
International Journal of Mathematical Archive-3(4), 2012, Page: 1617-1639 
 Available online through www.ijma.info ISSN 2229 – 5046 

International Journal of Mathematical Archive- 3 (4), April – 2012                                                                                              1617 

 
SOME COMMON FIXED POINT THEOREMS  

FOR SEQUENCE OF MAPPINGS IN D*- METRIC SPACE 
 

T. VEERAPANDI & AJI. M. PILLAI* 
 

Reader in Mathematics, P.M.T. College, Melaneelithanallur – 627 953, India 
E-mail: tveerapandi@ymail.com 

 
*Part -Time Research Scholar, Manomaniam Sundaranar University, Tirunelveli, India 

E- mail: ajimpillai@yahoo.com 
 

(Received on: 28-03-12; Accepted on: 19-04-12) 
________________________________________________________________________________________________ 
 

ABSTRACT 
 

In this paper we establish some common Fixed Point Theorems for sequence of contraction and generalized 
contraction mappings in D* - metric space which is introduced by Shaban Sedghi, Nabi Shobe and Haiyun Zhou [10]. 
In what follows (X, D*) will denote D* - metric space, N, the set of all natural number and R+, the set of all positive 
real number. 
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1. INTRODUCTION 
 
There have been an number of generalization in generalized metric space (or D-Metric space) initated by Dhage [2] in 
1992. He proved the existence of unique fixed point theorems of sequence of mappings satisfying certain contractive 
conditions in complete and bounded D- Metric space. Dealing with D- Metric space, Ahmad etal. [1], Dhage [2, 3, 4] 
Rhoades [8], Singh and Sharma [9] and others made a significant contribution in fixed point theory of D- Metric space. 
Unfortunately almost all theorems in D-Metric space are not valid (See S.V.R Naidu and others [5-7]). Here our aim is 
to prove some common fixed point theorems for sequences of generalized contractive mappings in D*- Metric space as 
a probable modification of the definition of D-Metric spaces introduced by Dhage [2].    
 
Definition 1.1: Let X be a non empty set. A generalized metric (or D* - metric) on X is a function D*: X3  [0,∝) that 
satisfies the following conditions for each x, y, z, a ∈ X. 
1. D* (x, y, z) ≥ 0 
2. D* (x, y, z) = 0 if and only if x = y = z 
3. D* (x, y, z) = D* (ρ{x, y, z}) where ρ is permutation. 
4. D* (x, y, z) ≤ D* (x, y, a) + D* (a, z, z). 
 
The pair (X, D*) is called generalized metric (or D* - metric) space. 
 
Example 1.2: 
 
(a) D* (x, y, z) = max {d(x, y), d(y, z), d(z, x)}, 

 
(b) D* (x, y, z) = d(x, y) + d(y, z) + d (z, x). 
 
Here, d is the ordinary metric on X. 
 
(c) If X = Rn then we define  

 
D* (x, y, z) = ( ||x – y||p + ||y – z||p + ||z – x||p)1/p for every p ∈ R+ 
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(d) If X = R then we define 
 
                0,                   if x = y = z, 
  D* (x, y, z) = 
    Max {x, y, z}, otherwise, 
 
 
Remark 1.3: In D* - metric space D* (x, y, y) = D* (x, x, y) 
 
Definition 1.4: A open ball in a D* - metric space X with centre x and radius r is denoted by BD* (x, r) and is defined 
by BD* (x, r) = {y ∈ X: D* (x, y, y ) < r} 
 
Example 1.5: Let X=R Denote D* (x, y, z) = |x-y| + |y-z| + |z-x| for all x, y, z ∈ R.  
 
 
Thus BD* (0, 1) = {y ∈ R / D* (0, y, y) < 1} 
 
               = {y ∈ R / |0 – y| + |y – y| + |y – 0| < 1} 
 
            = {y ∈ R / |y| + |y| < 1} 
 
            = {y ∈ R / |y| < ½ } 
 
            = {y ∈ R / - ½ < y < ½} 
 
            = (-½, ½). (Open Interval) 
 
Definition 1.6: Let (X, D*) be a D* - metric space and A ⊆ X 
1. If for every x ∈A, there exist r > o such that BD* (x, r) ⊆ A, then subset A is called open subset of X. 

      
2. Subset A of  X is said to be D* - bounded if there exist r > o such that  
 

D* (x, y, y) < r for all x, y ∈ A. 
 
3. A sequence {xn} in X converges to x if and only if 

 
D* (xn, xn, x) = D* (x, x, xn)  0 as n  ∞. 

 
That is, for each ε > 0 there exist n0 ∈ N such that for all n ≥ n0 implies D* (x, x, xn) < ε This is equivalent for each  
ε > 0, there exist n0 ∈ N such that for all n, ≥ n0 implies D* (x, xn, xn) < ε. 
 
It is also noted that D* (xn, xn, x) = D* (x, x, xn) < ε for all n ≥ n0, for some n0 ∈ N. 
 
4. A sequence {xn} in X is called a Cauchy sequence if for each ε > 0, there exist n0 ∈ N such that D* (xn, xn, xm) < ε 

for each n, m ≥ n0 The D* - metric space (X, D*) is said to complete if every Cauchy sequence is convergent.  
 
Remark 1.7:  
(1) D* is continuous function on X3 
(2) If sequence {xn} in X converges to x, then x is unique. 
(3) Any convergent sequence in (X, D*) is a Cauchy sequence.  
 
Definition 1.8: A point x in X is a fixed point of the map T: X  X if Tx = x.  
 
Definition 1.9: A point x in X is a common fixed point of a sequence of maps Tn: XX if  Tn  (x) = x for all n.. 
. 
 
Theorem 1: Let X be a D* - complete metric space and Tn : X  X be a sequence maps such that  
 

D* (Tix, Tjy, z) ≤ α D* (x, y, z) for all i ≠ j and for all x, y, z ∈ X with o ≤ α < ½ 
 
Then {Tn} have a unique common fixed point. 
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Proof: Let xo ∈ X be any fixed arbitrary element Define a sequence {xn} in X as.  
 

xn +1 = Tn+1 xn   for all n =  0, 1, 2, …. 
 
Let dn = D* (xn, xn+1, xn+1) for all n = 0, 1, 2… 
 
Now dn+1 = D* (xn+1, xn+2, xn+2)  
 
                = D* (Tn+1xn, Tn+2xn+1, xn+2)  
 
   ≤ α D* (xn, xn+1, xn+2)  
 
                ≤ α D* (xn, xn+1, xn+1) +  α D* (xn+1, x1n+2, xn+2)  
 
   = α dn + α dn+1 

 

(1 -α) dn+1≤  α dn 

                dn+1≤
α

α
−1

 dn   

  dn+1 ≤  k dn    for all n =0,1,2…, where k =  
α

α
−1

 < 1 (Since α < ½) 

                 dn  ≤ k dn-1   
                         . 
                      ≤ knd0  0 as n  ∞  
 
Therefore lim

α→n
dn = 0       Thus lim

α→n
 D* (xn, xn+1, xn+1) = 0 

 
Now we shall prove that {xn} is a D* - Cauchy sequence in X. 
 
Let m > n >, n0 for some n0 ∈ N. 
 
