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ABSTRACT 
In this paper, by using the methods of T. Azuhata in [ ]1  and K. Tomita in [ ]6 , in the case of ( ) 5== dd wlk  for 

( )4mod22 ≡+= bad  where ( )abZba 20,, ≤〈∈ +  that is not investigated in the papers of R.A. Mollin in [ ]2  

and K. Tomita in [ ]6 , the general forms of the continued fraction expansions of dwd = and dd ut , explicitly in 

the fundamental unit ( ) 1〉+= dut dddε  of ( )dQ  are determined.Furthermore, the necessary and sufficent 

conditions are given for Yokoi’s invariant value of dn which is defined in terms of coefficent of fundamental unit. 

Also, it is denoted that the class number dh  is always even.Finally, the real quadratic fields ( )dQ  with 

( )4mod2≡d  and 2=dh  are given in the Table 3.1. 
 
Mathematics Subject Classification: 11A55, 11R11, 11R27,11R29. 
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1. INTRODUCTİON AND NOTATİONS: 
 

K. Tomita in [ ]6 , for all real quadratic fields ( )dQ  such that the period dk of continued fraction expansions 

2
1 d

wd

+
=  is equal to 5 ( )( )4mod1;. ≡dofcasetheinei , determined dd ut , explicity and uniformily in 

the fundamental unit ( ) 1〉+= dut dddε  of ( )dQ   and general forms of continued fraction expansions of 

2
1 d

wd

+
= .Also, he described d itself by using at most four parameters appering in the continued fraction 

expansions and gived some results on Yokoi’s invariant value of dd mn ,  by connected with class number one 
problem. 
 
Furthermore, R. A. Mollin in [ ]2 , in the case of ( ) 5== dd wlk for ( )4mod1≡d , described some results on all 

real quadratic fields ( )dQ  of class number one by using a specific Rabinowitch polynomial. 
 
In this article, by using the methods of T. Azuhata in [ ]1  and K. Tomita in [ ]6 , in the case of ( ) 5== dd wlk  for 

( )4mod22 ≡+= bad  where abZba 20,, ≤〈∈ +  ( Since 5=dk  odd integer, d is not equal to 3 modulo 4 

which is showed in section 3 of this article ) that is not investigated in the papers of R.A. Mollin in [ ]2  and K. Tomita 

in [ ]6 , the general forms of the continued fraction expansions of dwd = and dd ut , explicitly in the 

fundamental unit ( ) 1〉+= dut dddε  of ( )dQ  are determined, and some results are obtained on Yokoi’s 

invariant value of dn which is defined in terms of coefficent of fundamental unit of real quadratic fields ( )dQ   
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with period 5=dk . Furthermore, it is denoted that the class number dh  is always even and  the real quadratic fields 

( )dQ  with ( )4mod2≡d  and 2=dh  are given in the Table 3.1. 
 
Throughout this paper, Let d  be a positive square - free integer and put bad += 2  where abZba 20,, ≤〈∈ + . 

Here ba , are the integers uniquely determined by  d  such that dad 〈〈−1 .Also,∆ , 

( ) 1〉+= dut dddε , dh , dk be the diskriminant, the fundamental unit, the class number of real quadratic 

fields ( )dQ  and the period of continued fraction expansion of dwd =  , respectively. 
 
Let ( )dI be the set of all quadratic irrationals with discriminant ∆ . An element dw  of  ( )dI is called “reduced” if 

1〉dw , 01 〈′〈− dw  where ′
dw is conjugate of dw with respect to Q . 

 
Let ( )dR  be the set of all reduced quadratic irrationals with discriminant ∆  and continued fraction with period dk  

is generally denoted by [ ]
dkd qqqw ,........,; 10=  and  x  means the greatest integer not greater than x. 

 
2. LEMMAS AND THEOREMS:  
 
We need the following Lemmas nad Theorems in order to prove our main results. 
 
