
))((()( 1

0
→−

Γ
Γ

≤ −∫ dssust
n

MTuB n
ntn β

β
β

 as +∞→n  for )[0,Tt∈ , 

 
hence theorem is proved. 

 
3.  HILBERT-PACHPATTE TYPE INTEGRAL INEQUALITY FOR FRACTIONAL DERIVATIVE 

 
Recall the original Hilbert double integral inequality see [6.Theorem 316] 

 
Theorem 3.1: If 1>p , 1/= −ppq  and 

                                   Fdttf p <)(
0∫
∞

,       Gdssg q <)(
0∫
∞

, 

then 
qp GF

psin
dsdt

st
sgtf 1/1/

00 /
<)()(

π
π

+∫∫
∞∞

, 

where f , g  are nonmeasurable function not identically zero.  
 

In [7. theorem 1] Pachpatte obtained analogues of Hilbert inequality  
 
Theorem 3.2: If 1≥n , and 10 −≤≤ nk  be integers. Let   ])([0,])([0, yCvandxCu nn ∈∈ , where 0>x , 

0>y  and let 0=(0)=(0) )()( ji vu  for 1}{0,... −∈ nj . Then  
 

( ) ( )( ) ( ) 1/2 1/2
2 2

2 2 1 2 2 10 0 0

| ( ) || ( ) | ( . , , ) ( ) | ( ) | ( ) | ( ) |
k ky x yn n

n k n k
u t v s dt ds M n k x y x t u t dt y s v s ds

t s− − − − ≤ − × −
+∫ ∫ ∫                 (10) 

 
where  

.
1]2[2]1)![(2

1=),,.( 2 −−−− knkn
xy

yxknM  (11) 

  
In [5] to drive the theorem for Hilbert-Pachpatte Type Integral Inequality for Fractional Derivative they   used some 
facts about fractional derivative in[9. Chapter 1]. 

 
Theorem 3.3: For each }{1,...ni∈  let )(0,0,> iii xLux ∈  and )(0, ii xL∞∈Φ  be non negative,    1> −ir , let 

1>, ii qp  satisfy 1=1/1/ ii qp + , 0>iw  satisfy 1=
1= i

n

i
w∑ , and [0,1], ∈ii ba  satisfy 1=ii ba + ; in addition, 

iiii rqrb )1)/(1(> −+  for those i  for for which 0<ir . If  

 ,1,...=],[0,,)()(|)(|
0

nixtdttu iiii
ir

ii
it

ii ∈Φ−≤ ∫ τττ  (12) 

then  

( )1/
1/ 11 =1

10 0 0(( ) 1)/ =1 =1

=1

| ( ) |
... ... ( ) ( )

n

i i n n px x x iq a rn ii i i i
n i i i i i in

a b q r q w i ii i i i i i
i i

i

u t
dt dt x x t t dt

w t

+

+ +
≤ Ω − Φ

∏
∏ ∏∫ ∫ ∫

∑
 (13) 

Where  
[ ]ip

ii
iq

iiii

n

i

rarqba 1/1/

1=

1)(1))((

1=
+++

Ω

∏
                                                                                               (14) 

  
using above theorem [3.3]. They drive Hilbert-Pachpatte type integral inequality for fractional derivative  as follows: 
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Theorem 3.4: Let Nn ≥ . For each }{1,...ni∈  let 0>ix , 0>iα , ii αβ > . Let ip , iq  satisfy 1=1/1/ ii qp + , 

0>iw  satisfy 1=
1= i

n

i
w∑ , and ia , ib  [0,1]∈  satisfy 1=ii ba + ; if 1< +ii αβ , let in addition 

)1)(1)/((> iiiiii qb αβαβ +−−− . Write 1= −+ iiir αβ . If, for each }{1,...ni∈ , ][0, ii xLf ∈  has an ∞L  

fractional derivative i
i fDβ

 and 0=(1)i
ji fD −β

 for 1]1,...[= +jj β , then 

( )1/
1/ 11 =1

10 0 0(( ) 1)/ =1 =1

=1

| ( ) |
... ... ( ) | ( ) |

n
i

i i n n px x x iq a r pn ii i i i i i
n i i i i i in

a b q r q w i ii i i i i i
i i

i

D f t
dt dt x x t D f t dt

w t

α

β+

+ +
≤ Ω −

∏
∏ ∏∫ ∫ ∫

∑
 (15) 

Where  

[ ]
.

