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ABSTRACT
In this paper, by using the methods of T. Azuhata in [1] and K. Tomita in [6 ] in the case of kd = (Wd )=5 for

d=a’ +b52( m0d4) where (a,b eZ",0{b< Za) that is not investigated in the papers of R.A. Mollin in [2]
and K. Tomita in [6 ] the general forms of the continued fraction expansions of W, =,/ d and t,, u, explicitly in
the fundamental unit & =(td +U, 4/ d ) 1 of Q(,/ d ) are determined.Furthermore, the necessary and sufficent

conditions are given for Yokoi’s invariant value of N, which is defined in terms of coefficent of fundamental unit.

Also, it is denoted that the class number h, is always even.Finally, the real quadratic fields Q(,/ d ) with
d =2(mod4 ) and h, =2 are given in the Table 3.1.

Mathematics Subject Classification: 11A55, 11R11, 11R27,11R29.
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1. INTRODUCTION AND NOTATIONS:

K. Tomita in [6 ] for all real quadratic fields Q(w/ d ) such that the period kd of continued fraction expansions

1+,/d I
W, = > is equal to 5 (I.e;lnthe caseof d 51( mod 4 )) determined t, ,U, explicity and uniformily in

the fundamental unit &, =(td +Uy 4/ d ) 1 of Q(,/ d ) and general forms of continued fraction expansions of
1+,/d _ _ _ o _ _
) .Also, he described d itself by using at most four parameters appering in the continued fraction

W, =

expansions and gived some results on Yokoi’s invariant value of n,,m, by connected with class number one
problem.

Furthermore, R. A. Mollin in [2 ] in the case of K, =I (Wd )=5for d El( mod4), described some results on all

real quadratic fields Q (,/ d ) of class number one by using a specific Rabinowitch polynomial.

In this article, by using the methods of T. Azuhata in [1] and K. Tomita in [6 ] in the case of K, =I (Wd )=5 for
d=a’ +b52(m0d4) where a,b eZ*, 0(b<2a (Since K, =5 odd integer, d is not equal to 3 modulo 4
which is showed in section 3 of this article ) that is not investigated in the papers of R.A. Mollin in [2 ] and K. Tomita
in [6] the general forms of the continued fraction expansions of W, =\/F and t,, u, explicitly in the
fundamental unit & =(td +U, \/?) >1 of Q(\/?) are determined, and some results are obtained on Yokoi’s

invariant value of n, which is defined in terms of coefficent of fundamental unit of real quadratic fields Q (,/ d )
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with period kd =5 . Furthermore, it is denoted that the class number hd is always even and the real quadratic fields

Q(\/?) with d 52( mod4) and hy, =2 are given in the Table 3.1.

Throughout this paper, Let d be a positive square - free integer and put d =a® +b where a,b eZ*, 0(b<2a.
Here a,b are the integers uniquely determined by d such that ﬁ—l(a <JH Also, A,
&y =(td +U, \/?) Y1, hy K, be the diskriminant, the fundamental unit, the class number of real quadratic
fields Q (\/F ) and the period of continued fraction expansion of W, =\/F , respectively.

Let | (d )be the set of all quadratic irrationals with discriminant A. An element W, of | (d )is called “reduced” if

! !
w, )1, —1{w, (0O where W, isconjugate of W, with respectto Q.

Let R ( d ) be the set of all reduced quadratic irrationals with discriminant A and continued fraction with period kd

is generally denoted by W, = [qo o PR Oy, ] and \_XJ means the greatest integer not greater than x.

2. LEMMAS AND THEOREMS:

We need the following Lemmas nad Theorems in order to prove our main results.