Lemma 2.1: [ ]( )6 For a square-free integer ( )4mod22 ≡+= bad  where abZba 20,, ≤〈∈ +  we put 

 dd wqdw == 0,  ,  ddR wwadw +=+=  
 

Then )( dRwd ∉  and )( dRwR ∈  holds. Moreover ,for the period k of Rw   we get 
 

          [ ]110 ........,,,2 −= kR qqqw   and [ ]0110 2,,........,; qqqqw kd −=  
 

Furthermore , let 
1

1

.

.

−

−

+
+

=
kRk

kRk
R QwQ

PwP
w = [ ]Rk wqqq ,,...,;2 110 −  be a modular otomorphism of Rw  , then the 

fundamental unit dε of  ( )dQ  is given by the following formula :       

                      ( ) 1〉+= dut dddε                            

         10 −+= kkd QQqt   ,  kd Qu =  

where iQ  is determined by 1,0 10 == QQ  and  ,. 11 −+ += iiii QQqQ 1≥i    
 
Proof:. it is easy to see that the proof of this Lemma is from Lemma 1 in [ ]( )6 . 
 
Lemma 2.2: [ ]( )1  Let  d  be a  square  free  integer  and  put bad += 2  where abZba 20,, ≤〈∈ +  we put 

)( dRwd ∈ .Let 
1

1

+

+=
i

ii w
lw  (  iİi wlk ==+1 , 0≥i ) be the continued fraction expansion of 0wwd = .Then 

each iw  is expressed in the form ( , )i
i i i

i

a r Dw c r Z
c

+− +
= ∈ and  iii rcl ,,  can be obtained from the following 

recurrence formula : 

0

0
0 c

Dra
w

+−
=                                               

   1.2 ++=− iiii rlcra                               

   1 1 1( ). ( 0)i i i i ic c r r l i+ − += + − ≥                                            
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where   0
0

2
00

11
)2(

,
c

rarb
ccr ii

−+
=〈≤ −+ . Moreover,  for the period 1≥dk  of dw , we get 

     (1 1)
di k i dl l i k−= ≤ ≤ −                                          

   1 (1 )
di k i dr r i k− += ≤ ≤                                               

    (1 )
di k i dc c i k−= ≤ ≤                                              

Furthermore if  Rd ww =  and )4(mod3,2≡d  then we have  

  0 1 0,r r= =  0 1,c =  1 ,c b=  akl 210 ==     
 
Proof: it is easy to see that the proof of this Lemma is from Proposition 1  and Proposition 2 in [ ]( )1 . 
 
Theorem 2.3: [ ]( )5  If ( )Nl  is odd, then the following two ( equivalent ) conditions hold: 

( )a  22 vuN += where  ( ) 1, =vu  

( )b  N  has no prime factors of the form 34 +k  and is not divisible by 4. 
 

Here, N  is a positive integer which is not perfect – square. The continued fraction for N  has periodic 

form [ ]0110 2,,........,; aaaaN l−=   where 121 ....,, −laaa  is palindrome and the period ( )Nl  is minimal length. 
 
Proof: For the proof of this theorem, see Theorem C in [ ]( )5 . 
 
Corollary 2.4: [ ]( )4  Let ∆  be the fundamental diskriminant where d=∆  if ( )4mod1≡d  otherwise d4=∆ . 

If 0〉∆ then the class number dh  is odd if and only if 211 .2, pporppd =  where p is prime , 

( )4mod321 ≡≡ pp  are primes. 
 
Proof:  For the proof of this corollary, see  Corollary 1.3.2.  in [ ]( )4 . 

 
3. MAİN RESULTS AND APPLİCATİONS: 
 
Theorem 3.1:(MainTheorem) For a positive square – free integer ( )4mod22 ≡+= bad  where 

abZba 20,, ≤〈∈ + , we assume that 5=dk .Then, we get 
 

2
1 2 2 1

1 2

, , 2 1,2 1, , 2

1
, , , , , 2

, 2 , 2 , 2 , 2 , 2

, 2

d

a l k k l a for an odd in teger if a is even

l
w a l l l l a

a l v v l a for twoeven in teger if a is odd

l l

  + + 
 ≥ = =     

≥

 

and then 

( )
( )( ) ( )( )

( ) ( )

2 2 2 2
1 1 2 1 1

2 2 2 21
1 2 1 1

,
,

,
2

d d

Ar t l A l Al l A l if a is even
t u lAr s A l Al l A l if a is odd

 + + + + +
=    + + + + +   

   

 

and  
CBrrAd ++= 222   

 
holds where CBA ,, and r are determined uniquely as follows : 
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( )i In the case where a  is even ;  

1 2 1,A l l= + 1 2 ,B Atl l= + ( )2
12 ,C t tl= +   

r  is the non–negative integer determined uniquely by 1tlAra += . 
 
