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ABSTRACT 
A related fixed point theorem for two pairs of set-valued mappings on two complete uniform spaces is obtained. A 
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1. INTRODUCTION 
 
The following theorems were proved by Ranjit and Rohen [12]. 

 
Theorem 1.1: Let ),( dX and ),( ρY be two complete metric spaces. Let A, B be mappings of X into Y and let S, T be 
mappings of Y into X satisfying the inequalities 
 

),,(),(),,(),(max{),(),( AxySyxdxBAxyTSydcxTBSAxdyTSyd ′′′′≤′′ ρρ  
           )},(),(),,(),( xTByTdSAxSydyTSydxxd ′′′′  
 

),,(),(),,(),(max{),(),( AxySyxdxBAxyTSydcyATBSyxBAx ′′′′≤′′ ρρρρ  
             )},(),(),,(),( yATxBBSyAxxBAxyy ′′′′ ρρρρ  
 
for all x, x′ in X and y, y′ in Y, where c≤0 < 1. If one of the mappings A, B, S and T is continuous, then SA and TB 
have a unique common fixed point z in X and BS and AT have a unique common fixed point w in Y.  
 
Further Az = Bz = w and Sw = Tw = z. 
  
The following theorem was proved by Rohen [16]. 

 
Theorem 1.2: Let ),( 1dX and ),( 2dY be two complete metric spaces. Let A, B be mappings of X into B(Y) and let S, T 
be mappings of Y into B(X) satisfying the inequalities 
 

),,(),(),,(),(max{),(),( 211111 AxySyxxBAxyTSycxTBSAxyTSy ′′′′≤′′ δδδδδδ  
           )},(),(),,(),( 1111 xTByTSAxSyyTSyxxd ′′′′ δδδ  
 

),,(),(),,(),(max{),(),( 212122 AxySyxxBAxyTSycxATBSyyBAx ′′′′≤′′ δδδδδδ  
             )},(),(),,(),( 2222 yATxBBSyAxxBAxyyd ′′′′ δδδ  
________________________________________________________________________________________________ 
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for all x , x′ in X and y , y′ in Y , where c≤0 < 1. If one of the mappings A, B, S and T is continuous , then SA and TB 
have a unique common fixed point z in X and BS and AT have a unique common fixed point w in Y . Further Az = Bz = 
w and Sw = Tw = z. 
 
Before coming to our main results we recall the following definitions from Fisher and Turkoglu [15]. 
 
Let ),( 1UX  and ( 2,UY ) be uniform spaces. Families { ,:1 Iid i ∈  being indexing set}, { Iid i ∈:2 } of pseudometrics on 
X and Y respectively, are called associated families for uniformities 1U 2,U  respectively, if families  
 
 1β = { 1V ( ri, ) : 0, >∈ rIi }, 

2β = { 2V ( 0,:), >∈ rIiri  },       
where 
 }),(,,:),{(),( 11 rxxdXxxxxriV i <′∈′′= , 

 }),(,,:),{(),( 22 ryydYyyyyriV i <′∈′′=        
are sub bases for the uniformities 1U , 2U respectively. We may assume that 21,ββ  themselves are bases by adjoining 
finite intersection of members of 21,ββ  if necessary. The corresponding families of pseudo metrics are called an 
augmented associated families for 1U 2,U . An associated family for 1U 2,U  will be denoted by 21, DD  respectively. 
 
Let A, B be a non empty subset of a uniform space X, Y respectively. Define 
 
  =)(*

1 AP sup { ),(1 xxd i ′ },,: IiAxx ∈∈′  

  )(*
2 BP = sup { IiByyyyd i ∈∈′′ ,,:),(2 }      

where 
  *

11 },,:),({ PIiAxxxxd i =∈∈′′ , 

  *
22 },,:),({ PIiByyyyd i =∈∈′′ . 

 
Then )(),( *

2
*

1 BPAP are called an augmented diameter of A, B. Further A, B are said to be ∞<∞< )(,)( *
2

*
1 BPAP . 

