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ABSTRACT

Yano and Sawaki (1968) have studied Riemannian manifolds admitting a conformal transformation group. Yano
(1969) has studied on Riemannian manifolds with constant scalar curvature admitting a conformal transformation
group. In this paper, we have studied admitting a conformal transformation group on Kaehlerian recurrent spaces and
several theorems have been obtained.
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1. INTRODUCTION.

Let K,, be a connected (C* -) differentiable Kaehlerian spaces of dimension n and g;; Vj,thﬁ , Rji and R, respectively
the components of metric tensor field, the operator of covariant differentiation with respect to the Levi-Civita
connection, the curvature tensor field, the Ricci tensor field and the scalar curvature field. The indices a,b,c,
el Ky run over the range 1,2,3,.....,n. We shall denote ¢V, by Vand the Laplace-Beltrami operator by A. In
this paper, we assume that Kaehlerian spaces are connected and differentiable and functions are also differentiable.

An infinitesimal transformation v"on K, is said to be conformal, if it satisfies
(1.1) £,9; = Vv + Vv = 2pgj;,

for some function p on K,, where denote the operator of Lie-derivation with respect to v"* and v = gjav° .

The p satisfies p =V, ”a/n Af p in (1.1) is a constant, the transformation is said to be homothetic anf if p = 0, the
transformation is called to be isometric. Hereafter, we shall denote the gradient of p by p; = V;p We, now, put

G =Ry — joi/n’

Zy;jin = Rijin — R(GknGji — 9jnGri / n(n — 1).
We then have

(1.2) Gyig" =0, Z%; — G
Here, Yano and Sawaki (1968) introduced the covariant tensor field
(1.3) Wiiih = aZyjin + b (kn Gji — Ojn Gki + Gkn 0ji — Gjn 9wi) / (1-2) ,

Where a and b being constants, not both zero. It is easily seen that

Wiiin g = (a+b) Gj .
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Hereafter, we shall use the following notations:

f=G; G z= Zijin Zkih = Wi Whih

Also, Yano and Sawaki (1968) give the following properties:
Definition (1.1): Suppose that a compact orientable Riemannian space M, with constant scalar curvature field R and of
dimension >2 satiesfies
aof + foz — a1 Af — p1Az = constant,
where «a,, a1, By and B; are non-negative constant, not all zero, such that if n > 6.
(1.4) 8R(n— 1) la; = (n—6)a, =0,
8R(n— 1)1, =(n—6)B, = 0.

If M, admits and infinitesimal non-isometric conformal transformation vh:EVgﬁ =2pg;;, p+ 0, then M, is
isometric to a sphere.

Definition (1.2): If a compact orientable Riemannian space M, with constant curvature field R and of dimension >2
admits an infinitesimal non-isometric conformal transformation v : £,g;; = 2pg;; , p # 0, such that

£.£,(apf + Boz + a1 Af + B1Az) <0,
Where «ay, a4, B, and B; are non-negative constants, not all zero, such that
(1.5) 4(n— 1R lay = (n+ 6)a; =0,

4R(m— DR71By = (n+6)p, = 0.
then M, is isometric to a sphere.

Definition (1.3): Suppose that a compact orientable Riemannian space M, with constant scalar curvature field R and of
dimention >2 admits an infinitesimal non-isometric conformal transformation

vh: £,9; = 2pg;i, p# 0
If £,£, w=0,aand b being constant such that a+b # 0, then M, is isometric to a sphere.

2. ADMITTING A CONFORMAL TRANSFORMATION GROUP ON KAEHLERIAN RECURRENT
SPACES

In a Riemannian space M,, for an infinitesimal conformal transformation v": £,9;; = 2pgji » p # 0.we have Yano
(1957)

E,R" i = =6"Vipi + 8" Vip; — (VP g + (Viep™) G
ER; = —(n— 2)V;p; — Apgj;
£,R =—-2(n—1)Ap —2pR
Thus, for K, with constant scalar curvature field R,
Ap =—Rp/(n—1) and
(2.1) VG, =1/2(n—Dn"'V,R=0
We have, from (1.2),

(2.2) £,G; = —(n—2)(Vip; — Apgj; /n) and
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£, Z1jin = —9knViP, — 8in VP, — (vkph)gji + (vjph)gki + 2Vp(8kn 8ji — 8jn8ki)/N+2p Zyji, -
By straightforward calculations, we have, in view of (1.3) and (2.2)

E Wi )WHHh = —4(a + b)*(V ph)g;; + 2pWyji WA
On the other hand, we get

EWYI M Wyin = (E,Wijin )W — 8pWy; , W'

Thus, we have
(23)  £,w=-8(a+b)*(Vp)G; —4pw.
Now, we have the following Lemmas:

Lemma (2.1): If a compact orientable Kaehlerian space K, of dimension n admits an infinitesimal conformal
transformation v": £,9;; = 2pg;; then foe any function F on K,

(2.4) Jyn PFdv==1/nf £, Fdv.