( )ii In the case where a  is odd ;  

1 2 1,A l l= + 2 ,B Asl l= + ( )1 ,C s sl= +   

r  is the non–negative integer determined uniquely by .a Ar sl= +  
                                                                                                                                                     
Now, we define generally the set  

( ) ( ){ }8mod,8mod βαα
β ≡≡∈= + bdZdS   

 where +Z is the set of all positive integers. 
 
Remark 3.2: For four parameters rvl ,,  and s  in Theorem 3.1. satisfy the following conditions : 

     ( )i In the case where a  is even ;  

( )2mod1 rl ≡ , ( )2mod12 ≡l , ( )2mod0≡s  

     ( )ii In the case where a  is odd ;  

( ) ( )( )2mod0,1,1,0,
2
1 ≡






 rl

 

Remark 3.3: The set of all positive square-free integers congruent to 2 modulo 8 is union of  
2
2S , 2

6S  and 2
1S .The sets are represented as follows: 

( ){ }2 2
2 8 2, 0 mod 4 , 0 4S d Z d a m a m a+= ∈ = + + ≡ 〈 〈  

( ){ }2 2
6 8 2, 2 mod 4 , 0 4 2S d Z d a m a m a+= ∈ = + + ≡ 〈 〈 −  

( ){ }2 2
1 8 1, 1 mod 2 , 0 4S d Z d a m a m a+= ∈ = + + ≡ 〈 〈 . 

Moreover, because of the Theorem 2.3, there is not any set 2
5S . 

 
Remark 3.4: For ( ) 5== dd wlk , there is not any real quadratic field ( )dQ  where ( )8mod6≡d  or 

( )8mod3≡d . 
 
Because of the Theorem 2.3. , d  is no prime factors of the form ( )4mod3≡p  and not divisible by 4. Therefore, 

there is not any real quadratic field ( )8mod6≡d .Also, again using the Theorem 2.3. , 22 vud += where  

( ) 1, =vu implies d is not congruent to 3 modulo 8. 
 
Remark 3.5: Since Remark 3.4., for ( ) 5== dd wlk , α

βS is not defined where ( )8mod6≡α  and  

( )8mod65,2,1 or≡β . 
 
Remark 3.6: For ( ) 5== dd wlk , in the case of dwd = , the class number dh of real quadratic field 

( )dQ  is always even. 
 
Since ( )4mod2,2 ≡≠ dd  implies 211 .2, ppandppd ≠  where p is prime , ( )4mod321 ≡≡ pp  are 

primes , it holds that dh is always even because of Corollary 2.4. 
  
For the set S of all square-free positive integers, we define the set  

         ( ) { }dwofperiodtheiskandSdwS dddkd
=∈=Γ   
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and we put dwqw += 00 for [ ]
dkkd qqqqw ,,........,; 110 −=   in ( )S

dkΓ , then )(0 dRw ∈ .For 0w  in 

)( dR ,let 
1

1

+

+=
i

ii w
lw ,(  iİi wlk ==+1 , 0≥i ) be the continued fraction expansion of 0w .Also, each 0w is 

expressed in the form
 i

i
i c

Dra
w

+−
= ),( +∈Zrc ii  in Lemma 2.2. 

 
Proof of Main Theorem: . 
( )a In the case where a is even , we first assume that d  in 2

6
2
2 SS ∪ . It follows from   awq d ==0  and Lemma 

2.2. implies    
       010 == rr   ,  10 =c   ,  bc =1   , akl 210 ==  .   