Now    D*(xn, xn, xm   )  ≤ D*(xn, xn, xn+1) + D*(xn+1, xn+1, xm) 
 

                         ≤ ∑
−

=∝

1m

k
D*(xk, xk, xk+1)  0 as m, n  ∝  

 
Thus Lim

mn α→,
 D* ( xn, xn, xm) = 0 

 
Therefore {xn} is D* - Cauchy sequence in X.  
 
Since X is D* - Complete xnx in X. we prove that x is a fixed point of Tn for all n suppose there exist an m such that   
x ≠ Tmx.   
 
Then D*(Tmx, x, x) = lim

→∝n
D* (Tmx, xn+1, x) 

 
     = lim

→∝n
 D*(Tmx, Tn+1xn , x)    

 
     ≤ α lim

→∝n
 D*(x, xn+1, x) 

 
     = 0. 
 
Therefore D*(Tmx, x, x) = 0, Therefore Tn x=x  for all n .Thus x is common fixed point of  {T n}for all n . 
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UNIQUENESS 
 
Supper x#y such that Tny = y for all n. 
 
Then D*(x, y, y) = D*(Tix, Tjy, y)  
 
              ≤ α D* (x, y, y) 
 
This implies (1 -α) D* (x, y, y) ≤ 0 
 
Since x ≠ y we have D* (x, y, y) > 0 her (1 -α) < 0. 
 
This implies α >1 which contraction to α < ½. 
 
Thus {Tn} have a unique common fixed point.  
 
 Theorem 2: Let X be a complete D*- metric space and Tn: X  X be a sequence of maps such that  
 

D*(Tix, Tjy, Tkz) ≤ α D* (x, y, z) for all   i≠j≠ k and x, y, z ∈ X with 0 ≤ α < 1. 
 
Then {Tn} have a unique common fixed point.  
 
Proof:  Let x0 ∈ X be any fixed arbitrary element Define a sequence {xn} in X as  xn+1 = Tn+1 xn     for  all n =   0, 1, 2, 
…. 
 
Let dn = D* (xn, xn+1, xn+2) 
 
       d1 = D* (x1, x2, x3) 
 
           = D* (T1x0, T2x1, T3x2 
 
           ≤ α D* (x0, x1, x2) 
 
      d1  ≤  α d0 
 
       d2 = D* (x2, x3, x4) 
 
           = D* (T2 x1, T3 x2, T1 x3) 
 
           ≤ α D* (x1, x2, x3) 
 
           ≤  α d1.  
 
           ≤ α2do 
 
Continuing in this way we get dn ≤ αn d0→0 as n→∞ (since 0 ≤  α < 1).    
 
Now we shall prove that {xn} is a Cauchy sequence in X.  
 
Let             d*n = D* (xn, xn, xn+1) 
 
Then        d*n+1 = D* (xn+1, xn+1, xn+2) 
 

           ≤ D* (xn, xn+1, xn+2) +   D* (xn, xn+1, xn+1) 
 

                          ≤ dn + d*n 
 
       dn+1*  - dn* ≤ dn.  ≤ αn d0→0 as n→∞ (since 0 ≤  α < 1) 
 
                 dn+1* ≤ dn*    for all n 
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Hence {dn*} is monotonically decreasing sequence of positive real number and it converges to its glb. Let it be d. Then   
dn*  → d as n→∞ . 
 
Now we shall prove that d = 0 .Suppose d ≠ 0. 
 

Now d = 
→∝xn

lim
 dn+2* 

             ≤ 
→∝xn

lim
 {dn+1 + dn+1*} 

 

             ≤ 
→∝xn

lim
 {α dn + dn+1*} 

             <
→∝xn

lim
 {dn + dn+1*} 

 
              = d. which is contraction .Thus d = 0. 
 
Hence D*(xn, xn, xm)→0 as m, n  ∝ 
 
Therefore {xn} is a D* Cauchy sequence in X. 
 
Since X is D* complete xn →x in X 
 
Now we prove that x is fixed point of Tn 
 
To prove that Tnx   = x for all n. 
 
Suppose There is an m such that Tmx  ≠ x 
 

Then D*(Tmx, x, x) =
→∝xn

lim
D*(Tmx, xn+1, xn+2) 

 
      = D*(Tmx, Tn+1xn , Tn+2xn+1) 
 

      ≤ α
→∝n
lim

D*(x, xn+1, xn+2) 

 
       ≤ α  D*(x, x, x) 
 
       = 0 
 
Thus    Tnx = x. for all n. 
 
Now we prove that x is a unique common fixed point of {Tn}. 
 
Suppose x≠y and   Tny = y  . 
 
Then D*(x,y,y) = D*(Tix, Tjy, Tky) 
 
            ≤ α D*(x, y, y) 
 
This impulse (1-α)D*(x, y, y) ≤0 
 
Since x≠y   we have D*(x, y, y) >0  
 
This ((1-α) <0 
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This impulse α >1 which in contradiction Hence {Tn,} have a unique common fixed point  
 
Theorem 3: Let X be a D* - complete metric space and  Tn: X  X be a sequence maps such that  
 

D* (TjTix, Tix,  y) ≤ α D* (Tix, x, y) for all  i ≠ j and  for all x, y, z ∈ X with o ≤ α < 1 . 
 
Then {Tn} have a unique common fixed point. 
 
Proof: Let x0∈X be any fixed arbitrary element. Define a sequence {xn} in X as xn+1= Tn+1 xn   for n=0; 1; 2 … 
 
 D*(xn+1, xn , xn  ) = D* (Tn+1 Tn xn-1 , Tn xn-1  ,  xn )  
 
                             ≤ α D* (Tn xn-1 ,  xn-1 ,  xn )    
                                                                                                                                                                   
                             = α D* (xn  ,  xn-1 ,  xn )    
     
  = α D* (xn  ,  xn-1 ,   xn-1) 
  . 
                             . 
  ≤ αn D*(x1, x0, x0) →0 as n→∞ (since 0  < α <1). 
 
Now we shall prove that {xn} is a Cauchy sequence in X. Let m> n> no for some no ∈N. 

D*(xn, xn, xm) ≤ ∑
−

=

1m

nk
 D*(xk, xk+1, xk+1) 

 
          < αn / (1-α)D*(x1, x0, x0) as m→∞ 
 
                       →0 as n→ ∞  
 
D*(xn, xn, xm) → 0 as n, m → ∞  
 
Therefore {xn} is D* Cauchy sequence in X Since X is D* complete xn →x in X 
 
Now we prove that    Tn x=x for all n. 
 
Suppose there is an m such that Tm x  = y where y≠ x. 
 

D*(Tm x , x ,x) = 
→∝n
lim

D*( y, xn+2, xn+1) 

 

           =
→∝n
lim

 D* ( y ,Tn+2 Tn+1 xn , Tn+1 xn ) 

 

           ≤ α
→∝n
lim

D*(y, Tn+1 xn , xn ) 

 

           = α 
→∝n
lim

D*(y, xn+1, xn ) 

 
           = α D*(y, x ,  x ) 
 
           = α D*(Tm x, x ,  x ) 
 
                         < D*(Tm x, x ,  x ) 
 
Therefore    Tn x=x for all n.. 
 
