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ABSTRACT

In this paper we establish some common Fixed Point Theorems for sequence of contraction and generalized
contraction mappings in D* - metric space which is introduced by Shaban Sedghi, Nabi Shobe and Haiyun Zhou [10].
In what follows (X, D*) will denote D* - metric space, N, the set of all natural number and R*, the set of all positive
real number.
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1. INTRODUCTION

There have been an number of generalization in generalized metric space (or D-Metric space) initated by Dhage [2] in
1992. He proved the existence of unique fixed point theorems of sequence of mappings satisfying certain contractive
conditions in complete and bounded D- Metric space. Dealing with D- Metric space, Ahmad etal. [1], Dhage [2, 3, 4]
Rhoades [8], Singh and Sharma [9] and others made a significant contribution in fixed point theory of D- Metric space.
Unfortunately almost all theorems in D-Metric space are not valid (See S.V.R Naidu and others [5-7]). Here our aim is
to prove some common fixed point theorems for sequences of generalized contractive mappings in D*- Metric space as
a probable modification of the definition of D-Metric spaces introduced by Dhage [2].

Definition 1.1: Let X be a non empty set. A generalized metric (or D* - metric) on X is a function D*: X3 2 [0,c) that
satisfies the following conditions for each x, y, z,a € X.

1. D*(x,y,2) >0

2. D*(x,y,z)=0ifand onlyifx=y =z

3. D*(x,Y, z) = D* (p{X, Y, z}) where p is permutation.

4. D* (X,¥,2)<D*(x,y, a) + D* (a, z, 2).

The pair (X, D*) is called generalized metric (or D* - metric) space.
Example 1.2:

(@) D* (x, y, 2) = max {d(x, y), d(y, 2), d(z, x)},

(b) D* (x, y, 2) =d(x, y) +d(y, 2) +d (z, X).

Here, d is the ordinary metric on X.

(c) If X = R" then we define

D* (x,y, 2) = (Ix=YIP + lly - zI° + iz = x|I")" for every p e R"
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(d) If X = R then we define
0, ifx=y=z,
D* (x,y,2) =
Max {x, y, z}, otherwise,
Remark 1.3: In D* - metric space D* (X, y, y) = D* (X, X, y)

Definition 1.4: A open ball in a D* - metric space X with centre x and radius r is denoted by Bp~ (X, r) and is defined
by Bp+(X, 1) ={y e X:D* (X, y,y) <r}

Example 1.5: Let X=R Denote D* (X, Y, z) = |x-y| + |y-z| + |z-X| for all X, ¥, z € R.

Thus Bp (0,1)={y e R/D*(0,vy,y) < 1}
={yeR/0-yl+ly-yl+|y-0]<1}
={yeR/lyl+I¥<1}
={yeR/lyl<%}
={yeR/-%<y<¥}
= (%, %). (Open Interval)

Definition 1.6: Let (X, D*) be a D* - metric space and A < X
1. If for every x €A, there exist r > o such that Bp- (X, r) < A, then subset A is called open subset of X.

2. Subset A of X issaid to be D* - bounded if there exist r > o such that
D*(x,y,y) <rforall x,y € A.
3. Asequence {x,} in X converges to x if and only if
D* (Xn, Xn, X) = D* (X, X, X,) > 0asn > oo.

That is, for each & > 0 there exist ng € N such that for all n > ny implies D* (x, X, X,) < € This is equivalent for each
g > 0, there exist ny € N such that for all n, > ny implies D* (X, X, Xn) < €.

It is also noted that D* (X, Xn, X) = D* (X, X, X) < € for all n > ng, for some ny € N.

4. A sequence {x,} in X is called a Cauchy sequence if for each € > 0, there exist ny € N such that D* (Xn, Xn, Xm) < €
for each n, m > n, The D* - metric space (X, D*) is said to complete if every Cauchy sequence is convergent.

Remark 1.7:

(1) D* is continuous function on X*

(2) If sequence {x,} in X converges to X, then X is unique.

(3) Any convergent sequence in (X, D*) is a Cauchy sequence.

Definition 1.8: A point x in X is a fixed point of the map T: X = Xif Tx = x.

Definition 1.9: A point x in X is a common fixed point of a sequence of maps T,: X>X if T, (x) =x for all n..

Theorem 1: Let X be a D* - complete metric space and T, : X = X be a sequence maps such that
D* (Tix, Ty, z) <aD*(x,y, z) forall i #j and for all X, y, z € Xwitho<a <%
Then {T,} have a unique common fixed point.
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Proof: Let x, € X be any fixed arbitrary element Define a sequence {x,} in X as.
Xn+1 = Tnet Xn foralln=0,1,2, ....