( )i We assume that dw belongs to ( )2
25 SΓ . Then +∈+= Zmmc ,281  holds and Lemma 2.2. implies  

( ) 21282 rlma ++= . Hence, we can put +∈= Zrrr ,22 and get ( ) rlma ++= 114 .Moreover, from Lemma 
2.2. we get 122 .1 lrc +=   and 32222 rrlca ++= . Hence, we get 
 

                      ( ) ( ) 3211 2128 rlrllm ++=+                                                                        (1)  
 

On the other hand, 122 .1 lrc +=   and  ( ) 22313 lrrcc −+=   imply 
 

     ( ) ( ) 12228 231 +−+=+ lrrrlm                                                                (2) 
because of 23 cc = . 
 
If we assume ( )2mod02 ≡l , then in all case of integer 1l , we get  ( )2mod03 ≡r  from ( )1 .Hence, 

( )2mod10≡ holds in ( )2 , which is a contradiction. Therefore, we have ( )2mod12 ≡l  and from ( )1  and ( )2 , 

we can determine ( )2mod13 ≡r  for in all case of integer 1l . Moreover, from ( )1 , ( )132 mod0 lrl ≡+  

holds.Thus, there exists a positive even integer s  such that 213 lslr −=  because of ( )2mod13 ≡r .By substitution 

of this 3r  in ( )1 , we get trlm +=+ 214 and because of ( ) rlma ++= 114 , we get 1tlAra +=  where 

121 += llA and +∈= Ztts ,2 . 
 
On the other hand, ( )2  implies ( ) ( ) 12222 22112 ++−+=+ lltlrrltrl and hence we get 

12 2
21 −−=− lsArl .Therefore, because of 02

1
2 ≠− lA  such integers sr , are uniquely determined. 

 
Now, we consider 121 += llA .Then, since [ ]allllawd 2,,,,, 1221= ,  

                          AQ =3 , 124 lAlQ += , 2
1

2
5 lAQ +=  

hold in Lemma 2.1. Therefore, we have that 
             ( )( ) ( )12

2
1

2
1 lAllAtlArtd ++++=   and 2

1
2 lAud +=  

 
Moreover, if we put 21 lAtlB += , ( )2

12 tltC +=  , then CBrrAd ++= 222  holds. 
 
( )ii Next, we assume that  dw belongs to ( )2

65 SΓ , then we have only to replace ( )28 +m  with ( )68 +m  in the 

case that dw belongs to ( )2
65 SΓ . Hence, ( )1  and ( )2  are replaced by 

 
( ) ( ) 3211 2168 rlrllm ++=+      and      ( ) ( ) 12268 231 +−+=+ lrrrlm   

respectively. Then, there exists a positive even integer +∈= Ztts ,2  such that 213 lslr −= . The proof of this case 
is obtained as the proof of previous case.   
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As an application of the first part of the  case a  is even integer of this theorem we get 21.8874 2 ++==d , since 

( ) rlma ++= 114  and ( ) 28 2 2 ,s m rl= + −  we have 1 1,l =  2 1,l = 3,r =  4,s= 2=t and 2=A . Hence dw  
is easily determined as follows: 

          [ ]16,1,1,1,1,874 ==dw .  
 

Moreover, the fundamental unit of ( )74Q  is immediately seen as 74543+=dε by using 43=dt and 5=du . 
 
As an application of the second part of the case  a  is even integer of this theorem we get 62.814218 2 ++==d , 

since ( ) rlma ++= 134  and ( ) 28 6 2 ,s m rl= + −  we have 1 1,l =  2 3,l = 3,r =  4,s= 2=t and 4=A .  
 
Hence dw  is easily determined as follows: 

                    [ ]28,1,3,3,1,14218 ==dw . 

Moreover, the fundamental unit of ( )74Q  is immediately seen as 21817251+=dε by using 251=dt and 

17=du .                  
 
( )b In the case where a is odd integer , we have only to  consider d  in 2

1S and dw belongs to ( )2
15 SΓ . Then 

  awq d ==0 holds and Lemma 2.2. implies   0 1 0,r r= =  0 1,c = 1 8 1, ,c b m m Z += = + ∈ 0 1 2 .l k a= =  By 

using Lemma 2.2. , we get  ( ) 21182 rlma ++= .  
 