Suppose x≠y Such that that    Tn y=y for all n. 
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Then D*(x, x, y) = D* (Tn+1 Tn x , Tn x, y) 
 
                   ≤  α D*(Tn x ,  x , y ) 
 
                   ≤  α  D*(x, x, y) 
 
    (1-α) D*(x, x, y) ≤ 0 
 
Thus 1 - α < 0. This implies α > 1 which is contradiction.  
 
Therefore x = y 
 
Hence x is a unique common fixed point of the sequence of maps {Tn}. . 
 
Theorem 4: Let X be a complete D* - metric space and Tn: X  X be a sequence of maps such that  
 

D*(TkTjTix, TjTix, Tix,) ≤  α D* (TjTix, Tix, x) for all   i ≠j≠ k and for all x ∈ X with 0 ≤ α < 1. 
 
Then {Tn} have a unique common fixed point.  
 
Proof:  Let x0 ∈ X be any fixed arbitrary element Define a sequence {xn} in X as xn+1 = Tn+1 xn   for  all n =   0, 1, 2, 
…. 
Let dn = D* (xn, xn+1, xn+2) 
 
       d1= D* (x1, x2, x3) 
 
          = D* (T 1x0, T2 T 1x0, T3 T2 T 1x0) 
 
          ≤ α D* (x0, T 1x0, T2 T 1x0)  
 
          = α D* (x0, x1, x2)  
 
      d1 ≤  α d0 

 
      d2 = D* (x2, x3, x4) 
 
          = D* (T 2x1, T3 T 2x1, T4 T3 T 2x1) 
 
          ≤ α    D* ( x1, T 2x1, T3 T 2x1) 
 
          = α D* (x1, x2, x3) 
 
          = α d1.  
 
          ≤ α2do 
 
Continuing in this way we get dn ≤ αn d0→0 as n→∞ (since 0 ≤  α < 1).    
 
Now we shall prove that {xn} is a Cauchy sequence in X.  
 
Let             d*n = D* (xn, xn, xn+1) 
 
Then       d*n+1 = D* (xn+1, xn+1, xn+2) 
 

          ≤ D* (xn, xn+1, xn+2) +   D* (xn, xn+1, xn+1) 
 

                        ≤ dn + d*n 
 
     dn+1*  - dn* ≤    dn.  ≤ αn d0→0 as n→∞ (since 0 ≤  α < 1) 
 
              dn+1*  ≤dn*    for all n 
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Hence {dn*} is monotonically decreasing sequence of positive real number and it converges to its glb. Let it be d .Then   
dn*  → d as n→∞ . 
 
Now we shall prove that d = 0. Suppose d ≠ 0. 
 

Now d = 
→∝xn

lim
 dn+2* 

             ≤ 
→∝xn

lim
 {dn+1 + dn+1*} 

 

             ≤ 
→∝xn

lim
 {α dn + dn+1*} 

             <
→∝xn

lim
 {dn + dn+1*} 

 
             = d. which is contraction .Thus d = 0. 
 
Hence D*(xn, xn, xm)→0 as m, n  ∝ 
 
Therefore {xn} is a D* Cauchy sequence in X. 
 
Since X is D* complete xn →x in X 
 
Now we prove that x is fixed point of Tn 
 
To prove that Tnx   = x for all n. 
 
Suppose There is an m such that Tmx  ≠ x 
 

Then D*(Tmx, x, x) =
→∝xn

lim
D*(Tmx, xn+1, xn+2) 

 
     = D*(Tmx, Tn+1xn , Tn+2xn+1) 
 

     ≤ α
→∝n
lim

D*(x, xn+1, xn+2) 

 
     ≤ α  D*(x, x, x) 
 
     = 0 
 
Thus    Tnx = x. for all n. 
 
Now we prove that x is a unique common fixed point of {Tn}. 
 
Suppose x≠y and   Tny = y  . 
 
Then D*(x,y,y) = D*(Tix, Tjy, Tky) 
 
            ≤ α D*(x, y, y) 
 
This implies (1-α)D*(x, y, y) ≤0 
 
Since x≠y   we have D*(x, y, y) >0  
 
This ((1- α) <0 
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This implies α >1 which in contradiction Hence {Tn,} have a unique common fixed point. 
    
Theorem 5: Let X be a complete D* - metric space and Tn : X  X be  a sequence of maps such that  
 
D* (Tix, Tjy, Tkz) ≤  a{D*(x, y, z) + D*(x, Ti,x, Tjy) + D* (y , Tjy, Tkz)} for all x, y, z ∈ X with i ≠ j ≠ k and 0 ≤ a < 1/3.  
 
Then {Tn} have a unique common fixed point.  
 
Proof: Let x0  ∈ X a fixed arbitrary element and define a sequence {xn} in X as  xn+1= Tn+1 xn  for n =  0, 1, 2, …. 
 
Let dn= D* (xn, xn+1, xn+2). 
 
Then   dn+1 = D* (xn+1, xn+2, xn+3)  
 
                  = D* (Tn+1 xn ,Tn+2 xn+1 Tn+3 xn+2 ) 
 
                  ≤ a{D* (xn, xn+1, xn+2) + D* ( xn ,Tn+1 xn ,Tn+2 xn+1 ) + D* ( xn+1 ,Tn+2 xn+1 Tn+3 xn+2 )} 
 
                        = a {D*(xn xn+1, xn+2)+ D*(xn ,xn+1, xn+2) + D*(xn+1,xn+2, xn+3)} 
 
                  = a {2 D*(xn, xn+1, xn+2) + D*(xn+1,xn+2, xn+3)} 
 
           dn+1 ≤ 2a dn   +a dn+1 

 

           dn+1 ≤ {2a/(1-a)} dn  
 
          dn+1 ≤ b dn.  where  b =  2a/(1-a)  < 1.    
 
Hence   dn  ≤  bnd0 → 0, as n →∞.    
 
Now we shall prove that {xn} is a Cauchy sequence in X.  
 
Let  dn* = D* (xn, xn, xn+1) 
 
Then            dn+1* = D* (xn+1, xn+1, xn+2) 
 

              ≤ D* (xn, xn+1, xn+2) +D* (xn, xn+1, xn+1) 
 

                             ≤ dn + dn* 
 
           dn+1* - dn* ≤ dn.  ≤ bn d0→0 as n→∞ (since 0 ≤  b < 1) 
 
                    dn+1* ≤ dn*    for all n 
 
Hence {dn*} is monotonically decreasing sequence of positive real number and it converges to its glb. Let it be d .Then   
dn*  → d as n→∞ . 
 
Now we shall prove that d = 0 .Suppose d ≠ 0. 
 

Now d = 
→∝xn

lim
 dn+2* 

             ≤ 
→∝xn

lim
 {dn+1 + dn+1*} 

 

             ≤ 
→∝xn

lim
 {b dn + dn+1*} 

             < 
→∝xn

lim
 {dn + dn+1*} 
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             = d. which is contraction .Thus d = 0. 
 
Hence D*(xn, xn, xm)→0 as m, n  ∝ 
 
Therefore {xn} is a D* Cauchy sequence in X. 
 