Lemma 2.1:([6])Forasquare-free integer d =a? +b52(m0d4) where a,b eZ™, 0(b<2a we put

Wy :\/d_ » Qo :\_de » Wr :\/a"‘a:Wd +|_de

Then w, ¢ R(d) andw, € R(d ) holds. Moreover ,for the period k of W, we get

Wy = [Zqo,ql, ........ ,qHJ and W, :[qo;ql, ........ ,qkfl,ZqO]

P.w; + P,
Qk 'WR + Qk—l
fundamental unit & of Q(\/a ) is given by the following formula :

£y =(ty +u, [d )1
ty =0oQ +Quy + Uy =Q
where Q, is determinedby Q, =0, Q, =1and Q,,, =q,.Q, +Q,, ,i>1

Furthermore , let W, = =[2q0;q1,...,qk_1,wR] be a modular otomorphism of W, , then the

Proof:. it is easy to see that the proof of this Lemma is from Lemma 1 in ([6 ] )

Lemma 2.2:([1]) Let d bea square free integer and put d=a’+b where a,beZ*, 0(b<2a we put

1 :
w, e R(d).Let w, = I, +—— (k,,, =1, =|w, |, i > 0) be the continued fraction expansion of W, =W, .Then

i+1

each W; is expressed in the form w; =

a-r++D
'—\/7 (c,,r,€eZ™) and I;,c;, 1, can be obtained from the following
C.

1
recurrence formula :

_a—Q+J5
_—CO
2a—-r,=c.l, +r1, 4

1 =Ciy + (i —1)d (120)

Wo

G

+.
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b+ 2ar, —r?
where 0<T,,(C; ,C_1=( 0~

. Moreover, for the period kd >1 of w, , we get

Co
L=l A<i<k,-1)
=" ia d<i<ky)

¢ =C (I<i<k,)
Furthermore if W, =Wy and d = 2,3(mod4) then we have
L=r=0, ¢,=1 ¢ =b, |, =k, =2a

Proof: it is easy to see that the proof of this Lemma is from Proposition 1 and Proposition 2 in ([1])

Theorem 2.3: ([5]) If | ( N ) is odd, then the following two ( equivalent ) conditions hold:
(a) N=u?+v? where (u,v)=1
(b ) N has no prime factors of the form 4k + 3 and is not divisible by 4.

Here, N is a positive integer which is not perfect — square. The continued fraction for ./ N has periodic

form+/N :[ao;al, ........ ’a|7112ao] where &, ,a,,....a,_, is palindrome and the period I( N ) is minimal length.
Proof: For the proof of this theorem, see Theorem C in ([5 ] )

Corollary 2.4: ([4]) Let A be the fundamental diskriminant where A=d if d 51( mod4) otherwise A=4d .
If A )Othen the class number h, is odd if and only if d=p,2p, or p,.p, where pis prime ,

p,=p,=3(mod4 ) are primes.
Proof: For the proof of this corollary, see Corollary 1.3.2. in ([4])
3. MAIN RESULTS AND APPLICATIONS:

Theorem 3.1:(MainTheorem) For a positive square — free integer d=a’ +b52(mod4) where
a,bezZ",0(b<2a, weassumethat K, = 5 .Then, we get

[a,I,Zk +1,2k+1,|,2a} for anodd integer if aiseven
-~ l,>1
Wd :|:a’|1’|2!|2’|1;2ai|: ? ] . ]
[a,ZI,Zv, 2v,2|,2a] fortwoeven integer if aisodd
l,1,>2

and then
((Ar+th)( A1) +( AlL+L), A+17 ) i ais even

(td’ud): | 2,12 2 12 | i :
(Ar+s§1)(A +17 ) +( Al +1, ), A+ | if ais odd

and
d=A’r>+2Br+C

holds where A, B,C and r are determined uniquely as follows :
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(i )In the case where a iseven ;
A=Ll,+1, B=Atl +1,, C=t( 2+tl}),

I' is the non-negative integer determined uniquely by a= Ar +t|l .

(ii )In the case where a is odd ;
A=ll,+1, B=Asl+l,, C=s(1+sl),
I' is the non-negative integer determined uniquely by a=Ar+sl.
Now, we define generally the set
s¢={d e Z"|d=a(mod8) , b=p8(mod8) |

where Z " is the set of all positive integers.

Remark 3.2: For four parameters |,v,r and S in Theorem 3.1. satisfy the following conditions :
(i )In the case where a iseven ;
l,=r(mod2), 1,=1(mod2), s=0(mod2)
(ii )In the case where a is odd ;

(%,rjE(O,l),(l,o)(mOdz)

Remark 3.3: The set of all positive square-free integers congruent to 2 modulo 8 is union of
S2, SZ and S .The sets are represented as follows:

s§={d cZ* d=a2+8m+2,azo(mod4),0<4m<a}
s§={d ' d=a2+8m+2,azz(mod4),o<4m<a—2}
S7={d ez'|d=a’+8m+1 a=1(mod2), 0(4m(a}.