 
Let X2 = {A: A is a non empty *

1P - bounded subset of X} 

      Y2  = {B: B is a non empty *
2P - bounded subset of Y}.    

 
For each Ii∈ and YX BBAA 2,,2, 2121 ∈∈ , define 
 

 
},:sup{),(

},:sup{),(

212212

211211

ByBydBB

AxAxdAA
ii

ii

∈′∈=

∈′∈=

δ

δ
      

 
Let (X, 1U ) and ),( 2UX be uniform spaces and let U1 ∈  1U  and U 22 U∈ be arbitrary entourages. 
 
For each A 2 , 2 ,X YB∈ ∈  define 
 
 U 1 [A] = { ∈′∈′ ),(: xxXx U 1 for some Ax∈ } 

U 2 [B] = { ∈′∈′ ),(: yyYy U 2 for some By∈ }     
 
The uniformities 12U on X2 and 22U on Y2 are defined by bases  
 
 12β = {Ũ1 : U 11 U∈ }, 22β = {Ũ 2 : U 22 U∈ }     
where 
 Ũ 1 = {( ∈××∈ 2121 :22), AAAA YX U 1 } ∆ , 

 Ũ 2 = { ∈××∈ 2121 :22),( BBBB YY U ∆}2 .     
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where ∆ denotes the diagonal on XX ×  and YY × . The augmented families *
2

*
1 , PP  also induce uniformities *

1U  on 
*

2,2 UX  on Y2 defined by bases  
 

 
}.0,:),({

},0,:),({
*
2

*
2

*
1

*
1

>∈=

>∈=

rIiriV

rIiriV

β

β
        

where 

 
∆<∈=

∆<∈=





}),(:2,:),{(),(

}),(:2,:),{(),(

2122121
*
2

2112121
*

1

rBBBBBBriV

rAAAAAAriV
iY

iX

δ

δ
    

 
Uniformities 12U  and *

1U on X2 are uniformly isomorphic and uniformities 22U and *
2U  on Y2 are uniformly 

isomorphic. The spaces ),2( *
1UX is thus a uniform space called the hyperspace of ),( 1UX . The ),2( *

2UY is also a 
uniform space called the hyperspace of ),( 2UY . 
 
Now let ,........}2,1:{ =nAn  be a sequence of non empty subsets of uniform space ),( UX . We say that sequence 

}{ nA converge to subset A of X if  
(i)  each point a in A is the limit of a convergent sequence }{ na , where na is in nA for n =1,2,……. 
(ii) for arbitrary 0>ε , there exist an integer N such that εAAn ⊆ for n > N,  
 
where AxA ∈= ε U(x) = { ε<∈ ),(: yxdXy i  for some x in A, Ii∈ }   
A is then said to be a limit of the sequence }{ nA . It follows easily from the definition that if A is the limit of a sequence 

}{ nA , then A is closed. 
 
The following lemma was proved by Fisher and Turkoglu [15]. 
 
Lemma 1.3: If }{ nA and }{ nB are sequences of bounded non empty subsets of a complete uniform space ),( UX which 
converge to the bounded subsets A and B respectively , then sequence )},({ nni BAδ converges to ),( BAiδ . 
 
2. MAIN RESULTS 
 
We prove the following theorems. 
 
Theorem 2.1: Let ),( 1UX  and ),( 2UX be two complete Hausdorff uniform spaces defined by 

*
22

*
11 },{,},{ PIidPIid ii =∈=∈ , and ),2(),,2( *

2
*
1 UU YX hyperspaces, let Q, R : X Y2→ and  S, T : Y X2→  satisfying 

the inequalities 
 

),,(),(),,(),(max{),(),( 212111 QxySyxxRQxyTSycxTRSQxyTSy iiii
i

ii ′′′′≤′′ δδδδδδ  

           )},(),(),,(),( 1111 xTRyTSQxSyyTSyxxd iiii ′′′′ δδδ      (1) 
 

),,(),(),,(),(max{),(),( 212122 QxySyxxRQxyTSycyQTRSyxRQx iiii
i

ii ′′′′≤′′ δδδδδδ  

             )},(),(),,(),( 2222 yQTxRRSyQxxRQxyyd iiii ′′′′ δδδ     (2) 
 
for all Ii∈  and xx ′,  in X and yy ′, in Y , where 10 <≤ ic . If one of the mappings Q, R, S, T is continuous, then SQ 
and TR have a unique common fixed point z in X and RS and QT have a unique fixed point w in Y. Further, Qz = Rz = 
w and Sw = Tw = z. 
 