If we assume ( )2mod11 ≡l  1. . 2 1,i e l l l Z += + ∈ , then 2 2 1,r r r Z += + ∈ holds. Hence, we can put 

122 += rr  and 14 1 +++= rllma . Moreover, from Lemma 2.2. we get 122 .1 lrc +=   and  ( ) 21182 rlma ++=  
and so  
                           ( ) ( ) 2121 118 llrlm +=+                                                                              (3) 
 
holds. If we consider ( )2mod11 ≡l  and ( )2mod12 ≡r , then ( )2mod10≡ holds in ( )3 , which is a 

contradiction.Hence, we have ( )2mod021 =≡ rl .Therefore, from ( )3 , we can determine 

1 22 , 2 , ,l l r r l r Z += = ∈  and Lemma 2.2. implies ( )8 1 .a m l r= + + Moreover, from Lemma 2.2. we get 

122 .1 lrc +=   and ( ) 21182 rlma ++=  .Hence, we get 
 

                      ( ) ( ) 3241218 rlrllm ++=+                                                                          (4) 
 
On the other hand, 122 .1 lrc +=   and  ( ) 22313 lrrcc −+=   imply 
 

     ( ) ( ) 12418 23 +−+=+ lrrrlm                                                                  (5) 
because of 23 cc = . 
 
If we assume ( )2mod12 ≡l , then we get  ( ) ( ) 23 41218 lrllmr +−+= is odd integer  from ( )4 .Hence, 

( )2mod10≡ holds in ( )5 , which is a contradiction. Hence, we have ( )2mod02 ≡l  
+∈= Zvvlei ,2.. 2 .Therefore, from ( )4  and ( )5 , we can determine ( )2mod03 ≡r . Moreover, from ( )4 , 

( )132 mod0 lrl ≡+  holds.Thus, there exists a positive odd integer s  such that ( )3 1 2 2 .r sl l sl v= − = −  By 

substitution of this 3r  in ( )4 , we get srvm +=+ 418 and because of ( )4 ,a rv s l r= + + we get slAra +=  

where 14121 +=+= vlllA . On the other hand, ( )5  implies 24 4 1.rl sA v− =− − .Therefore, because of 

04 22 ≠− lA  such integers sr , are uniquely determined. 
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Now, we consider 14 += vlA .Then, since [ ]alvvlawd 2,2,2,2,2,= , ( ) slrvlaq ++== 140  

           AQ =3 , ( )lAvlAlQ +=+= 2124 , 222
1

2
5 4lAlAQ +=+=  

 
hold in Lemma 2.1. Therefore, we have that 
 
                            ( )( ) ( )lAvlAslArtd 224 22 ++++=   and 222

1
2 4lAlAud +=+=  

 

Moreover, if we put 14 += vlA  2 ,B Asl v= + ( )21 ,C s sl= +  then CBrrAd ++= 222  holds. 

        
As an application of the case a  is odd integer of this theorem we get 21378 37 8.1 1,d = = + +  
 
since ( ) rlma ++= 18  and ( )8 1 4 ,s m rv= + −   
 
we have  

1 8,l = 2 4,l = 1,r = 1,s=  and 33=A . Hence dw  is easily determined as follows: 

                [ ]74,8,4,4,8,371378 ==dw . 
 

Moreover, the fundamental unit of ( )1378Q  is immediately seen as 1378230685602+=dε by using 

85602=dt and 2306=du . 
                                                                                                                                                     
For any square-free integer d  in [ ]7 , Yokoi defined some new invariants by taking the fundamental unit of 

( )dQ  as  

     







= 2

d

d
d u

t
n  , 








=

d

d
d t

u
m

2

 

 etc…and studied relationship between these new invariants and class number of real quadratic fields  ( )dQ . 
 
In this section, we apply our results to these invariants, and consider the class number dh  of real quadratic fields  

( )dQ  for d in 2S  where 2S is the set of all positive square-free integers congruent to 2 modulo 8. 

Now, we apply Yokos’s invariant 







= 2

d

d
d u

t
n  to main theorem above, see [ ]7 . Then, we get following theorem. 