Since X is D* complete xn →x in X 
 
Now we prove that x is fixed point of Tn 
 
To prove that Tnx   = x for all n 
 
Suppose there is an m such that Tmx  ≠ x, Then 

 D*(Tmx, x, x) =
→∝xn

lim
D*(Tmx, xn+2, xn+3) 

 
          = D*(Tmx, Tn+2xn+1, Tn+3xn+2) 
 

                        ≤ a
→∝n
lim

{D*(x, xn+1, xn+2) + D* ( x ,Tm x ,Tn+2 xn+1 ) + D* ( xn+1 ,Tn+2 xn+1 Tn+3 xn+2 ) } 

 

                        ≤ a
→∝n
lim

{D*(x, xn+1, xn+2) +  D*(x, Tm x  ,, xn+2) + D*(xn+1,xn+2, xn+3)} 

 
          ≤ a D*(x, Tm x , x) 
 
     (1-a) D*(x, Tm x , x) ≤ 0  Hence  (1-a) < 0  
 
Therefore  a>1, which is contradiction to a < 1. 
 
Thus    Tnx = x. for all n. 
 
Now we prove that x is a unique common fixed point of {Tn} 
 
Suppose x≠y and  Tny=y  for all n . 
 
Then D*(x,y,y) = D*(T1x, T2y, T3  y)  
 
            ≤ a {D(x, y, y) + D*( x ,T1x, T2y ) + D*( y , T2y, T3  y)  
 
                          = a {D(x, y, y) + D*( x , x, y ) + D*( y , y,  y)  
 
                          ≤ 2a D*(x, y, y) 
 

           < D* (x, y, y), which is contradiction.. 
 
Hence { Tn }have a unique common fixed . 
 
Theorem 6: Let X be a complete D* - metric space and Tn : X  X be  a sequence of  maps such that 
 

D* (Tix, Tjy, Tkz) ≤ a1 D*(x, y, z) + a2 {D*(x, Ti,x, Tjy) + D* (y , Tjy, Tkz)}+ a3 {D*(x,  y, Tjy) + D* (y , z , Tkz)} 
 

for all x, y, z ∈ X with  i ≠ j ≠ k  and  0 ≤  a1 +2a2 +2 a3 < 1.  Then {Tn}  have a unique common fixed point.         
 
Proof: Let x0  ∈ X a fixed arbitrary element and define a sequence {xn} in X as  xn+1= Tn+1 xn  for n =  0, 1, 2, …. 
 
Let dn= D* (xn, xn+1, xn+2). Then 
 
 dn+1 = D* (xn+1, xn+2, xn+3)  
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        = D* (Tn+1 xn ,Tn+2 xn+1 Tn+3 xn+2 ) 
 
        ≤ a1D*(xn  , xn+1, xn+2) + a2 ( {D*(xn , Tn+1xn  , Tn+2 xn+1) + D* (xn+1, Tn+2 xn+1, Tn+3 xn+2 )} 

+ a3 {D*(xn , xn-+1, T2 xn+1) + D*(xn+1, xn+2,  T3 xn+2 )} 
 

       = a1 D*(xn , xn+1, xn+2) + a2 {D*(xn , xn+1, xn+2 ) + D*(xn-+1, xn+2, xn+3)} 
                + a3 {D*(xn , xn+1, xn+2)  + D*(xn+1, xn+2, xn+3)} 
  

       ≤  (a1 + a2 + a3 ) D*(xn , xn+1, xn+2) + (a2 + a3  ) D*(xn+1, xn+2, xn+3)  
 
       ≤  (a1 + a2 + a3  ) dn + (a2 + a3  ) dn+1 
 
(1 - a2 - a3) dn+1 ≤  (a1+a2+a3) dn  
 
                  dn+1 ≤ {(a1+a2+a3)  / (1 - a2 - a3 )} dn  
 
                  dn+1 ≤ a dn,  for all n  where   a = { (a1+a2+a3)  / ( 1-a2  - a3) }  < 1.  
 
Hence         dn  ≤ an d0 → 0 as n → ∝  
 
Now we prove that {xn} is D* - Cauchy sequence in X . 
 
Let             dn* = D* (xn, xn, xn+1) 
 
Then        dn+1* = D* (xn+1, xn+1, xn+2) 
 

           ≤ D* (xn, xn+1, xn+2) +   D* (xn, xn+1, xn+1) 
 

                          ≤  dn + dn* 
 
         dn+1* - dn* ≤  dn.  ≤ αn d0→0 as n→∞ (since 0 ≤  α < 1) 
 
                  dn+1* ≤   dn*  for all n 
 
Hence {dn*} is monotonically decreasing sequence of positive real number and it converges to its glb. Let it be d. 
 
Then   dn*  → d as n→∞ . 
 
Now we shall prove that d = 0. Suppose d ≠ 0. 
 

Now d = 
→∝xn

lim
 dn+2* 

            ≤ 
→∝xn

lim
 {dn+1 + dn+1*} 

            ≤ 
→∝xn

lim
 {b dn + dn+1*} 

            < 
→∝xn

lim
 {dn + dn+1*} 

 
            = d. which is contraction. Thus d = 0.  
 
For m > n, we have 
 
D*(xn, xn, xm) ≤ D*(xn, xn, xn+1) + D*(xn+1, xn+1, xm) 
 
          ≤ D*(xn, xn, xn+1) + D*(xn+1, xn+1, xn+2) +.  .  .  + D*(xm-1, xm-1, xm) 
 
         → 0 as n, m → ∞. Hence D*(xn, xn, xm)→0 as m, n  ∝ 
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Therefore {xn} is a D* Cauchy sequence in X. 
 
Since X is D* complete xn →x in X 
 
Now we prove that x is fixed point of {Tn} 
 
To prove that Tnx= x for all n. 
 
Suppose there is an m such that Tmx  ≠ x, Then 
 

 D*(Tmx, x, x)  = 
→∝n
lim

 D*(Tmx, xn+2, xn+3) 

 

           = 
→∝n
lim

 D*(Tmx, Tn+2xn+1, Tn+3xn+2) 

 

                         ≤ 
→∝n
lim

{ a1D*(x  , xn+1, xn+2)+ a2 {D*(x , Tmx  , Tn+2 xn+1) + D* (xn+1, Tn+2 xn+1, Tn+3 xn+2 )} 

       + a3 {D*(x , xn-+1, Tn+2 xn+1) + D*(xn+1, xn+2,  Tn+3 xn+2 )} 
 

                         =
→∝n
lim

{  a1 D*(x , xn+1, xn+2) + a2 {D*(x , Tmx  , xn+2 ) + D*(xn-+1, xn+2, xn+3)} 

                + a3 { D*(x , xn+1, xn+2)  + D*(xn+1, xn+2, xn+3)}} 
 

            ≤ a2  D*(x, Tm x , x)  
 
                         < D*(x, Tm x , x)   ,which is contradiction .  Thus    Tnx = x..for all n. 
 
Now we prove that x is a unique common fixed point of {Tn } 
 
Suppose x≠y and Tny= y for all n. 
 