Let d, = D* (Xp, Xns+1, Xn+1) foralln=20, 1, 2...
NOW dy+1 = D* (Xn+1, Xns2, Xn2)

= D* (Ths1Xn, TreoXnt, Xns2)

<o D* (Xn, Xn+1y Xn+2)

<o D* (Xn, Xns1, Xne1) + & D* (Xna1, Xins2, Xns2)

=ad,+odyy

(1 -0) dpa< o dy

dn+1S dn

24

dy1< kd, foralln=0,1,2..., where k =

<1 (Since a. < %)
l-«
dy <kdng

<k'dg> 0asn >

Therefore |jMdn=0  Thus |jm) D* (o Xne1, Xne1) =0

n—-a n—-a
Now we shall prove that {x,} is a D* - Cauchy sequence in X.
Let m > n >, ny for some ng € N.

Now  D*(Xn, Xn, Xm ) < D*(Xn, Xn, Xn+1) + D*(Xn+1, Xn+1, Xm)

IN
3
iR

D*(Xk, Xk, Xk+1) 2 0@SmM, N > o

=
I
8

Thus |_Jm D* (Xa Xa, Xm) =0

nm-a
Therefore {x,} is D* - Cauchy sequence in X.

Since X is D* - Complete x,>x in X. we prove that x is a fixed point of T, for all n suppose there exist an m such that
X # TpX.

Then D*(ToX, X, X) = | | D* (TiX, Xns1, X)

nN—oc

= lim D*(TwX, TreaXn, X)

nN—oc

<a |jm D*(X, Xu1, X)

N—oc
=0.

Therefore D*(TX, X, X) = 0, Therefore T,,x=x for all n .Thus x is common fixed point of {T ,}foralln.
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UNIQUENESS
Supper X#Y such that T,y =y for all n.
Then D*(x, y, y) = D*(Tix, Ty, y)
<aD*(xy,y)
Thisimplies (1 -a) D* (X,y, y) <0
Since x =y we have D* (x, y, y) > 0 her (1 -a) <0.
This implies o >1 which contraction to a. < %.
Thus {T,} have a unique common fixed point.
Theorem 2: Let X be a complete D*- metric space and T,: X = X be a sequence of maps such that
D*(Tix, Ty, Tiz) <o D* (X, y, z) forall iA#kandX, y,ze XwithO<a <1

Then {T,} have a unique common fixed point.

Proof: Let xo € X be any fixed arbitrary element Define a sequence {X,} in Xas X1 =Thaa X, for alln= 0, 1, 2,

Let d, = D* (Xn, Xn+1, Xn+2)
d; = D* (Xq, Xp, X3)
= D* (TXo, ToXy, TaX,
< a D* (Xo, X1, X2)
d, < ad
dy = D* (X2, X3, X4)
=D* (Ty Xq, T3 Xp, Ty X3)
< a D* (Xq, X2, X3)
< ot
< o’do
Continuing in this way we get d, < o dp—0 as n—o (since 0 < o < 1).
Now we shall prove that {x,} is a Cauchy sequence in X.
Let d*,= D* (Xn, Xn, Xn+1)
Then d*1+1 = D* (Xp+1, Xn+1y Xns2)
< D* (X, Xne1y Xna2) + D* (X, Xnst, Xne1)
<ty d*,
Oh1* - dp* < dp. < a"dg—0as n—o (since 0< o < 1)

dys1*<d,* foralln
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Hence {d,*} is monotonically decreasing sequence of positive real number and it converges to its glb. Let it be d. Then

d,* > dasn—w.

Now we shall prove that d = 0 .Suppose d = 0.

lim

Nowd= —— d.*

n, —o
lim

n, —o

IA

{dn+1 + dn+1*}

lim
- {(1 dn+dn+1*}
nx —>C
lim
<— {dn+dn+1*}
nx —>C

IA

= d. which is contraction .Thus d = 0.

Hence D*(Xy,, Xn, Xm)—0asm,n > o«

Therefore {x,} is a D* Cauchy sequence in X.

Since X is D* complete x, —x in X
Now we prove that x is fixed point of T,
To prove that T,x = x for all n.

Suppose There is an m such that Tx = X

lim

Then D*(T X, X, X) =n— D*(TmX, Xn+1, Xn+2)

X_)d:

= D*(TmX, ThsaXn, TneoXns1)

lim
n —oc

<a

<a D*(X, X, X)
=0

Thus T,x=x. for all n.

Now we prove that x is a unique common fixed point of {T,}.

Suppose xzyand Tyy=y .

Then D*(x,y,y) = D*(Tix, Tjy, Tyy)
<aD*(X,y,y)

This impulse (1-a)D*(x, vy, y) <0

Since x=y we have D*(x, y, y) >0

This ((1-a) <0
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This impulse o >1 which in contradiction Hence {T,,} have a unique common fixed point
Theorem 3: Let X be a D* - complete metric space and T,: X = X be a sequence maps such that

D* (TiTix, TiX, Y) <o D* (Tix, X, y) forall i #jand forallx,y,ze Xwitho<a<1.

Then {T,} have a unique common fixed point.

Proof: Let xoeX be any fixed arbitrary element. Define a sequence {x,} in X as Xp+1= Ty X, forn=0; 1; 2 ...