Proof: Let 0x be an arbitrary point in X and define sequences }{ nx and }{ ny in X and Y respectively as follows. Choose 

a point 1y in 0Qx , a point 1x in 1Sy , a point 2y in 1Rx and a point 2x in 2Ty . In general, having chosen 22 −nx in X, 

choose a point 12 +ny  in nQx2 , a point 12 −nx in 12 −nSy , a point ny2 in 12 −nRx and a point nx2 in nTy2 for n = 1, 2 … 
 
Let U 11 U∈ be an arbitrary entourage. Since 1β is a base for 1U , there exists 11 ),( β∈riV such that ⊆),(1 riV U 1 .  
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Using inequality (1), we get 
 

1 2 1 2 1 2 1 2 1 2 1 2 1 2 2 1( , ) ( , ) ( , ) ( , )i i i i
n n n n n n n nd x x d x x Sy Ty SQx TRxδ δ− + − −=  

 
                     ),,(),(),,()(max{ 2221212112222121 nn

i
nn

i
nn

i
nn

i
i QxySyxRxQxTySyc δδδδ −−−−≤   

                                            )},(),(),,(),( 1221212121211221 +−−− nn
i

nn
i

nn
i

nn
i TRxTySQxSyTySyxxd δδδ  

 
                                  })],([),,(),(max{ 2

212121222121 nn
i

nn
i

nn
i

i xxdyydxxdc −+−=  
 
from which it follows that 
 

)},(),,(max{),( 212121222121 nn
i

nn
i

inn
i xxdyydcxxd −++ ≤                     (3) 

 
Let U 22 U∈ be an arbitrary entourage. Since 2β is a base for 2U , there exists 22 ),( β∈riV such that ⊆),(2 riV U 2 .  
 
Similarly, applying inequality (2), we get 
 

2
2 2 2 1 2 2 1 2 2 2 1 2[ ( , )] ( , ) ( , )i i i

n n n n n nd y y Qx x RSy QTyδ δ+ − −=  
         

                             1 2 1 2 2 2 2 1 2 2 1 2 2 2 2 1 2 2 2 2 2 1 2 1max{ ( , ) ( , ), ( , ) ( , ), ( , ) ( , )}i i i i i i
i n n n n n n n n n n n nc d x x d y y d y y d y y d y y d y y− + − + + +≤  

                                                               
It follows that 
 

)},(),,(max{),( 212221211222 nn
i

nn
i

inn
i yydxxdcyyd −−+ ≤                     (4) 

 
We can write as 
 

)},(),,(max{),( 111211 nn
i

nn
i

inn
i xxdyydcxxd −++ ≤  

and 
)},(),,(max{),( 121112 nn

i
nn

i
inn

i yydxxdcyyd −−+ ≤  
 
It now follows easily by induction that 
 

)},(),,(max{),(

)},(),,(max{),(

21211
1

12

2121111

yydxxdcyyd

yydxxdcxxd
iin

inn
i

iin
inn

i

−
+

+

≤

≤
 

 
for n = 1,2,3,……... Since ic < 1, it follows that there exists p such that rxxd mn

i <),(1 and hence ),( mn xx ∈U 1  for all 

n, m≥ p. Therefore, sequence { nx } is a Cauchy sequence in id1 - uniformity on X. Similarly, it follows that the 

sequence { ny } is a Cauchy sequence in id2 - uniformity on Y. 
 