Proof: Since p = V,v%/n, we have by using Green’s Theorem
fKn V,(Fv*)dv = fKn £,Fdv + fKn pFdv =0,

Which proves (2.4).

Lemma (2.2): If a compact Orientable Kaehlerian space K, with constant scalar curvature field R and of dimension n
admits an infinitesimal conformal transformation on v": £,g;; = 2pg;;, then . p(V/ p)Gydv = —[, G p/p'dv.

Proof: This follows from (2.1) and
i Y (G’ p)dv =], (VG )p'pdv+ [, Gi(Wppdv+ [, Gip/p' dv=0.

Lemma (2.3): Hiramatu gives, If a compact orientable Kaehlerian space K, with constant scalar curvature field R and
of dimension n admits an infinitesimal conformal transformation v":£,g; = 2pg;;, then

(2.5) Jin BEufdv==2n(n—-2)f, G;p/p'dv+4nf  p’fdv,
S EvEpzdv = —8nf, Gip/p'dv+4nf, p?zdv,
Lemma (2.4): If a compact orientable Kaehlerian space K, with
constant scalar curvature field R and of dimension n admits an infinitesimal conformal transformation vh:EVgﬁ =
2pg;; , then
(2.6) S yn EvEowdv = =8n(a +b)? [, Gip/p'dv+4nf,  p*wdv.
Proof: Making use of (2.3) and Lemmas (2.1) and (2.2), we have

fKn £.£,wdv = —ann pE, wdv
= 8n(a+b)*[, p(Vp)Gdv+4nf,  p*wdv

Which shows (2.6).

Lemma (2.5): Hiramatu gives, If a compact Orientable Kaehlerian space K, with constant scalar curvature field R and
of dimension n > 2 admits an infinitesimal conformal transformation v": £,g;; = 2pg;;, then for any function F on

Kn ]
(n

R n(n+2)
Sy EvELVFdV = - S in EvEuFdv + — S i (P?AF)dY

© 2012, IIMA. All Rights Reserved 1586



U. S. Negi* & Kailash Gairola/ ADMITTING A CONFORMAL TRANSFORMATION GROUP ON.../ IIMA- 3(4), April-2012,
Page: 1584-1589
Lemma (2.6): Yano (1966) gives, If a compact Oreintable Kaehlerian space K, with constant scalar curvature field R
and of dimension >2 admits on infinitesimal non-isometric conformal transformation v": £,9;: = 2pgji,p # 0, then

Jin Gip'pldv <0,
The equality holds if and only if K, is isometric to a sphere.
We have the following

Theorem (2.1): If a compact orientable Kaehlerian space K, with constant scalar curvature field R and of dimension >2
admits an infinitesimal non - isometric conformal transformation

vt £,9; = 2pgji, p # 0 then

(2.7) J £, £k (aof + Boz — ay Af — B AZ)dv
nn

2
= 2+ : JinP?(@of + Boz — ay Af — yAz)dv

Holds, where dv denotes the volume element of K, and «, a4, 8, and 5; are non-negative constants, not all zero,
such that if n>6, (1.4) holds, the equality in (2.7) holds if and only if K, is isometric to a sphere.

Proof: Making use of (2.5) in Lemma (2.3) and (2.5) we get
[ in B @of + foz — ayAf = BiAz)dv = "2 [ 02 (aof + Af — fAz)dv

= [ guEofo(@of +Bo2)dv ——= [ £, (~ar f = Br2)dv + "2 ([ p? (—ayAf — BiAZ)dv —
JinP?(@of + Boz — ay Af — B Az)dv}

R R 2
= (@0 + 75 @) S Eufufdv + (B + 7581 S Eufuzdv =252 [ 0% (aof = Po)dv
R R P 4R -6
=—[2n(n—-2) (ao + Ea1)+8n(ﬁo + Eﬁl)] fKnGﬁpfp‘dv +n (Eal - nTaO) fKandv +
4R -6
(B = Bo)| g, p*2dv

From Lemma (2.6) and our assumption, we can see that the right hands side of the above relation in non-negative and
consequently (2.7) holds. If the equality in (2.7) holds, then, from our assumption, we have

(2.8) JknGip? pldv = 0,
And K, is isometric to a sphere, by virtue of Lemma (2.6).
Conversely, If K, is isometric to a sphere, we get G;; =0 and Z;; , =0 and the equality in (2.7) holds.