D*(Xn+1, Xn, Xn ) = D* (Tnea Tn Xo-1, T %ot , Xn)
<a D* (Tn Xn-1, Xn-1, Xn)
=a D* (Xn y Xn-1, Xn)

= o D* (Xn , Xn-1, Xn—l)

< o D*(X1, Xo, Xo) =0 as n—oo (since 0 < o <1).

Now we shall prove that {x,} is a Cauchy sequence in X. Let m>n> no for some no eN.

m-1
D*(Xn, Xn, Xm) < Z D* (X, X1, Xkr1)
k=n
<o/ (1-0()D*(X1, Xos Xo) as m—oo

—0asn— o

D*(Xn, Xn, Xm) —> 0a@sn, m — oo

Therefore {x,} is D* Cauchy sequence in X Since X is D* complete X, —»X in X

Now we prove that T, x=x for all n.

Suppose there is an m such that T, X =y where y#£ X.

D*(TmX, X ,X) =

D*( Y, Xn+2, Xn+1)
n —oc

lim
= D* (Y, T2 Thaa Xn, Thea Xn)
N —oc

lim
n —oc

<a D*(Y, Tns1 Xn, Xn)

lim
=a D*(y, Xn+11 Xn)
n —oc

= a D*(y, X, X)

= o D*(TmX, X, X)

<D*(TpX, X, X)
Therefore T, x=x for all n..

Suppose x=y Such that that T, y=y for all n.
© 2012, IIMA. All Rights Reserved
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Then  D*(X, X,¥) =D* (Toss Tu X, Tu X Y)

IA

o D*(Ty X, X,V¥)

IA

o D*(x, X, y)
(1-a) D*(x, x,¥) <0
Thus 1 - a < 0. This implies o > 1 which is contradiction.
Therefore x =y
Hence x is a unique common fixed point of the sequence of maps {T,.}. .

Theorem 4: Let X be a complete D* - metric space and T,: X = X be a sequence of maps such that

D*(T\(T;Tix, TTix, Tix,) < o D* (T;Tix, Tix, X) for all i##k and forall xe Xwith0<a < 1.

Then {T,} have a unique common fixed point.

Proof: Let X, € X be any fixed arbitrary element Define a sequence {X,} in X as Xp«g = Tps1 X for alln= 0, 1, 2,

Let dn = D* (X, Xnst, Xos2)
di= D* (X1, X2, X3)
=D* (T 1Xo, T2 T1Xo, T3 T2 T 1Xo)
<o D* (Xo, TaXo, T2 T 1X0)
= o D* (Xo, X1, X2)
di< ady
dy = D* (X2, X3, X4)
=D* (Toxq, Ta ToXq, Ta T3 ToXy)
<o D*(xqg, TaXg, T3 Toxg)
= a D* (Xq, X2, X3)
=o 0.
< odo
Continuing in this way we get d, < o dp—0 as n—o (since 0 < o < 1).
Now we shall prove that {x,} is a Cauchy sequence in X.
Let d*n= D* (X, Xn, Xn+1)
Then  d*p1 = D* (Xas1, Xne1, Xns2)
< D* (Xn, Xn+1, Xns2) + D* (Xn, Xna1, Xns1)
<dp+d*,
Ohe1* -di* < dy <0 dy—0as n—oo (since 0 < a< 1)
dye* <d,* foralln

© 2012, IIMA. All Rights Reserved
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Hence {d,*} is monotonically decreasing sequence of positive real number and it converges to its glb. Let it be d . Then

d,* > dasn—w.

Now we shall prove that d = 0. Suppose d = 0.

lim
Nowd= —— d.*
n, —o
lim
n, —o

IA

{dn+1 + dn+1*}

lim
- {(1 dn+dn+1*}
nx —>C
lim
<— {dn+dn+1*}
nx —>C

IA

= d. which is contraction .Thus d = 0.
Hence D*(Xn, Xn, Xm)—>0asm,n = o
Therefore {x,} is a D* Cauchy sequence in X.
Since X is D* complete x, —x in X
Now we prove that x is fixed point of T,
To prove that T,x = x for all n.

Suppose There is an m such that T,x = X

m
Then D*(T X, X, X) =n— D*(TmX, Xn+1, Xn+2)

X_)d:

= D*(TmX, TneaXn, Tre2Xns1)
lim
N —oc

<a

<a D*(X, X, X)
=0

Thus T,x=x. for all n.

Now we prove that x is a unique common fixed point of {T,}.

Suppose xzyand Tyy=y .

Then D*(x,y,y) = D*(Tix, Tjy, Tyy)
<aD*(X,y,y)

This implies (1-a)D*(x, y, y) <0

Since xzy we have D*(x, y, y) >0

This ((1- o) <0
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This implies a >1 which in contradiction Hence {T,,} have a unique common fixed point.

Theorem 5: Let X be a complete D* - metric space and T, : X = X be a sequence of maps such that

D* (Tix, Tjyy, Tiz) < a{D*(x y, z) + D*(x, Tix, Tjy) + D* (y, Ty, Tiz)} forall X, y, z € Xwithi#j#kand 0 <a< 1/3.

Then {T,} have a unique common fixed point.