1)(1))1)(((

1=
1/1/

1=

ip
ii

iq
iiiii

n

i

rarqbar ++++Γ
Ω

∏
 (16) 

 
Proof:  By lemma(1.2),  

                                      ].[0,,)()(
1)(

1=)(
0 iiiii

iir
ii

it

i
ii

i xtdfDt
r

tfD ∈−
+Γ ∫ τττ βα

 (17) 

 
Set 

1)(
|)(|=)(

+Γ
Φ

i

ii
i

ii r
tfDt

β

. 

 
Then theorem [3.5] applies with 1>1= −−+ iiir αβ . 

 
4.  MINKOWSKI INTEGRAL INEQUALITY  
 
The well-know Minkowski Integral Inequality is given in [2].  
 

Theorem 4.1: Let 1≥p , ∞≤∫ dttf pb

a
)(<0  and ∞≤∫ dttg qb

a
)(<0 . Then 

 

                              .)()())()((
1/1/1/ p

qb

a

p
pb

a

p
pb

a
dttgdttfdttgtf 




+





≤





 + ∫∫∫  (18) 

  
 

and using this in author established the reverse Minkowski integral inequality as:  
 
Theorem 4.2: Let f  and g  be positive function satisfying  

].,[,
)(
)(<0 batallforM

tg
tfm ∈≤≤                                                                                                     (19) 

Then  

.))()(()()(
1/1/1/ p

pb

a

p
qb

a

p
pb

a
dttgtfcdttgdttf 




 +≤





+





 ∫∫∫       (20) 

 where 

1)1)((
1)(1)(=

++
+++

Mm
MmMc .  

 
In [4] author established reverse Minkowski fractional integral inequality. 

 
Theorem 4.3: Let 0>α , 1≥p  and let f  , g  be two positive function on [,[0,∞  such that for all  0>t , 
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∞<)(tfJ pα , ∞<)(tgJ pα . If M
g
fm ≤≤

)(
)(<0

τ
τ

, ][0, t∈τ , then we have  

 [ ] [ ] [ ] .)()(
1)1)((

2)(1)()( 1/1/1/ pppppp tgfJ
Mm
mMtgJtfJ +

++
++

≤+ ααα  (21) 

 Proof:  Using the condition M
g
f

≤
)(
)(

τ
τ

, ][0, t∈τ , 0>t , we can write ).()()(1)( tgfMfM ppp +≤+ τ  (22) 

Multiplying both side of [4.5] by 
)(

)( 1

α
τ α

Γ
− −t

, )(0, t∈τ , then integrating the resulting inequality with respect to τ , 

over )(0, t , we obtain, 
 

τττ
α

τττ
α

αα dgftMdftM ptp
ptp

)()()(
)(

)()(
)(

1)( 1

0

1

0
+−

Γ
≤−

Γ
+ −− ∫∫ , 

 
which is equivalent to 

)()(1)()( tgfJ
M

MtfJ p
p

p
p +

+
≤ αα . 

 
Hence we can write  

 [ ] [ ] .)()(
1)(

)( 1/1/ pppp tgfJ
M

MtfJ +
+

≤ αα  (23) 

 
On other hand, using the condition )()( τftmg ≤ , we can write 
 

( ))()(1)(11 τττ gf
m

g
m

+≤





 + . 

 
Therefore,  

( ) .)()()1()(11 ppp
p

gf
m

g
m

τττ +≤





 +                                                                                                  (24) 

 

Now, multiplying both side of [4.7] by 
)(

)( 1

α
τ α

Γ
− −t

 , )(0, t∈τ , then integrating the resulting inequality with respect to 

τ , over )(0, t , we obtain  

 [ ] [ ] .)()(
1

1)( 1/1/ pppp tgfJ
m

tgJ +
+

≤ αα  (25) 

 
Adding the inequality [4.6] and [4.8], we obtain the inequality 
 

[ ] [ ] [ ] pppppp tgfJ
Mm
mMtgJtfJ 1/1/1/ )()(

1)1)((
2)(1)()( +
++
++

≤+ ααα . 

 
5.  HERMIT-HADAMARD'S INEQUALITY  

 
We recall Hermit-Hadamard inequality in [10] as follows: 
 
Hermit-Hadamard Inequality: Let RRIf →⊂:  be convex function on interval I  of real numbers and Iba ∈,  
with ba < . The following Hermit-Hadamard inequality for convex function holds: 

 .
2

)()()(1
2

bfafdttf
ab

baf
b

a

+
≤

−
≤






 +

∫  (26) 
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If the function f  is concave, the inequality [5.1] can be written as follows: 
 

 .
2

)(1
2

)()(






 +

≤
−

≤
+

∫
bafdttf

ab
bfaf b

a
 (27) 

 
In [4] author develop some new result related to Hermit-Hadamard Integral Inequality by using Riemann-Liouville 
fractional integral as follows 

 
Lemma 5.1: Let h  be a concave function on ],[ ba . Then we have 

 