Then D*(x,y,y) = D*(Tn+1x, Tn+2y, Tn+3y)  
 
            ≤ a1 D*(x, y, y) + a2 {D*(x,Tn+1x, Tn+2y) + D*(y, Tn+2y, Tn+3y)}+ a3 {D*(x, y, Tn+2y) + D* (y, y, Tn+3y)} 
    
            = a1 D*(x, y, y) + a2{D*(x, x, y) + D*(y, y, y)}+ a3{D*(x, y, y) + D* (y, y, y)}  
    

           = (a1+ a2 + a3) D* (x, y, y) 
 

                          < D* (x, y, y), which is contradiction. 
 
Hence {Tn} have a unique common fixed  
 
Theorem7: Let X be a complete D* - metric space and Tn : X  X be a sequence of  maps such that   
D*(Tix, Tjy, Tkz) ≤ a max{ D*(x, y, z),{D*(x, Ti,x, Tjy) , D* (y, Tjy, Tkz) D*(x, y, Tjy), D*(y, z, Tkz)}for all x, y, z ∈ X, 
with  i ≠ j ≠ k  and  0 ≤  a < 1. 
 
Then {Tn}  have a unique common fixed point.         
 
Proof: Let x0  ∈ X a fixed arbitrary element and define a sequence {xn} in X as xn+1= T1 xn  for n  = 0, 1, 2, …. 
 
Let       dn= D* (xn, xn+1, xn+2). 
 
         dn+1 = D* (xn+1, xn+2, xn+3)  
 
                = D* (Tn+1 xn ,Tn+2 xn+1 Tn+3 xn+2 ) 
 
                ≤ a max {D*(xn  , xn+1, xn+2), D*(xn , Tn+1xn  , Tn+2 xn+1) , D*(xn+1, Tn+2 xn+1, Tn+3 xn+2 ), D*(xn , xn-+1, T2n+2 xn+1),   
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                         D*(xn+1, xn+2,  Tn+3 xn+2 )} 
 
                = a max {D*(xn , xn+1, xn+2) ,D*(xn , xn+1, xn+2 ) , D*(xn-+1, xn+2, xn+3) D*(xn , xn+1, xn+2), D*(xn+1, xn+2, xn+3)}  
 
                ≤  a max {D*(xn , xn+1, xn+2) ,D*(xn+1, xn+2, xn+3)  
 
                ≤ a max   {dn, dn+1}  

                       

         dn+1 ≤ a dn  for all n 
 
Hence  dn≤ an  d0 → 0 as n → ∝  
 
Now we prove that {xn} is D* - Cauchy sequence in X . 
 
Let             dn* = D* (xn, xn, xn+1) 
 
Then        dn+1* = D* (xn+1, xn+1, xn+2) 
 

           ≤ D* (xn, xn+1, xn+2) + D* (xn, xn+1, xn+1) 
 

                          ≤  dn + dn* 
 
        dn+1* - dn* ≤  dn.  ≤ αn d0→0 as n→∞ (since 0 ≤  α < 1) 
 
                 dn+1* ≤  dn*    for all n 
 
Hence {dn*} is monotonically decreasing sequence of positive real number and it converges to its glb. Let it be d.  
 
Then   dn*  → d as n→∞ . 
 
Now we shall prove that d = 0 .Suppose d ≠ 0. 
 

Now d = 
→∝xn

lim
 dn+2* 

 

             ≤ 
→∝xn

lim
 { dn+1 + dn+1*} 

 

             ≤ 
→∝xn

lim
 {adn + dn+1*} 

 

             <
→∝xn

lim
 {dn + dn+1*} 

 
             = d 
 
Now we prove that {xn} is D* - Cauchy sequence in X. 
 
For m > n we have, 
 
D*(xn, xn, xm) ≤ D*(xn, xn, xn+1) + D*(xn+1, xn+1, xn+2) +.  .   . + D*(xm-1, xm-1, xm) → 0 as m. n → ∝ 
 
Thus {xn} is a D* Cauchy sequence in X and X is D*- complete xn → x in X . 
 
Now we shall prove that Tnx = x for all n. Suppose there is m such that Tmx ≠ x 
 
D*(Tmx, x, x) = lim

n→∞
 D*(Tmx, xn+2, xn+3) 
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         = lim

n→∞
 D*(Tmx, Tn+2 xn+1, Tn+3 xn+2 ) 

 
                      ≤ a lim

n→∞
 max {D*(x , xn+1, xn+2) , D*(x , Tmx  , Tn+2 xn+1) , D* (xn+1, T2 xn+1, T3 xn+2 ), D*(x , xn-+1, T2 xn+1),    

                                    D*(xn+1, xn+2, T3 xn+2 )} 
 
                      = a lim

n→∞
  max {D*(x, xn+1, xn+2) ,D*(x , T1x  , xn+2 ) , D*(xn-+1, xn+2, xn+3), D*(x , xn+1, xn+2),  

                                    D*(xn+1, xn+2, xn+3)}  
 
                      ≤ a max {D*(x , T1x  , x) ,0}  
  
                      < D*(Tx, x, x),  
 
Which is a contradiction.  
 
Thus    T1x = x.. 
 
Similarly we can prove that T2x = T3x = x. 
 
Now we prove that x is a unique common fixed point of T1, T2, T3 
 
Suppose x≠y and T1x = T2x = T3x = x & T1y =T2y = T3y = y 
 
Then D*(x,y,y) = D*(T1x, T2y, T3 y)  
 
            ≤ a max {D*(x, y, y) , {D*(x,  T1x, T2y), D*(y, T2y, T3y), D*(x, y, T2y) , D* (y, y, T3y)}  
  
            = a max {D*(x, y, y), D*(x, x, y), D*(x, y, y), D*(y, y, y)} = a D* (x, y, y) 
 
                         < D* (x, y, y), 
 
which is a contradiction. 
 
Hence T1, T2 &T3 have a unique common fixed point 
 
Theorem 8: Let X be a complete D* - metric space and Tn : X  X be a sequence of  maps such that  
 
D* (Tix, Tjy, Tkz) ≤  a1 D*(x, y, z) + a2  max{D*(x, Ti,x, Tjy)  , D* (y , Tjy, Tkz)} for all x, y, z, ∈ X  with  i ≠ j ≠ k  and   
0 ≤ a1 + 2a2 < 1.  
 
Then {Tn} have a unique common fixed point. 
 
Proof: Let x0  ∈ X  a fixed arbitrary element and define a sequence {xn} in X as  xn+1= Tn xn   for n  = 0, 1, 2, …. 
 
Let dn= D* (xn, xn+1, xn+2) . 
 
Then    dn+1 = D* (xn+1, xn+2, xn+3)  
 
                   = D* (Tn+1 xn , Tn+2 xn+1 Tn+3 xn+2) 
 
                   ≤ a1 D* (xn, xn+1, xn+2) + a2  max {D* ( xn ,Tn+1 xn ,Tn+2 xn+1 ), D* ( xn+1 ,Tn+2 xn+1 Tn+3 xn+2 )} 
 
                          = a1 {D*(xn xn+1, xn+2) + a2   max {D*(xn ,xn+1, xn+2),  D*(xn+1,xn+2, xn+3)} 
 
                   = (a1+ a2) D*(xn, xn+1, xn+2) + a2 D*(xn+1, xn+2, xn+3)} 
 
            dn+1 ≤ {(a1+ a2  )dn + a2 dn+1 
 
  (1- a2)}dn+1 ≤ {(a1+ a2)dn 
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             dn+1 ≤  {(a1+ a2)/(1- a2)} dn  
 
             dn+1 ≤ b dn.   where b = {(a1+ a2)/(1- a2)}    < 1.    
 