Proof: Let x, € X a fixed arbitrary element and define a sequence {x,} in X as X,u=Thaa X, forn= 0,1, 2, ....

Let dy= D* (Xn, Xn+1y Xns2)-
Then dper = D* (Xne1, Xne2y Xn+3)
= D* (The1 X, Trez Xns1 Thes Xns2)
<a{D* (X, Xn+1, Xn+2) + D* (X, Tns1 X Trez Xna1) + D* (Xer , Tosz Xnea Toss Xns2 )}
=a {D*(Xn Xn+1, Xn+2)+ D*(Xn ,Xns1, Xns2) + D*(Xne1,Xns2, Xn43)}
=a {2 D*(Xn, Xn+1, Xn+2) + D*(Xn+1,Xn42, Xns3)}
dw1<2ad, +ady
dn+1 < {2a/(1-8)} d,
dns1 <bd, where b= 2a/(1l-a) <1.
Hence d, < b"dy — 0, as n —o.
Now we shall prove that {x,} is a Cauchy sequence in X.
Let d,* = D* (Xp, Xn, Xn+1)
Then dne1™ = D* (Xp+1, Xne1s Xne2)
<D* (Xny Xn+1s Xns2) ¥D* (Xny Xns1, Xne1)
<dn+dy*
Onsr™* - do* <dp. <b"dp—0as n—oo (since 0< b < 1)

dy* <d,* foralln

Hence {d,*} is monotonically decreasing sequence of positive real number and it converges to its glb. Let it be d . Then

dn* >dasn—w.
Now we shall prove that d = 0 .Suppose d = 0.

lim
Nowd= ——— d.*
n, —oc
lim
n, —o

IA

{dn+1 + dn+1*}

lim
n, —o
lim
n, —oc

IA

{b dn + dn+1*}

N

{dn + dn+1*}

© 2012, IIMA. All Rights Reserved
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= d. which is contraction .Thus d = 0.
Hence D*(Xn, Xn, Xm)—>0asm,n = o
Therefore {x,} is a D* Cauchy sequence in X.
Since X is D* complete x, »>X in X
Now we prove that x is fixed point of T,
To prove that T,;x =xfor alln
Suppose there is an m such that TX # X, Then

lim

D*(TmX, X, X) = D*(TmX, Xn+2, Xn+3)

n, -

= D*(TX, ThsoXns1, TneaXns2)

lim
<a {D*(X, Xn+1, Xne2) + D* (X, Tin X Thsz Xns1) + D (Xns1 , Tz Xt Trea Xns2) }
n —oc
lim
<a {D*(X, Xn+1, Xns2) + D*(X, Tm X ,, Xns2) + D*(Xns1,Xn+2, Xn+3)}
n —oc

<aD*(x, Tm X, X)
(1-a) D*(x, Ty X, X) <0 Hence (1-a)<0
Therefore a>1, which is contradiction to a < 1.
Thus T,x=x. for all n.
Now we prove that x is a unique common fixed point of {T,}
Suppose x=y and T,y=y for alln.
Then D*(x,y,y) = D*(Tx, Ty, T3 )
<a{D(x, Y, y) + D*(x,Tix, Toy) + D*(y, Tay, T3 Y)
=a{D(x y,y) + D*(x,xy) +D*(y,y, y)
<2aD*(x, v, Y)
<D* (x, Y, y), which is contradiction..
Hence { T, }have a unique common fixed .
Theorem 6: Let X be a complete D* - metric space and T,, : X = X be a sequence of maps such that
D* (T, Ty, Tiz) < a3 D*(x y,2) + 8 {D*(x, Tix, Tiy) + D* (y, Ty, T)}+ as {D*(x, ¥, Tyy) + D* (y , z, T)}
forall x,y,z e Xwith i #j#k and 0< a;+2a,+2 a;< 1. Then {T,} have a unique common fixed point.
Proof: Let X, € X a fixed arbitrary element and define a sequence {x,} in X as X,u=Thaa X, forn= 0,1, 2, ....
Let dy= D* (Xn, Xn+1, Xn+2)- Then
One1= D* (Xne1, Xns2, Xn+3)

© 2012, IIMA. All Rights Reserved 1626
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= D* (Tne1 Xn s Trez Xne1 Tres Xns2)

< aD*(Xn 4 Xne1, Xne2) + 82 ({D*(Xn, TreaXn & Thez Xns1) + D* (Xns1, Tz Xns1, Tes Xns2)}
+ 83 {D*(Xn, Xn-+1, T2 Xn+1) + D*(Xns1, Xns2, T3 Xns2 )}

= a; D*(Xn, Xn+1, Xns2) + 82 {D*(Xn, Xns1, Xns2 ) + D*(Xt1, Xns2, Xns3)}
+ a3 {D*(Xn, Xn+1, Xns2) + D*(Xns1, Xns2, Xnea) }

IA

(a1 +ax+az) D*(Xn, Xn+1, Xns2) + (82 + 83 ) D*(Xne1, Xns2, Xns3)