Remark (2.1): If we assueme that ayf + oz — oy Af — Az = ¢ (constant), from Theorem (2.1), we have c< 0 .
On the other hand c= 0 holds, because

chndv = fKncdv = fKn (aof + Boz — i Af — B1Az)dv
=a0fandv+ﬁofandv20.

Thus, if agf + Byz — oy Af — By Az is a constant, then the constant is equal to zero and consequently the equality in
(2.7) holds, and K, is isometric to a sphere.

Theorem (2.2): If a compact orientable Kaehlerian space K, with constant scalar curvature field R and of dimension >2
admits an infinitesimal non-isometric conformal transformation

vh:£,9, = 2pgji, p # 0 then

(2.9) S inEoo(@of + Boz + ay Af + p1Az)dv 2 0,
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Holds, where «,, a1, 5, and §;, are non-negative constant, not all zero, such that (1.5) holds, the equality in (2.9) holds
if and only if K, is isometric to a sphere.

Proof: Making use of (2.5) in Lemmas (2.3), (2.5) and

(2.10) 1/2Vp* = p;p' = Rp*/(n = 1),

We have
S inEvfo(@of + Boz + ay Af + p1AZ)dv

R R
= (ap — al)fKnE Efdv+ (Bo - ﬁl)fKnE £,zdv +

"("—”)ﬁlf (bpD)zdv

2
BOEE) o f o BpDIf

R R .
= (ag — == a)[ B fdv + By == B) [ Eufuzdv+ n(n+2) [, pip'(anf +
R
+B,z)dv + n(n + Z)Efknpz(alf + By z)dv
~[2n(n - 2) (@ - ial) +8n(By — == 1) [, Gup’ pidv + n(n—2)f  pipi(asf +
(n 6)R (n 6)R
+B,2)dv + nlda, — — fKnpzfdv +n[4B, — 2B ] fKnp zdv.

From Lemma (2.6) and our assumption, we can see that the right hand side of the above equation is non-negative and
consequently (2.9) holds, because it follows from our assumption that

agR(n— 1) ayand By R(n — 1)1,

are non-negative and not both zero. If the equality in (2.9) holds, then we have (2.8) and K, is isometric to a sphere by
virtue of Lemma (2.6).

Conversely, If K, is isometric to a sphere, we get G; = 0 and Z;;, = 0 and the equality in (2.9) holds.

Theorem (2.3): If a compact orientable space K, with constant scalar curvature field R and of dimension >2 admits an
infinitesimal non-isometric conformal transformation on v": £,g;, = 2pg;; , p # 0 then

(2.11) S inEoo(@ow — aAw)dv =

n(n+2)
2

S ynP? (@ — a; Aw)dv , holds,

where a and b are constants such that a+b+0, «, and a; , are non-negative constants such that if n > 6 the first
inequality in (1.4) holds, the equality in (2.11) holds if and only if K, is isometric to a sphere.

Proof: Similarly, as in the proof of the Theorem (2.1), by using (2.6) in Lemma (2.4) and Lemma (2.5) and (2.6), we
get
fKnEVEV(aOW —aAw)dv —

n(n+2) n(n+2)

Knpz(aow—alAw)dv (ao +— al)fKnE £,wdv — @) [, p*wdv

=—8n(a + b)? (ao al)fkn ﬂpfp ‘dv + n(—af1 ao) Sy p?wdv =0,

Which proves (2.11). It is easily proved from Lemma (2.6) and our assumption that the equality in (2.11) holds if only
if K, is isometric to a sphere.

Theorem (2.4): If a compact orientable space K, with constant scalar curvature field R and of dimension > 2 admits an
infinitesimal non- isometric conformal transformation v": £,g;; = 2pg;; , p # 0. then

(2.12) S inEvu(@ow — a Aw)dv =0

holds, where a and b are constant such that a+b 0 and «, and a; are non-negative constant, not both zero, such that
the first inequality in (1.5) holds, the equality in (2.12) holds if K, is isometric to a sphere.

Proof: Similarly, as in the proof of Theorem (2.2), by using (2.6) in Lemma (2.4), (2.5) and (2.6) and (2.10), we have

© 2012, IIMA. All Rights Reserved 1588



U. S. Negi* & Kailash Gairola/ ADMITTING A CONFORMAL TRANSFORMATION GROUP ON.../ IIMA- 3(4), April-2012,
Page: 1584-1589
fKn £.£,(agw + a;Aw)dv

R o .
= —8n(a + b)? ( ay — mal) fKngﬁpfp‘dv +n(n+ Z)alfknpip‘dv + nf[4a,
(n+6)R

2
— al]fknp wdv =0,

Which proves (2.12). It is easily proved from Lemma (2.6) and our assumption that the equality in (2.12) holds if and
only if K, is isometric to a sphere.
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