Hence           dn ≤  bnd0 → 0, as n →∞.    
 
Now we shall prove that {xn} is a Cauchy sequence in X.  
 
Let             dn* = D* (xn, xn, xn+1) 
 
Then       dn+1* = D* (xn+1, xn+1, xn+2) 
 

          ≤ D* (xn, xn+1, xn+2) +   D* (xn, xn+1, xn+1) 
 

                        ≤ dn + dn* 
 
      dn+1* - dn* ≤  dn.  ≤ αn d0→0 as n→∞ (since 0 ≤  α < 1) 
 
                dn+1*≤ dn*    for all n 
 
Hence {dn*} is monotonically decreasing sequence of positive real number and it converges to its glb. Let it be d . 
 
Then   dn*  → d as n→∞ . 
 
Now we shall prove that d = 0 .Suppose d ≠ 0 . 
 

Now d = 
→∝xn

lim
 dn+2* 

 

            ≤ 
→∝xn

lim
 {dn+1 + dn+1*} 

 

            ≤ 
→∝xn

lim
 {b dn + dn+1*} 

 

            < 
→∝xn

lim
 {dn + dn+1*} 

 
             = d .which is contradiction .Thus d = 0. 
 
Hence D*(xn, xn, xm)→0 as m, n  ∝ 
 
Therefore {xn} is a   D* Cauchy sequence in X. 
 
Since X is D* complete xn →x in X 
 
Now we prove that x is fixed point of    {Tn 
 
To prove that   Tnx   = x for all n. 
 
Suppose   there is m such that Tmx  ≠ x .Then 

 D*(Tmx, x, x) =
→∝xn

lim
D*(Tmx, xn+2, xn+3) 

 

          =
→∝n
lim

D*(Tmx, Tn+2xn+1, Tn+3xn 
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                        ≤
→∝n
lim

{a1 D*(x, xn+1, xn+2) + a2 max {D* ( x ,Tm x ,Tn+2 xn+1 ), D* ( xn+1 ,Tn+2 xn+1 Tn+3 xn+2  )}     

 

                        ≤ 
→∝n
lim

{a1 D*(x, xn+1, xn+2) + a2  max{D*(x, Tm x, xn+2), D*(xn+1,xn+2, xn+3)} 

 
          ≤ a2 D*(x, Tm x , x) 
 
                        < D*(x, Tm x , x) ,which is contradiction . 
 
Thus    Tnx = x. for all n.. 
 
Now we prove that x is a unique common fixed point of {Tn}. 
 
Suppose x≠y and Tny = y  for all n. 
 
Then D*(x,y,y) = D*(Tn+1x, Tn+2y, Tn+3  y)  
 
            ≤ a1{D(x, y, y) + a2   max {D*(x, Tn+1x, Tn+2y ) , D*(y, Tn+2y ,Tn+3y )}          
                                                                                                                         
                          ≤ a1 {D(x, y, y) + a2   max {D*(x, x, y ) , D*(y, y , y )} 
 

           ≤ (a1+ a2  ) D*(x, y, y) 
 
           < D* (x, y, y), which is a contradiction. 
 

Hence {Tn,} have a unique common fixed point 
 
Remark 2.7: If we put a2 = 0, Tn =T for all n and a1 = a  in the above theorem we get the following Theorem as 
corollary. 
 
Corollary 2: Let (X, D*) be a complete D* - metric space and T: X → X be a map such that  
 

D*(Tx, Ty, Tz) ≤ a D*(x, y, z) for all x, y, z ∈ X and 0 ≤ a < 1. 
 
Then T has a unique fixed point.   
 
The above Theorem is know as Banach contraction Type Theorem in D* - metric space. 
 
Remark 2.9: If we put a1 = 0, Tn =T for all n and a2 = a in the above theorem 1. we get the following theorem as 
corollary 2.10.  
 
Corollary 2.10:  Let (X, D*) be a complete D* - metric space and T: X →X be a map such that  
  

D*(Tx, Ty, Tz) ≤ a max {D*(x, Tx, Ty), D*(y, Ty, Tz)} for all x, y, z ∈X and 0 ≤ a < 
2
1

 .  

Then T has a unique fixed point.  
 
Theorem 2.11: Let X be a complete D* - metric space and Tn  : X  X be a sequence of   maps such that 
  
 D*(Tix, Tjy, Tkz) ≤ a1 D*(x, y, z) + a2 max{D*(x, Ti,x, Tjy), D* (y, Tjy, Tkz)}+ a3 max {D*(x,  y, Tjy) , D* (y , z , Tkz)}                                                              
for all x, y, z ∈ X, with i ≠ j ≠ k and  0 ≤  a1 +2a2 +2 a3 < 1.  Then {Tn }  have a unique common fixed point.         
 
Proof: Let x0  ∈ X a fixed arbitrary element and define a sequence {xn} in X as xn+1= Tn+1 xn  for n = 0, 1, 2, …. 
 
Let       dn= D* (xn, xn+1, xn+2). 
 
Then dn+1 = D* (xn+1, xn+2, xn+3)  
 
                = D* (Tn+1 xn , Tn+2 xn+1 Tn+3 xn+2 ) 
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                ≤ a1D*(xn  , xn+1, xn+2) + a2 max {D*(xn , Tn+1xn  , Tn+2 xn+1) , D* (xn+1, Tn+2 xn+1, Tn+3 xn+2 )} 

       + a3 max{D*(xn , xn-+1, Tn+2 xn+1) , D*(xn+1, xn+2,  Tn+3 xn+2 )} 
 

                = a1 D*(xn , xn+1, xn+2) + a2  max{D*(xn , xn+1, xn+2 ) , D*(xn-+1, xn+2, xn+3)}+ a3  max{ D*(xn , xn+1, xn+2),    
                          D*(xn+1, xn+2, xn+3)}  
 
                ≤ (a1 + a2 + a3) D*(xn , xn+1, xn+2) + (a2 + a3) D*(xn+1, xn+2, xn+3)  
 
                ≤  (a1 + a2 + a3) dn + (a2 + a3) dn+1 

 

(1 - a2 - a3) dn+1 ≤  (a1+a2+a3) dn  
 
                  dn+1 ≤ {(a1+a2+a3) / (1 - a2 - a3)} dn  
 
                  dn+1 ≤ a  dn, for all n  where   a = {(a1+a2+a3)  / (1-a2  - a3)} < 1.  
 
Hence         dn ≤ an  d0    → 0 as n → ∝  
 
Now we prove that {xn} is D* - Cauchy sequence in X. 
 
Let             dn* = D* (xn, xn, xn+1) 
 
Then        dn+1* = D* (xn+1, xn+1, xn+2) 
 

           ≤ D* (xn, xn+1, xn+2) +D* (xn, xn+1, xn+1) 
 

                         ≤  dn + dn* 
 
       dn+1*  - dn* ≤ dn.≤ αn d0→0 as n→∞ (since 0 ≤  α < 1) 
 
                 dn+1*≤ dn*    for all n 
 
Hence {dn*} is monotonically decreasing sequence of positive real number and it converges to its glb. Let it be d. 
 