IA

(a1 t+tay+az )dy+(@2+az )y
(1-ay-a3) st < (a1taptas) dy
On+1 < {(as+aztas) / (1-a2-az)}d,
dnsy <ad,, foralln where a={(a;+a,+as) /(1-a, -az) } <1.
Hence dy, <a"dy—0asn— o
Now we prove that {x,} is D* - Cauchy sequence in X .
Let d* = D* (Xn, Xn, Xn+1)
Then On+1* = D* (Xn+1, Xn+1, Xn+2)
< D* (X, Xne1y Xna2) + D* (X, Xnst, Xne1)
< dn+do*
Ohe1* - dy* < dp. < a"dy—0as n—oo (since 0< a < 1)

dy* < dy* foralln

Hence {d,*} is monotonically decreasing sequence of positive real number and it converges to its glb. Let it be d.

Then d.* > dasn—w.
Now we shall prove that d = 0. Suppose d = 0.

lim

Nowd = —— d,»*

n, —oc
lim

n, —o
lim

<— {b dn+dn+1*}

n, —o
lim

n, —o

{dn+1 + dn+1*}

{dn + dn+1*}

= d. which is contraction. Thus d = 0.
For m > n, we have
D*(Xn, Xn, Xm) < D*(Xn, Xn, Xn+1) + D*(Xns1, Xn+1, Xm)
< D*(Xn, Xny Xns1) + D*¥ (s, Xnes, Xns2) +. o o+ D*(Xint, X1, X)

— 0asn, m— oo, Hence D*(Xy,, Xn, Xm)—0asm, n > o
© 2012, IIMA. All Rights Reserved
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Therefore {x,} is a D* Cauchy sequence in X.
Since X is D* complete x, »>X in X

Now we prove that x is fixed point of {T,}
To prove that T,x= x for all n.

Suppose there is an m such that TX # X, Then

D*(TmX, X, X) =

D*(TmX, Xn+2, Xn+3)
n —oc

lim
= D*(TmX, Tns2Xns1, TneaXns2)
N —oc

lim
 noaox
+ a3 {D*(Xl Xn-+1, Tn+2 Xn+1) + D*(Xn+1, Xn+2, Tnes Xns2 )}

{aiD*(X | Xne1, Xns2)+ 82 {D*(X, TrX , Tosz Xne1) + D* (Xns1, Trez Xnsg, Tres Xns2)}

lim
n —oc
+ a3 { D*(X, Xn+1, Xn+2) + D*(Xn+1, Xn+2, Xn+3)}}

{ a1 D*(X, Xn+1, Xn+2) + @2 {D*(X, TrX , Xns2 ) + D*(Xn-+1, Xns2, Xns3)}

<ap D*(X, Tm X, X)
<D*(x, T x, X) ,which is contradiction. Thus Tx = x..for all n.
Now we prove that x is a unique common fixed point of {T, }
Suppose x=y and T,y=y for all n.
Then D*(X,y,y) = D*(Tnu1X, Tne2y, Tneay)
<a; D*(X, ¥, Y) + 8 {D*(X, Tns1X, Ths2y) + D*(Y, Trszys Trsa)} 8 {D*(X, ¥, Towzy) + D* (¥, ¥, Tosay)}
=a, D*(x, Y, y) + &{D*(x, X, y) + D*(y, ¥, Y)}+ a{D*(x, ¥, y) + D* (¥, ¥, ¥)}
=(uta+as) D*(x y,y)
< D* (x, Y, y), which is contradiction.
Hence {T,} have a unique common fixed
Theorem?7: Let X be a complete D* - metric space and T, : X = X be a sequence of maps such that
D*(Tix, Ty, T«z) <amax{ D*(x y z){D*(x, Ti,x, Tjy) . D* (y, Tjy, Tiz) D*(X, y, Tiy), D*(y, z, Tiz)}or all x, y, z € X,
with i #j#k and 0< a< 1.
Then {T,} have a unique common fixed point.
Proof: Let X, € X a fixed arbitrary element and define a sequence {x,} in X as X,+.1:= Ty X, forn =0, 1, 2, ....
Let dn= D* (Xn, Xn+1, Xn+2)-
On1 = D* (Xns1, Xns2, Xne3)
= D* (Ths1 Xn s Thsz Xne1 Tnea Xne2)

<amax {D*(Xy , Xn+1, Xn+2), D*(Xn s TreXn 5 Trez Xne1) » D*(Xne1s Tosz Xner, Tres Xnwz2 )y D*(Xn s Xns1, Tonvz Xnsa),
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D*(Xn+1, Xnv2r Thea Xns2 )}
=amax {D*(Xn, Xn+1, Xn+2) D*(Xn, Xn+1, Xnw2 ) » D*(Xnor1, Xns2, Xnw3) D*(Xn s Xnsa1, Xnw2)y D*(Xns1, Xns2, Xnva)}
< amax {D*(Xn, Xn+1, Xn+2) sD*¥(Xn+1, Xn+2y Xns3)
<amax {d,, dh}
dy+1 <ad, foralln
Hence d,<a" dg—0asn — o
Now we prove that {x,} is D* - Cauchy sequence in X .
Let d* = D* (Xn, Xn, Xn+1)
Then On+1* = D* (Xp+1, Xne1y Xns+2)
< D* (Xn, Xn+1, Xn+2) + D* (X, Xn+1, Xn+1)
< dn o do*
Opr™ - dh* < dp. <a"dp—0as n—o (since 0 < o< 1)
dys1*< d* foralln
Hence {d,*} is monotonically decreasing sequence of positive real number and it converges to its glb. Let it be d.