Moreover, because of the Theorem 2.3, there is not any set S/ .

Remark 3.4: For K, = (Wd )=5, there is not any real quadratic field Q(\/?) where de(modS) or
d=3(mod8).

Because of the Theorem 2.3., d is no prime factors of the form pEB( mod 4) and not divisible by 4. Therefore,
there is not any real quadratic field d 56(m0d8).AIso, again using the Theorem 2.3. , d=u?+Vv? where
(u v )=limp|ies d is not congruent to 3 modulo 8.

Remark 35: Since Remark 3.4. for K, =I(w, )=5, S¢ is not defined where o=6(mod8) and
£=1,2,50r6(mod8).

Remark 3.6: For K, =I (Wd )=5, in the case of W, =,/d , the class number h, of real quadratic field

Q (\/? ) is always even.

Since d#2, dzZ(mod4) implies d=p, 2p, and p,.p, where pis prime, p,=p, 53(m0d4) are

primes , it holds that hd is always even because of Corollary 2.4.

For the set S of all square-free positive integers, we define the set

r, (s )=(wdi deS and k, is the period of w, =+/d }
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and we put W, =0, +W, for w, :[qo;ql, ........ ,qk_l,qkd] in I, (S), then w,eR(d) For w, in
1 .
R(d) letw, =1, +— (k, =1, = \_Wij, I > 0) be the continued fraction expansion of W, .Also, each W, is
i+1
a-r,++D
expressed in the form w; :'—\/_ (c;,r, €Z”) inLemma2.2.
C.

Proof of Main Theorem: .
(a ) In the case where a is even , we first assume that d in 822 US62 . It follows from Q, :LWd J: a and Lemma
2.2. implies
Lh=r=0,¢=1,c=b,l;=k =2a.
(i )We assume that W, belongs to T (822 ) Then ¢, =8m+2, meZ" holds and Lemma 2.2. implies

2a=(8m+2)l, +r,. Hence, we can put I,=2r , r € Z " and get a=(4m+1)l, +r.Moreover, from Lemma
2.2.weget C,=1+r,l, and 2a=c,l, +r, +r; Hence, we get

(8m+2)1, =(1+2rl )1, +r, (1)
On the other hand, ¢, =1+T,.I, and ¢,=c¢, +(r,—r,)l, imply

(8m+2)=2rl, +(2r —r)l, +1 2

because of C; =C,.

If we assume |,=0(mod2), then in all case of integer I, we get r,=0(mod2) from (1) Hence,
0=1(mod2 )holds in (2 ), which is a contradiction. Therefore, we have |, =1(mod2 ) and from (1) and (2),
we can determine r,=1(mod2) for in all case of integer I,. Moreover, from (1), I, +r,=0(modl, )
holds. Thus, there exists a positive even integer S such that r, =sl, —I, because of r,=1(mod 2 ).By substitution
of this I, in (1), we get 4m+1=rl, +tand because of a=(4m+1)l,+r, we get a=Ar+tl, where
A=lIl,+1land s=2t ,teZ".

On the other hand, (2) implies 2(rl,+t)=2rl +(2r —2tl, +1,)l,+1 and hence we get

2rl, —SA=—|22 —1.Therefore, because of A® —If # 0 such integers I, S are uniquely determined.

Now, we consider A=l 1, +1 .Then, since W, =[a,I1,I2,I2,I1,2a],

Q;=A, Q, =Al,+l,, Q; =A"+ Ilz
hold in Lemma 2.1. Therefore, we have that
ty =(Ar +tl, )(AZ+17) +( Al +1,) and u, = A +1?

Moreover, if we put B=Atl, +1, ,C:t(2+tlf) ,then d = A’r? +2Br+C holds.