Let }:{ pnxF np ≥= for all positive integers p and let B1  be the filter basis { pF : p = 1, 2…}. Then, since { nx } is a 

id1 - Cauchy sequence for each i∈I, it is easy to see that the filter basis B1  is a Cauchy filter in the uniform space 

(X, 1U ). Since ( 1,UX ) is a complete Hausdorff space, the Cauchy filter B1 = { pF } converges to a unique point z in X.  
 
Similarly, the Cauchy filter B 2 = { kF } converges to a unique point w in Y. 
 
Applying inequality (1), we have 
 

1 2 1 2 1 1 2 1 2( , ) ( , ) ( , ) ( , )i i i i
n n n nSw x SQz x Sw Ty SQz TRxδ δ δ δ+ =  

 
                                  ),,(),(),,(),(),,(),(max{ 2121222112221 n

i
n

i
n

i
n

i
n

i
n

i
i xSwxzdQzySwxyQzxSwc δδδδδ +≤  
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                                                            )},(),( 12211 +nn
ii xxdSQzSwδ  

 
Letting n tends to infinity, we have 
 
 

1 1 1 2 1 2 1 1 2 1( , ) ( , ) max { ( , ) ( , ), ( , ) ( , ), ( , ) ( , ), ( , ) ( , )}i i i i i i i i i i
iSw z SQz z c Sw z Qz w z Sw w Qz d z z Sw z Sw SQz d z zδ δ δ δ δ δ δ δ≤

 
                        ),(),( 21 wQzzSwc ii

i δδ≤  
 
and so either 
 Sw = z            (5) 
or 
 ),(),( 21 wQzczSQz i

i
i δδ ≤           (6) 

 
Again, applying inequality (1), we have 
 

),,(),(),,(),(max{),(),( 221211222112121 n
i

n
i

n
i

n
i

in
i

n
i QxwxzRzyTwxcTRzxTwx δδδδδδ +++ ≤  

    )},(),(),,(),( 112212121 TRzTwxxdTwxzxd i
nn

i
n

i
n

i δδ +  
 
Letting n tends to infinity, we have  
 

),,(),(),,(),(),,(),(max{),(),( 11212111 TwzzzdQzwzzdRzwTwzcTRzzTwz iiiiii
i

ii δδδδδδ ≤ )},(),( 11 TRzTwzzd ii δ  
 
and so either 
 
 Tz = w            (7) 
or 
 ),(),( 21 RzwcTRzz i

i
i δδ ≤           (8) 

 
Applying inequality (2), we have 
 

2 2 1 2 2 1 2 2 2 2( , ) ( , ) ( , ) ( , )i i i i
n n n nQz y RSw y Qz Bx RSw Axδ δ δ δ+ + =  

  
                                      ),,(),(),,(),(),,(),(max{ 1222222112221 ++≤ n

i
n

ii
n

i
n

i
n

i
i yQzywdQzwSwxyQzxSwc δδδδδ  

        )},(),( 121222 ++ nn
ii yydRSwQzδ  

 
Letting n tends to infinity, we have 
 
 )},(),({),(),( 2122 wQzzSwcwRSwwQz ii

i
ii δδδδ ≤  

 
and so either 
 
 Qz = w            (9) 
or 
 ),(),( 12 zSwcwRSw i

i
i δδ ≤                      (10) 

 
Again applying inequality (2) and letting n tend to infinity, we have 
 
 )},(),({),(),( 2122 RzwTwzcQTwwRzw ii

i
ii δδδδ ≤   

 
and so either  
 
 Rz = w                       (11) 
 
Or ),(),( 12 TwzcQTww i

i
i δδ ≤                      (12) 
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If Q is continuous, then 
 
 QzQxyw nnnn

===
∞→

+
∞→

212 limlim  

 
 SQzSw =∴  
 
If inequality (6) holds, then 
 
 z = Sw = SQz 
 
and so equation (5) will necessarily hold. 
 
If R is continuous, then 
 
 RzRxyw nnnn

===
∞→

+
∞→

212 limlim  

 
 TRzTw =∴  
 
If inequality (8) holds, then 
 
 z = Tw = TRz 
 
and so equation (7) will necessarily hold. 
 