Then d.* > dasn—w.

Now we shall prove that d = 0 .Suppose d = 0.

lim

Nowd= —— d.*

n, —oc
lim

n, —o

{ dn+1 + dn+1*}

lim
L — {adn+dn+1*}
n, —»x

lim
<— {dn + dn+1*}
n, —»x

=d
Now we prove that {x,} is D* - Cauchy sequence in X.
For m > n we have,
D*(Xn, Xn, Xm) < D*(Xn, Xn, Xns1) + D*(Xns1, Xne1, Xns2) +. o o+ D*(Xme1, X1, Xm) = 0@SM. N — oc
Thus {x,} is a D* Cauchy sequence in X and X is D*- complete x, — x in X.

Now we shall prove that T,x = x for all n. Suppose there is m such that T x # x

D*(TwX, X, X) = [IM D*(TmX, Xns2, Xn+3)
nN—oo
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= lim D*(TmX, Tns2 Xnt1, Tnes Xns2 )

nN—oo

=a Ilm max {D*(X y Xn+1, Xn+2) ’ D*(X, TmX ’ Tn+2 Xn+1) ’ D* (Xn+11 T2 Xn+1, T3 Xn+2 ), D*(X, Xn-+1, T2 Xn+1),

nN—oo

D*(Xn+1, Xn+2, T3 Xns2 )}

=a lim max {D*(X Xn+1, Xns2) D*(X, T1X |, Xns2 ), D*(Xn-s1, Xns2, Xne3), D*(X, Xns1, Xns2),

nN—oo

D*(Xn+1, Xn+2s Xn+3)}
<amax {D*(x, Tix , x) ,0}
< D*(TX, X, X),
Which is a contradiction.
Thus Tix=X..
Similarly we can prove that T,x = TaX = X.
Now we prove that x is a unique common fixed point of Ty, T, T3
Suppose Xy and TiX = ToX = TeX =X & Ty =Ty =Ty =y
Then D*(x,y,y) = D*(Tyx, Toy, T3y)
<amax {D*(x, ¥, y) , {D*(X, Tax, Toy), DX(y, oy, Tay), D*(X, ¥, Tay) , D* (v, Y, Tay)}
=amax {D*(x, y, ), D*(x, x, y), D*(x, ¥, y), D*(y, ¥, y)} =aD* (x, ¥, y)
<D* (X, y, ),
which is a contradiction.
Hence Ty, T, &T3 have a unique common fixed point

Theorem 8: Let X be a complete D* - metric space and T,, : X = X be a sequence of maps such that

D* (Tix, Tjyy, Tiz) < a1 D*(X y z) + a, max{D*(x, Ti,x, Tyy) , D* (y, Ty, Tiz)} for all X, y, z, € X with i#j#k and

O0<a;+2a,<1.

Then {T,} have a unique common fixed point.

Proof: Let X, € X a fixed arbitrary element and define a sequence {X,} in X as X,u=Ty X, forn =0, 1, 2, ....

Let dy= D* (Xn, Xn+1, Xn+2) -
Then dnvg = D* (Xps1, Xn+2y Xn+3)
= D* (Ths1 Xn s Tre2 Xne1 Thes Xns2)
<a; D* (Xn, Xn+1, Xns2) + 82 MaxX {D* ( Xn , Tne1 Xn Trez Xnea )y D* (Xns1 , Tnez Xn+1 Tnes Xns2 )}
=a; {D*(Xn Xn+1, Xn+2) + @2 Max {D*(Xn ,Xn+1, Xn+2)y D*(Xn+1:Xn+2, Xn+3) }
= (a1t a2) D*(Xn, Xne1, Xn+2) + 82 D*(Xns1, Xnv2, Xne3) }
Oher < {(ar+ @ )dy + @20y

(1- a2)}dns1 < {(as+ a2)dn
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dn+1 < {(a1+ az)/(l- az)} dn

dsr<bdy. whereb={(a;+a)/(1-a))} <1

Hence dy £ b"dy — 0, as n —o.

Now we shall prove that {x,} is a Cauchy sequence in X.

Let dn* = D* (Xn, Xny Xn+1)

Then One1® = D* (Xn+1, Xns1, Xns2)

< D* (Xn, Xn+1, Xne2) + D* (Xn, Xnt1, Xn+1)

<dpsdy*

Opr* - do* < dp. <a"dyg—0as n—o (since 0< o< 1)

dya*<dy,* foralln

Hence {d,*} is monotonically decreasing sequence of positive real number and it converges to its glb. Let itbed .

Then d,* —>dasn—oo.