(ii )Next, we assume that W, belongs to I'; (862 ) , then we have only to replace (8m+2 ) with (8m+6) in the
case that W, belongs to I'; (862 ) . Hence, (1) and (2 ) are replaced by

(8m+6 ), =(1+2rl )l,+r, and  (8m+6)=2rl, +(2r —r,)l, +1

respectively. Then, there exists a positive even integer S=2t , t € Z* such that r, =S|l —IZ. The proof of this case
is obtained as the proof of previous case.
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As an application of the first part of the case @ is even integer of this theorem we get d =74=82+8.1+2, since
a=(4m+1)l, +r and s=(8m+2)-2rl,, wehave |, =1, 1,=1, r=3, s=4,t=2and A=2. Hence W,
is easily determined as follows:

w, =74 =[81,111,16 |

Moreover, the fundamental unit of Q(\/74 ) is immediately seen as &, =43+ 5+/74 by using t; =43and U, =5.

As an application of the second part of the case a is even integer of this theorem we get d =218=14° +8.2+6,
since a = (4m+3)|1 +r and s:(8m+6 )—2r|2, we have |, =1, I,=3, r=3, s=4,t=2and A=4.

Hence W is easily determined as follows:

w, =/218=[14,1,3,3,1,28 |.
Moreover, the fundamental unit of Q(\/ﬂ) is immediately seen as ¢, =251+17+/218 by using t, =251and
uy, =17.

(b )In the case where a is odd integer , we have only to consider d in 512 and W, belongs to I'; (512 ) . Then
0, =| W, |= a holdsand Lemma 2.2. implies I, =1, =0, ¢, =1, ¢, =b=8m+1, mez*, |, =k, =2a. By
using Lemma 2.2, we get 2a=(8m+1)l, +r,.

If we assume I,=1(mod2) i.e. ,=21+11€Z", then r,=2r+1 r e Z"holds. Hence, we can put

r,=2r+1and a=4ml, +1+r +1. Moreover, from Lemma 2.2. we get C, =1+1,, and 2a=(8m+1)l,+r,
and so
(8m+1 )1, =(1+r,1,)l, (3)

holds. If we consider I, =1(mod2) and r,=1(mod2), then 0=1(mod2 )holds in (3), which is a
contradiction.Hence, we have |, =r1,= 0(m0d2).Therefore, from (3) we can  determine

=21, r,=2r, I,r € Z" and Lemma 2.2. implies a:(8m+1)|+r.l\/loreover, from Lemma 2.2. we get

c,=1+r,l, and 2a=(8m+1)l, +r, Hence, we get
(8m-+1)2=(1+4r1)l, +r, @)
On the other hand, ¢, =1+T,.I, and ¢,=c¢, +(r,—r,)l, imply

(8m+1)=4rl+(2r —r)l, +1 (5)

because of C; =C,.

If we assume |,=1(mod2), then we get r,=(8m+1)2I—(1+4rl )l,is odd integer from (4 ).Hence,
0=1(mod2 )holds in (5), which is a contradiction. Hence, we have I,=0(mod2)
i.e. I, =2v, v e Z" Therefore, from (4) and (5) we can determine I, EO(mOdZ ) Moreover, from (4 )
|, +r,=0(modl, ) holds.Thus, there exists a positive odd integer S such that r,=sl,—l,=2(sl-v). By
substitution of this I in (4) we get 8m+1=4rv+Ss and because of a=( 4rv+s )I +r,we get a=Ar+sl

where  A=l,l,+1=4vl+1. On the other hand, (5) implies 4rl—sA=—4v?—1. Therefore, because of

A? —41% = 0 such integers r, S are uniquely determined.
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Now, we consider A=4vl +1 .Then, since W, =[a, 21,2v,2v,21,2a ] d, =a=(4vl +1)r+s|
Q,=A, Q, =Al,+1,=2( Av+l), Q, =A% + 12=A% +-4I°

hold in Lemma 2.1. Therefore, we have that
t, =(Ar +sl )(AZ+412) +(2Av+21) and u, = A2 +17 = A% +412
Moreover, if we put A=4vl+1 B=Asl+2v, C:S(1+S|2), then d = A%r? +2Br +C holds.

As an application of the case @ is odd integer of this theorem we get d =1378=37%+8.1+1,

since @ =(BM+1)l +r and s=(8m-+1)—4rv,

we have
l,=8,1,=4,r=1 s=1, and A=33. Hence W, is easily determined as follows:

w, =+1378=[37,8,4,4,8,74 |.