If S is continuous, then 
 
 SwSyxz nnnn

===
∞→∞→

22 limlim  

 
 RSwRz =∴  
 
If inequality (10) holds, then 
 
 w = Rz = RSw 
 
and so equation (9) will necessarily hold . 
 
If T is continuous, then 
 
 TwTyxz nnnn

===
∞→∞→

22 limlim  

 
 QTwQz =∴  
 
If inequality (12) holds, then 
 
 w = Qz = QTw 
 
and so equation (11) will necessarily hold. 
 
To prove uniqueness, suppose that SQ and TR have a second common fixed point z′ in X and RS and QT have a second 
fixed point w′ in Y. 
 
Applying inequality (1), we have 
 

2
1

2
1 )],([)],([ zTRSQzzzd ii ′=′ δ  

 
                 2

1 2 1 2 1max{ ( , ) ( , ), ( , ) ( , ),[ ( , )] }i i i i i
ic d z z Qz Rz d z z Rz Qz d z zδ δ′ ′ ′ ′ ′≤  
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                 2
1 2 1max{ ( , ) ( , ),[ ( , )] }i i i

ic d z z Qz Rz d z zδ′ ′ ′=  
 

),(),( 21 zRQzczzd i
i

i ′≤′∴ δ                                     (13) 
 
Again applying inequality (2), we have 
 

),(),()],([ 22
2

2 QTRzzRSQzRQzzRQz iii ′′=′ δδδ                    

                       )},(),(),,(),(),,(),(max{ 222221 QzzRzRQzzRQzRzzQzRQzzzdc iiiiii
i ′′′′′′≤ δδδδδ  

 
),(),( 12 zzdczRQz i

i
i ′≤′∴δ                                     (14) 

 
From (13) and (14), it follows that 
 ),(),(),( 121 zzdczRQzczzd i

i
i

i
i ′≤′≤′ δ  and so z = z′  

 
since ic < 1, proving the uniqueness of the fixed point z of SQ and TR. It follows similarly that w is the unique common 
fixed point of RS and QT.  
 
If we let Q and R be single valued mappings of X into Y and let S and T be single valued mappings of Y into X, we 
obtain the following result. 

 
Corollary 2.1: Let ),( 1UX and ),( 2UX be two complete Hausdorff uniform spaces. If Q, R be mappings of X into Y 
and S, T be mappings of Y into X satisfying the inequalities 
 

),,(),(),,(),(max{),(),( 212111 QxydSyxdxRQxdyTSydcxTRSQxdyTSyd iiii
i

ii ′′′′≤′′  

             )},(),(),,(),( 1111 xTRyTdSQxSydyTSydxxd iiii ′′′′    
  

),,(),(),,(),(max{),(),( 212122 QxydSyxdxRQxdyTSydcyQTRSydxRQxd iiii
i

ii ′′′′≤′′  

             )},(),(),,(),( 2222 yQTxRdRSyQxdxRQxdyyd iiii ′′′′   
  
for all Ii∈  and xx ′,  in X and yy ′, in Y , where 10 <≤ ic . If one of the mappings Q, R, S, T is continuous, then SQ 
and TR have a unique common fixed point z in X and RS and QT have a unique fixed point w in Y. Further, Qz = Rz = 
w and Sw = Tw = z. 
 
Theorem2 .2: Let ),( 1UX and ),( 2UX be two compact Hausdorff uniform spaces defined by 

*
22

*
11 },{,},{ PIidPIid ii =∈=∈ , and ),2(),,2( *

2
*
1 UU YX hyperspaces, let Q, R : X Y2→ be continuous mappings and  S, 

T : Y X2→ be continuous mappings satisfying the inequalities 
 

),,(),(),,(),(max{),(),( 212111 QxySyxxRQxyTSyxTRSQxyTSy iiiiii ′′′′<′′ δδδδδδ  

           )},(),(),,(),( 1111 xTRyTSQxSyyTSyxxd iiii ′′′′ δδδ                 (15) 
 