Then   dn*  → d as n→∞ . 
 
Now we shall prove that d = 0 .Suppose d ≠ 0. 
 

Now d = 
→∝xn

lim
 dn+2* 

 

            ≤ 
→∝xn

lim
 {dn+1 + dn+1*} 

 

            ≤ 
→∝xn

lim
 {b dn + dn+1*} 

 

            < 
→∝xn

lim
 {dn + dn+1*} 

 
            = d. which is contraction .Thus d = 0.  
 
For m > n we have 
 
D*(xn, xn, xm) ≤ D*(xn, xn, xn+1) + D*(xn+1, xn+1, xm) 
 
         ≤ D*(xn, xn, xn+1) + D*(xn+1, xn+1, xn+2) +.  .  .  + D*(xm-1, xm-1, xm) 
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  → 0 as n, m →∞.  
 
Hence D*(xn, xn, xm)→0 as m, n  ∝ 
 
Therefore {xn} is a D* Cauchy sequence in X. 
 
Since X is D* complete xn →x in X 
 
Now we prove that x is fixed point of {Tn} 
 
To prove that Tnx   = x for all n . 
 
Suppose there is an m such that Tmx  ≠ x, Then 
 

 D*(Tmx, x, x) = 
→∝n
lim

 D*(Tmx, xn+2, xn+3) 

 

          = 
→∝n
lim

 D*(Tmx, Tn+2xn+1, Tn+3xn+2) 

 

                        ≤ 
→∝n
lim

{a1D*( Tmx,  xn+1, xn+2)+ a2  max{D*(x , T1x  , T2 xn+1) , D* (xn+1, T2 xn+1, T3 xn+2 )} 

       + a3 max {D*(x , xn-+1, T2 xn+1) , D*(xn+1, xn+2,  T3 xn+2 ) 
 

                        = 
→∝n
lim

{  a1 D*(x , xn+1, xn+2) + a2 max {D*(x , T1x  , xn+2 ) , D*(xn-+1, xn+2, xn+3)} 

       + a3 max { D*(x , xn+1, xn+2)  , D*(xn+1, xn+2, xn+3)} 
 

           ≤ a2  D*(x, T1 x , x)  
 
                        < D*(x, T1 x , x), which is contradiction .  Thus    T1x = x. 
 
Similarly we can prove that T2x = T3x = x. 
 
Now we prove that x is a unique common fixed point of T1, T2, T3 
 
Suppose x≠y and T1x=T2x=T3x=x & T1y=T2y=T3y= y 
 
Then D*(x,y,y) = D*(T1x, T2y, T3 y)  
 
            ≤ a1 D*(x, y, y) + a2 max{D*(x,  T1x, T2y), D*(y, T2y, T3y)}+ a3 max {D*(x, y, T2y), D* (y, y, T3y)} 
   
            = a1 D*(x, y, y) + a2 max   {D*(x, x, y), D*(y, y, y)} + max a3{D*(x, y, y), D* (y, y, y)}   
  

           = (a1+ a2 + a3) D* (x, y, y) 
 

                         < D* (x, y, y), which is contradiction. 
 
Hence {Tn} has a unique common fixed point. 
 
Theorem 2.12: Let X be a complete D*- metric space and T1, T2, T3: X  X be any three maps such that 
   
D*(Tkx, Tjy, Tiz) ≤ a max {D*(x, y, z), 1/2{D*(x, Ti,x, Tjy) +D* (y, Tjy, Tkz)}, 1/2{D*(x, y, Tjy) + D* (y, z, Tkz)} with 
i ≠ j ≠ k ,    for all x, y, z ∈ X, and  0 ≤  a < 1.   
 
Then {Tn}  has a unique common fixed point.         
 
Proof: Let x0  ∈ X a fixed arbitrary element and define a sequence {xn} in X as xn+1= Tn+1 xn   for n =  0, 1, 2, …. 
 
Let       dn= D* (xn, xn+1, xn+2) . 
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Then dn+1 = D* (xn+1, xn+2, xn+3)  
 
                = D* (Tn+1 xn ,Tn+2 xn+1 Tn+3 xn+2 ) 
 
                ≤ a max {D*(xn , xn+1,xn+2),1/2 {D*(xn , Tn+1xn  , Tn+2 xn+1) + D* (xn+1, Tn+2 xn+1, Tn+3 xn+2 )}, 

1/2 {D*(xn , xn-+1, Tn+2 xn+1) + D*(xn+1, xn+2,  Tn+3 xn+2 )}} 
 

                = a max {D*(xn , xn+1, xn+2)  ,     1/2 {D*(xn , xn+1, xn+2 ) + D*(xn-+1, xn+2, xn+3)} 
                             1/2 {D*(xn , xn+1, xn+2)  + D*(xn+1, xn+2, xn+3)} } 
 
                ≤  a max {D*(xn , xn+1, xn+2) ,   1/2 {D*(xn , xn+1, xn+2)  + D*(xn+1, xn+2, xn+3)} 
 
                ≤ a max   {dn  ,   1/2   (dn  +dn+1   )  }                       
 
If    max   {dn, 1/2 (dn  +dn+1 )} = ½ (dn  +dn+1) then dn+1 ≤ dn for all n. Thus  dn+1 ≤ dn   for all n.       
 
Hence     dn. ≤ an d0 → 0 as n → ∝  
 
Now we prove that {xn} is D* - Cauchy sequence in X. 
 
Let             dn* = D* (xn, xn, xn+1) 
 
Then        dn+1* = D* (xn+1, xn+1, xn+2) 
 

           ≤ D* (xn, xn+1, xn+2) +   D* (xn, xn+1, xn+1) 
 

                          ≤  dn + dn* 
 
        dn+1*  - dn* ≤  dn ≤ αn d0→0 as n→∞ (since 0 ≤  α < 1) 
 
                  dn+1* ≤  dn*    for all n 
 
Hence {dn*} is monotonically decreasing sequence of positive real number and it converges to its glb. Let it be d. 
 
Then   dn*  → d as n→∞ . 
 
Now we shall prove that d = 0 .Suppose d ≠ 0. 
 

Now d = 
→∝xn

lim
 dn+2* 

 

            ≤ 
→∝xn

lim
 { dn+1 + dn+1*} 

 

            ≤ 
→∝xn

lim
 {adn + dn+1*} 

 

            <
→∝xn

lim
 {dn + dn+1*} 

 
            = d 
 
Now we prove that {xn} is D* - Cauchy sequence in X. 
 
For m > n we have, 
 
D*(xn, xn, xm) ≤ D*(xn, xn, xn+1)  + D*(xn+1, xn+1, xn+2) +  .  .   . + D*(xm-1, xm-1, xm) → 0 as m. n → ∝ 
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Thus {xn} is a D* Cauchy sequence in X and X is D* - complete xn → x in X. 
 