Theorem 3.2: Let ( )4mod22 ≡+= bad  where abZba 20,, ≤〈∈ +  be a square free integer , 5=dk  and 

( ) 1〉+= dut dddε  be a the fundamental unit of ( )dQ . Then, for the obtained values dd ut , in Theorem 
3.1. the following statements are hold : 
 
( )a   0=⇔〈 dd nua  

( )b [ ]
5

352,1,1,1,1, −
==⇔==

ananduaadw ddd           ( )0.. =dmei  

( )c [ ]
13

5132,2,1,1,2, −
==⇔==

ananduaadw ddd           ( )0.. =dmei  

 

Proof:  We note that 00 2
2 〉−⇔=







= dd

d

d
d tu

u
t

n . 

( )a  Firstly, we assume that d  belongs to 2
6

2
2 SS ∪ . In this case, for ( ) 1〉+= dut dddε , 

( ) ( )12
2

1
2. lAllAatd +++=   and 2

1
2 lAud +=  hold. 
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( )⇒: We assume that dua 〈 . Since  
 

( ) ( ) ( ) ( )( )1122 2212
2

1
2

12 ++≥+−+=+− lllAllAlAlud   
 

and 12 ≥l ,we get 12 lAlud +〉 . Hence, we get also  
 

( ) ( )
( ) 












+

+++
=







= 22

1
2

12
2

1
2

2 lA

lAllAa
u
t

n
d

d
d  

                                                                







+

= 2
1

2 lA
a 0=  

by using the dua 〈 . 

( ):⇐ Conversely, we suppose that 0=dn .By using the 2 0,d du t− 〉  we get  ( ) alA 〉+ 2
1

2 and so dua 〈 . 
 
Next, we assume that d  belongs to 2

1S .In this case is proved in the same way as previous case. Therefore, dua 〈  is 

necessary and sufficent condition for 0=dn . 
 

( )b  ( )⇒: We assume that the continued fraction expansion of dw is the form of [ ]aadwd 2,1,1,1,1,== .  
 
Then, we get 2=A  and 5=du  because of 121 += llA and ( )2

1
2 lAud += . Since 11 =l is odd, d does not belong 

to 2
1S  and so 

 
( )12. lAluat dd ++=  and 5=du   

 
hold. By using the equivalent 
 

 ( ) ( )1212
2. lAlulAluat ddd ++++=  

 

we get 
5

3−
=

and . 

( ):⇐ Conversely, we assume that 5=du  and 
5

3−
=

and . Using the values ( )2
1

2 lAud +=  and 1 2 1,A l l= +  we 

have 121 == ll . Hence, we get  

      [ ]aadwd 2,1,1,1,1,== . 
 
As an application of this case, we get 21.8874 2 ++==d . By using the Theorem 3.1. it is easily seen that 8=a , 

121 == ll , and 2=A . Therefore, we have 5=du  and 1=dn . 
 
( )c The proof of this case is obtained as the proof of ( )b . 
 
As an application of this case, we get 24.8441970 2 ++==d . By using the Theorem 3.1. it is easily seen that 

44=a , 1,2 21 == ll , and 3=A . Therefore, we have 13=du  and 3=dn . 
 
Corollary 3.3: Let ( )4mod22 ≡+= bad  where , , 0 2a b Z b a+∈ 〈 ≤  be a square free integer and 5.dk = If 

a is even integer, then there exist exactly three real quadratic fields ( )dQ  with class number 2=dh   which are 
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given in Table 3.1. ( with one posible exeption of d )Moreover, there is not any real quadratic field ( )dQ  with 

class number 2=dh  where a is odd integer.           
                   

d  a  m  dn  dh  dw  
2
274 S∈  8 1 1 2 [ ]16,1,1,1,1,874 =  

2
6218 S∈  14 2 0 2 [ ]28,1,3,3,1,14218 =  

2
62138 S∈  46 2 0 2 [ ]92,4,5,5,4,462138 =  

 
Table 3.1 

 
Proof: It is easy to see that the proof of this corollary is from Corollary 2.4. All of the fields with class number two in 
Table 2.1. in [ ]( )4  are obtained from Corollary 3.3. 
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