 .
2

2)()()()( 





 +

≤+−+≤−
bahthtabhbhah  (28) 

Theorem 5.1: Let 1>1,>0,>0,> qpβα  and let f , g  be two positive function on   [[0,∞ . If       qp gf ,  are 
concave function on [[0,∞ , then we have  
 

 
( ) ( ) [ ]

.))(())((
)(
)())(())((

)(
)(

)()((0))((0)2
1111

212









+

Γ
Γ









+

Γ
Γ

≤

++
−−−−

−−−

tgtJtgtJtftJtftJ

tJtggtff
qqpp

qpqp

βααββααβ

βα

α
β

α
β  (29) 

  
Proof:  Since pf  and qg  are concave function on [[0,∞ , then by Lemma[5.1] for any 0>t , we have 

 

 ).
2

(2)())()((0) tfftftff ppppp ≤+−≤+ ττ  (30) 

 ).
2

(2)())()((0) tggtgtgg qqqqq ≤+−≤+ ττ  (31) 

 

Multiplying both side on [5.5] and [5.6] by 
)(

)( 11

α
τ βα

Γ
− −− Jt

, (0,1)∈τ , then integrating the resulting inequality w.r.t 

τ  over )(0, t , we obtain 
 

1 1 1 1 1 1

0 0 0

(0) ( ) 1 1( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

p p t t tp pf f t t d t f t d t f dα β α β α βτ τ τ τ τ τ τ τ τ τ τ
α α α

− − − − − −+
− ≤ − − + −

Γ Γ Γ∫ ∫ ∫  

                                                              1 1

0

2 ( )
2 ( )

( )

p
t

tf
t dα βτ τ τ

α
− −≤ −

Γ ∫    (32) 

and  

1 1 1 1 1 1

0 0 0

(0) ( ) 1 1( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

q q t t tq qg g t t d t g t d t g dα β α β α βτ τ τ τ τ τ τ τ τ τ τ
α α α

− − − − − −+
− ≤ − − + −

Γ Γ Γ∫ ∫ ∫  

                                                            1 1

0

2 ( )
2 ( ) .

( )

q
t

tg
t dα βτ τ τ

α
− −≤ −

Γ ∫  (33) 

 
Using change of variable yt =τ− , we obtain, 

 )).((
)(
)(=)()(

)()(
)( 111

0
tftJdtft ppt −−−

Γ
Γ

−−
ΓΓ

Γ
∫ αββα

α
βττττ

αβ
β

 (34) 

 

and                               )).((
)(
)(=)()(

)()(
)( 111

0
tgtJdtgt qqt −−−

Γ
Γ

−−
ΓΓ

Γ
∫ αββα

α
βττττ

αβ
β

 (35) 
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By the relation [5.7] and [5.9], we can state that 

 

( ) )).()(
2

(2))(())((
)(
)())(()((0) 1111 −−−− ≤+

Γ
Γ

≤+ βαβααββα

α
β tJtftftJtftJtJtff ppppp  (36) 

and [5.8] and [5.10], we can write  
 

 ( ) )).()(
2

(2))(())((
)(
)())(()((0) 1111 −−−− ≤+

Γ
Γ

≤+ βαβααββα

α
β tJtgtgtJtgtJtJtgg qqqqq  (37) 

 
The inequality [5.11] and [5.12] implies that  
 

 
( )( )[ ]

.))(())((
)(
)())(())((

)(
)(

)()((0))((0)
1111

21









+

Γ
Γ









+

Γ
Γ

≤

++
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As before, since f  and g  are positive function, then for any 0>t , 1≥p , 1≥q  we have 
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The inequalities [5.14] and [5.15] implies that 
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Combining [5.13]and [5.16], we obtain required inequality [5.4]. 

 
6.  OPIAL-TYPE INEQUALITIES FOR FRACTIONAL DERIVATIVE  
 
We know that the original Opial-Type inequality see [1. Chapter 1 Theorem 1.1]. 
 
Theorem 6.1: Let ( )][0,1 hCf ∈  such that 
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where 
4
h

 the best constant.  

 
In [1. Chapter 2] author established Opial-Type Inequality For Fractional Derivative as: 
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Proof:  Let ( )],[

0
baCf t

υ∈  0≥υ  and ][:=1,0,1,2...=0,=)( 0 υnnitf i − . Then by fractional Taylor formula 

[1. Chapter 2 Theorem 2.1 ] as:  
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hence from [6.3] and Holder's inequity we get )( 0tt ≥ .  
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Therefore [6.4], we have  
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all twt ≤≤0 . Next we integrate [6.5] over ],[ 0 tt   
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Thus the proof.  
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