Now we shall prove that Tnx = x for all n. Supose there is m Tmx ≠ x 
 
D*( Tmx, x, x) = lim

n→∞
 D*( Tmx,  xn+2, xn+3) 

 
          = lim

n→∞
 D*(Tmx, Tn+2 xn+1, Tn+3 xn+2) 

 
                       ≤ a lim

n→∞
 max {D*(x , xn+1, xn+2), ½{D*(x , Tmx ,Tn+2 xn+1) + D* (xn+1, Tn+2 xn+1, Tn+3 xn+2 )}, 

     ½{D*(x , xn-+1, Tn+2 xn+1) + D*(xn+1, xn+2,  Tn+3 xn+2 )}} 
 

                       = a lim
n→∞

  max D*(x , xn+1, xn+2),  ½{  D*(x , Tmx  , xn+2 ) + D*(xn-+1, xn+2, xn+3)} 

     ½{D*(x, xn+1, xn+2) + D*(xn+1, xn+2, xn+3)}} 
 

                       ≤  a max {D*(x , Tmx  , x) ,0}  
 
                       < D*(Tmx  , x, x), Which is a contradiction.  
 
Thus    Tnx = x. for all n. 
 
Suppose x≠y and Tny = y for all n. 
 
Then D*(x,y,y) = D*(Tnx, Tn+2y, Tn+3 y)  
 
            ≤  a max { D*(x, y, y) ,  ½{D*(x,  Tn+1x, Tn+2y)+D*(y, Tn+2y,   Tn+3y)}, 
                            1/2{D*(x, y,  Tn+2y) + D* (y, y,  Tn+3y)}}  
   
            = a max {D*(x, y, y)  ,  1/2 D*(x, x, y),   1/2D*(x, y, y)}  
                  
                         = a D* (x, y, y) 
 
                         < D* (x, y, y), 
 
which is contradiction. 
 
Hence {Tn} has a unique common fixed  
 
Theorem 2.13: Let X be a complete D* - metric space and Tn: X  X be a sequence of map such that 
D*(Tix, Tjy, Tkz) ≤ a1 D*(x, y,  z) + a2 max {D*(x, Tix , Tjy ), D*(y,  Tjy, Tkz )}+ a3 max{D*(x, y, Tjy ), D*(y, z, Tkz )}  
for all x, y, z ∈ X and 0 ≤ a1 + 2a2 + 2a3 < 1. Then T has a unique fixed point. 
 
Proof: Let x0  ∈ X a fixed arbitrary element and define a sequence {xn} in X as  
 
       xn+1= T1 xn 
 
       xn+2= T2 xn+1 
 
       xn+3= T3 xn+2  for n =  3k , k =  0, 1, 2, …. 
 
Let       dn= D* (xn, xn+1, xn+2). 
 
Then dn+1 = D* (xn+1, xn+2, xn+3)  
 
                = D* (T1 xn ,T2 xn+1 T3 xn+2 ) 
 
                ≤ a1 D*(xn  , xn+1, xn+2) + a2  max{ D*(xn , T1xn  , T2 xn+1) , D* (xn+1, T2 xn+1, T3 xn+2 )}, 
                         + a3max { D*(xn , xn-+1, T2 xn+1) , D*(xn+1, xn+2,  T3 xn+2 )}} 
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                =   a1 D*(xn , xn+1, xn+2) +   a2 max { D*(xn , xn+1, xn+2 ), D*(xn-+1, xn+2, xn+3)}  
                            + a3 max {D*(xn , xn+1, xn+2)  , D*(xn+1, xn+2, xn+3)}} 
 
                ≤ {a1 D*(xn , xn+1, xn+2)+( a2 +a3  )max{D*(xn , xn+1, xn+2), D*(xn+1, xn+2, xn+3)}     
          
         dn+1 ≤ a1 dn + ( a2 +a3   ) (dn  +dn+1   )    
                   

(1 - (a2 +a3)) dn+1  ≤ (a1 + a2 +a3) dn 

   

             dn+1 ≤ a  dn    for all n ,where  a =  ( a1  +  a2 +a3   ) / ( 1- ( a2 +a3  ) )  < 1 
 
Hence    dn. ≤ an d0    → 0 as n → ∝  
 
Now we prove that {xn} is D* - Cauchy sequence in X. 
 
Let             dn* = D* (xn, xn, xn+1) 
 
Then        dn+1* = D* (xn+1, xn+1, xn+2) 
 

           ≤ D* (xn, xn+1, xn+2) +   D* (xn, xn+1, xn+1) 
 

                          ≤ dn + dn* 
 
        dn+1*  - dn* ≤  dn.≤ αn d0→0 as n→∞ (since 0 ≤  α < 1) 
 
                  dn+1* ≤ dn*  for all n 
 
Hence {dn*} is monotonically decreasing sequence of positive real number and it converges to its glb. Let it be d. 
 
Then   dn*  → d as n→∞ . 
 
Now we shall prove that d = 0 .Suppose d ≠ 0. 
 

Now d = 
→∝xn

lim
 dn+2* 

 

             ≤ 
→∝xn

lim
 {dn+1 + dn+1*} 

 

             ≤ 
→∝xn

lim
 {adn + dn+1*} 

 

             <
→∝xn

lim
 {dn + dn+1*} 

 
             = d 
 
Now we prove that {xn} is D* - Cauchy sequence in X. 
 
For m > n we have, 
 
D*(xn, xn, xm) ≤ D*(xn, xn, xn+1)  + D*(xn+1, xn+1, xn+2) +  .  .   . + D*(xm-1, xm-1, xm) → 0 as m. n → ∝ 
 
Thus {xn} is a D* Cauchy sequence in X and X is D* - complete xn → x in X. 
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Now we shall prove that T1x = x 
 
D*(T1x, x, x) = lim

n→∞
 D*(T1x,  xn+2, xn+3) 

 
        = lim

n→∞
 D*(T1x, T2 xn+1, T3 xn+2 ) 

 
                      ≤ lim

n→∞
{a1  D*(x , xn+1, xn+2) +  a2  max{D*(x , T1x  , T2 xn+1) , D* (xn+1, T2 xn+1, T3 xn+2 )}, 

    + a3 {D*(x , xn-+1, T2 xn+1) , D*(xn+1, xn+2,  T3 xn+2 )}} 
 

                      = lim
n→∞

  {a1 D*(x, xn+1, xn+2)   + a2 max{  D*(x , T1x  , xn+2 ), D*(xn-+1, xn+2, xn+3)} 

    + a3 max {D*(x , xn+1, xn+2)  , D*(xn+1, xn+2, xn+3)}} 
 

                       ≤ a2   D*(x , T1x  , x)  
 
                       < D*(T1x, x, x), Which is a contradiction.  
 
Thus    T1x = x.. 
 
Similarly we can prove that T2x = T3x = x. 
 
Now we prove that x is a unique common fixed point of T1, T2, T3 
 
Suppose x≠y and T1x=T2x=T3x=x & T1y=T2y=T3y= y 
 
Then D*(x,y,y) = D*(T1x, T2y, T3 y)  
 
            ≤ {a1 D*(x, y, y) + a2 max{D*(x, T1x, T2y), D*(y, T2y, T3y),+ a3 max{  D*(x, y, T2y), D* (y, y,  T3y)}} 
    
            = a1 D*(x, y, y)  + a2  D*(x, x, y) +a3 D*(x, y, y)}   
                  
                         < (a1  +  a2 + a3 ) D* (x, y, y), 
 
                         < D* (x, y, y), 
 
which is a contradiction. 
 
Hence {Tn} has a unique common fixed point . 
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