Moreover, the fundamental unit of Q(\/1378) is immediately seen as &, =85602+2306+/1378 by using
t, =85602and u, =2306.

For any square-free integer d in [7 ] Yokoi defined some new invariants by taking the fundamental unit of

Q(Vd as 2
Ayt

etc...and studied relationship between these new invariants and class number of real quadratic fields Q (JE )

In this section, we apply our results to these invariants, and consider the class number h, of real quadratic fields
Q (JE ) for din S? where S?is the set of all positive square-free integers congruent to 2 modulo 8.

t
Now, we apply Yokos’s invariant N ={%J to main theorem above, see [7 ] Then, we get following theorem.
d

Theorem 3.2: Let d =a° +b52(m0d4) where a,b eZ", 0(b<2a be a square free integer , k, =5 and
Eq =(td +U, 4/ d ) »1 be a the fundamental unit of Q(,/ d ) Then, for the obtained values t, , U, in Theorem
3.1. the following statements are hold :
(a) a(u, © n,=0
b)w,=vd=|al1L1l2a| < u,=5and n, _a=s3 i.e. my=0
5
a-5

(c)w,=+d= [a,2,1,1,2,2a] & u,=13 and n, -3 (i.e. my=0)

t
Proof: We note that N, ={%J= 0 < uZ-t,)0.
Uy

(a) Firstly, we assume that d belongs to S2USZ . In this case, for &, =(td+ud 1/d))l,
t,=a(A2+12) +( Al +1,) and u, = A> +17 hold.
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(::> )We assume that @ { U, . Since
Uy —( Al +1; )=( A2 +12 )= ( Al +1,) = 2(21, +1)(1, +1)

and |,>1,weget u; ) Al, +1, . Hence, we get also

nd={%J= a( A2 +17)+(Al, +1,)

ug (A2+If)2
a
= —— | = 0
{AZHfJ

(<:: )Conversely, we suppose that Ny = 0.By using the uj —t,) 0, we get (A2 +I12)>a andso @ ( Uy .

by using the a ( U, .

Next, we assume that d belongs to 512 JIn this case is proved in the same way as previous case. Therefore, a { U, is

necessary and sufficent condition for Ny = 0.
(b ) (::> )We assume that the continued fraction expansion of W, is the form of W, =\/E= [a,1,1,1,1,2a ]

Then, we get A=2 and U, =5 because of A=I,l,+1 and u, :(A2 +|12). Since |, =1is odd, d does not belong

to S} and so

t,=au, +(Al,+1)and u, =5
hold. By using the equivalent

t,=auZ + (AL +1)u, +( Al +1,)

a-3

weget Ny, =——.
5

a-3
(«=:)Conversely, we assume that U, =5 and N, =———. Using the values U, =(A2 +|12) and A=L1,+1, we
5

have |, =1, =1. Hence, we get
w, =vd =|a1111,2a |

As an application of this case, we get d =74=87+8.1+ 2. By using the Theorem 3.1. it is easily seen that a=8,
l,=1,=1,and A=2. Therefore, we have u, =5 and n, =1.

(C )The proof of this case is obtained as the proof of (b )

As an application of this case, we get d =1970=44% +8.4+2 . By using the Theorem 3.1. it is easily seen that
a=44,1,=2,1,=1,and A=3. Therefore, we have U, =13 and n, =3.

Corollary 3.3: Let d =a° +b52(m0d4) where a,b €Z", 0(b<2a be a square free integer and k, =5. If

ais even integer, then there exist exactly three real quadratic fields Q(,/ d ) with class number hd =2 which are
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given in Table 3.1. ( with one posible exeption of d )Moreover, there is not any real quadratic field Q(,/ d ) with

class number hy =2 where ais odd integer.

d a|m/|n, | h W,
74eS2 |8 |1 | 1|2 J74=|81,11116
218eS; |14 2 | 0 | 2 | 4218=14,1,331,28 |
2138eS; |46 2 | 0 | 2 | 4/2138=46,4,5,54,92 |

Table 3.1

Proof: It is easy to see that the proof of this corollary is from Corollary 2.4. All of the fields with class number two in
Table 2.1. in ([4 ]) are obtained from Corollary 3.3.
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