Now we shall prove that d = 0 .Suppose d =0 .

lim
Nowd= ——— dy.o*
n, —oc

lim
£— {dn+1+dn+1*}
n, >

lim
L— {b dn+dn+1*}
n, >

< “—m {dn+dn+1*}
n, —o

=d .which is contradiction .Thus d = 0.
Hence D*(Xy,, Xn, Xm)—0asm, n > o«
Therefore {x,} isa D* Cauchy sequence in X.
Since X is D* complete x, »>x in X
Now we prove that x is fixed point of {T,
To prove that T,x =x foralln.
Suppose there is m such that T,,x = x .Then

lim
D*(TmX, X, X) = D*(TmX, Xn+2, Xn+3)

n, —»x

lim
= D*(TmX, Ths2Xns1, TneaXn
n —oc
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lim
n —oc

<

{a1 D*(X, Xq+1, Xn+2) + @2 mMax {D* (X, T X Trez Xns1 )y D* (Xnea , Trez Xnea Tres Xnw2 )}

lim
< {a1 D*(X, Xp+1, Xn+2) + @2 Mmax{D*(X, T X, Xn+2);, D*(Xn+1,Xn+2, Xn+3)}
n —ooc

<@ D*(x, Tm X, X)
< D*(x, Ty X, X) ,which is contradiction .
Thus T,x=x. for all n..
Now we prove that x is a unique common fixed point of {T,}.
Suppose x=y and T,y =y for all n.
Then D*(x,y,y) = D*(ThaX, Trsays Tnsa )
<a{D(X Y, y) + a2 max {D*(X, Tns1X, Tns2y ), D*(Y, Trs2V , Treay )}
<a {D(x, Y, y) +a max{D*(x, x,y),D*(y,y,y)}
< (a2 ) D*(x, v, Y)
<D* (x, y, y), which is a contradiction.
Hence {T,,} have a unique common fixed point

Remark 2.7: If we put a, = 0, T, =T for all n and a; = a in the above theorem we get the following Theorem as
corollary.

Corollary 2: Let (X, D*) be a complete D* - metric space and T: X — X be a map such that
D*(Tx, Ty, Tz) <aD*(x,y, z) forall x,y,z e Xand0<a< 1.

Then T has a unique fixed point.

The above Theorem is know as Banach contraction Type Theorem in D* - metric space.

Remark 2.9: If we put a; = 0, T, =T for all n and a, = a in the above theorem 1. we get the following theorem as
corollary 2.10.

Corollary 2.10: Let (X, D*) be a complete D* - metric space and T: X —X be a map such that

1
D*(Tx, Ty, Tz) <amax {D*(x, Tx, Ty), D*(y, Ty, Tz)} forall x,y, z eXand0<a < E .
Then T has a unique fixed point.

Theorem 2.11: Let X be a complete D* - metric space and T,, : X > X be a sequence of maps such that

D*(Tix, Ty, Twz) <a; D*(X y. z) + a, max{D*(x, Ti,x, Tjy), D* (v, T}y, Tiz)}+ as max{D*(x, y, Tjyy) , D*(y, z, T«2)}
forall x,y,z € X, withi #j#kand 0< a;+2a,+2a3< 1. Then {T,} have a uniqgue common fixed point.

Proof: Let X, € X a fixed arbitrary element and define a sequence {x,} in X as Xp+1= Tp+1 X, forn=0, 1, 2, ....
Let dn= D* (Xn, Xn+1, Xn+2).
Then dni1 = D* (Xn+1, Xns2, Xn+3)

= D* (Tns1 Xn » Thez Xns1 Tres Xns2)
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< alD*(Xn s Xn+1, Xn+2) + a, max {D*(Xn, Tn+1Xn s Tn+2 Xn+1) s D* (Xn+1, Tn+2 Xn+1, Tn+3 Xn+2 )}
+ a3 Max{D*(Xn, Xn-+1, Tns2 Xns1) » D*¥(Xns1, Xnsz, Tz Xnw2 )}

= a1 D*(Xn, Xn+1, Xne2) + 82 MaX{D*(Xn, Xn+1, Xn+2 ), D*(Xn-s1, Xns2, Xne3) }+ @3 Max{ D*(X,, Xn+1, Xn+2),
D*(Xn+1, Xn+2, Xn+3)}

< (a1 + @+ ag) D*(Xn, Xns1, Xns2) + (82 + 83) D*(Xns1, Xns2, Xn+3)
< (ag+a+ag) dy + (a2 + @) o
(1-az-a3) d < (aytaztas) dn
On+1 < {(ar+atag) / (1 - a2- ag)} dy,
dnsr <a dp, foralln where a={(a;+ax+taz) / (1-a, - az)} < 1.
Hence d,<a"dy —0asn— «
Now we prove that {x,} is D* - Cauchy sequence in X.
Let dn* = D* (Xn, Xn, Xn+1)
Then On+1* = D* (Xp+1, Xn+1y Xns+2)
< D* (Xn, Xn+1y Xns2) +D* (Xn, Xns1, Xns1)
< dn.dy*
Ohe1* - dp* < dp.< 0" dy—0 as n—oo (since 0 < o < 1)
dys1*<dy,* foralln
Hence {d,*} is monotonically decreasing sequence of positive real number and it converges to its glb. Let it be d.
Then d.* > dasn—w.
Now we shall prove that d = 0 .Suppose d = 0.
lim

Now d = ———— dyeo*
n, -«

lim
n, —o

{dn+1 + dn+1*}

lim
L— {b dn+dn+1*}
n, >

lim
- {dn + dn+1*}
n, —»x

= d. which is contraction .Thus d = 0.