),,(),(),,(),(max{),(),( 212122 QxySyxxRQxyTSyyQTRSyxRQx iiiiii ′′′′<′′ δδδδδδ  

             )},(),(),,(),( 2222 yQTxRRSyQxxRQxyyd iiii ′′′′ δδδ                (16) 
 
for all Ii∈  and xx ′,  in X and yy ′, in Y. Then SQ and TR have a unique common fixed point z in X and RS and QT 
have a unique fixed point w in Y. Further, Qz = Rz = w and Sw = Tw = z. 
 
Proof: Suppose first of all that the right hand side of inequalities (15) and (16) are never zero. Then the functions 
 

)},(),(),,(),(),,(),(),,(),(max{
),(),(),(

11112121

11

xTRyTSQxSyyTSyxxdQxySyxxRQxyTSy
xTRSQxyTSyxxf iiiiiiii

ii

′′′′′′′′
′′

=′
δδδδδδδ

δδ  

and 

)},(),(),,(),(),,(),(),,(),(max{
),(),(),(

22222121

22

yQTxRRSyQxxRQxyydQxySyxxRQxyTSy
yQTRSyxRQxxxg iiiiiiii

ii

′′′′′′′′
′′

=′
δδδδδδδ

δδ  
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are continuous and so attain their maximum values a, b respectively . It follows from inequalities (15) and (16) that  
a, b < 1. Then, with c = max {a, b} we see that the condition of theorem 2.1 are satisfied and so that theorem is proved 
in this case. 
 
Now suppose that the right hand side of inequality (15) takes the value zero for points x = z and then 
 
 SQz = TRz = z 
 
Putting Qz = Rz = w, we have 
 
 Sw = Tw = z 
 
To prove the uniqueness, suppose that z′ is a second distinct common fixed point of SQ and TR and RS and QT have a 
second distinct common fixed point in Y. 
 
Then using inequalities (15) and (16), we have 
 

2
1

2
1 )],([)],([ zTRSQzzzd ii ′=′ δ  

 
),(),( 21 zRQzczzd ii ′≤′∴ δ                                     (17) 

 
and ),(),()],([ 22

2
1 QTRzzRSAzRQzzRQz iii ′′=′ δδδ  

 
),(),( 12 zzcdzRQz ii ′≤′∴δ                                     (18) 

 
From (17) and (18), we have 
 

),(),(),( 1
2

11 zzdczRQzczzd iii ′≤′≤′ δ and so z = z′ since c < 1, proving the uniqueness of the fixed point of SQ and TR. 
The uniqueness of w can be proved  
 
Similarly, This completes the proof of the theorem.  

 
 
If we let Q and R be single valued mappings of X into Y and let S and T be single valued mappings of Y into X, we 
obtain the following result. 
 
Corollary 2.2: Let ),( 1UX and ),( 2UX be two compact Hausdorff uniform spaces. Let Q, R be continuous mappings 
of X into Y and S, T be continuous mappings of Y into X satisfying the inequalities 
 

),,(),(),,(),(max{),(),( 212111 QxydSyxdxRQxdyTSydxTRSQxdyTSyd iiiiii ′′′′<′′      

       )},(),(),,(),( 1111 xTRyTdSQxSydyTSydxxd iiii ′′′′   
   

),,(),(),,(),(max{),(),( 212122 QxydSyxdxRQxdyTSydyQTRSydxRQxd iiiiii ′′′′<′′  

       )},(),(),,(),( 2222 yQTxRdRSyQxdxRQxdyyd iiii ′′′′    
 
for all Ii∈  and xx ′,  in X and yy ′, in Y for which the right-hand sides of the inequalities are positive, then SQ and 
TR have a unique common fixed point z in X and RS and QT have a unique fixed point w in Y. Further, Qz = Rz = w 
and Sw = Tw = z. 
 
Remark: Results of [12] and [16] can be obtained by replacing metric spaces in place of uniform spaces of our results. 
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