For m >n we have
D*(Xm Xn, Xm) < D*(Xm Xn, Xn+1) + D*(Xn+1, Xn+1, Xm)
< D*(Xn, Xny Xn+1) T D*(Xne1, Xne1, Xne2) +. « o+ D*(Xme1, X1, Xm)
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— 0asn, m—oo.
Hence D*(Xn, Xn, Xm)—0asm, n > o
Therefore {x,} is a D* Cauchy sequence in X.
Since X is D* complete x, »>X in X
Now we prove that x is fixed point of {T}

Toprovethat T;x =xforalln.

Suppose there is an m such that TX # X, Then

m
D*(TmX, X, X) = o D*(TmX, Xn+2, Xn+3)

—>oC

lim
= D*(TmX, TnsoXns1, TresXns2)
N —oc

lim
nox
+ ag max {D*(X, Xn-+1, T2 Xn+1) s D*(Xns1, Xns2, T3 Xne2 )

{a1D*( TiX, Xn+1, Xns2)+ 82 Max{D*(X, T1X , T2 Xn+1) , D* (Xns1, T2 Xne1, T3 Xne2)}

lim
= { a1 D*(X, Xn+1, Xns2) + @8 max {D*(X, T1X , Xn+2 ) , D*(Xn-+1, Xne2, Xne3)}
N —aoc

+agmax { D*(X, Xns1, Xnt2) » D*(Xne1, Xns2, Xns3)}

<a D*(x, Ty X, X)
< D*(x, Ty X, X), which is contradiction . Thus Tyx=x.
Similarly we can prove that T,x = TaX = X.
Now we prove that x is a unique common fixed point of Ty, T, T3
Suppose Xy and TiX=ToX=TaXx=X & T1y=Toy=Tay=y
Then D*(x,y,y) = D*(Tyx, Toy, T3y)
<a; D*(x,y, y) + a; max{D*(x, Tix, Tay), D*(y, Tay, Tay)}+ as max {D*(x, y, Toy), D* (v, y, Tay)}
=a, D*(x,y, y) + & max {D*(x, x,y), D*(y, ¥, y)} + max as{D*(x, y, ), D* (v, ¥, y)}
=(ata+a) D* (X, y,y)
< D* (%, Y, y), which is contradiction.
Hence {T,} has a unique common fixed point.

Theorem 2.12: Let X be a complete D*- metric space and Ty, T,, T3: X = X be any three maps such that

D*(Tix, Tjy, Tiz) <amax {D*(X y z), 1/2{D*(x, Ti,x, Tjy) +D* (y, Tjy, Ti2)}, 1/2{D*(X, y, Tjy) + D* (y, z, T\z)} with
iZj#k, forallx,y,ze X,and 0< a<1.

Then {T,} has a unique common fixed point.
Proof: Let X, € X a fixed arbitrary element and define a sequence {x,} in X as Xp+1= Tps1 X, forn=10,1,2, ....

Let dn= D* (Xn, Xn+1, Xns2) -
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Then dni1 = D* (Xn+1, Xns2, Xn+3)
= D* (Tn1 Xn s Tnez Xne1 Tres Xns2)

<amax {D*(Xn, Xn+1,Xn+2),1/2 {D*(Xn, Tn+1Xn ’ Tn+2 Xn+1) +D* (Xn+1, Tn+2 Xn+1, Tn+3 Xn+2 )},
172 {D*(Xn, Xn-+1, T2 Xne1) + D*(Xns1, Xns2, Toes Xnw2 )3}

=amax {D*(Xn, Xnt1, Xn+2) , L2 {D*(Xn, Xn+1, Xne2 ) + D*(Xn-s1, Xns2, Xne3)}
12 {D*(Xn, Xn+1, Xns2) + D*(Xns1, Xns2, Xne3)} }

< amax {D*(Xn, Xn+1, Xn+2) » U2 {D*(Xn, Xn+1, Xne2) + D*(Xns1, Xns2y Xns3)}
<amax {d,, 1/2 (dj+dns1 ) }
If max {d, 1/2 (dy +05+1)} = %2 (dy +dn+e) then dyey < d, for all n. Thus dpsy <d, for all n.
Hence d, <a"d;—0asn—«
Now we prove that {x,} is D* - Cauchy sequence in X.
Let d* = D* (Xn, Xn, Xn+1)
Then On+1* = D* (Xn+1, Xn+1, Xn+2)
< D* (X, Xne1y Xna2) + D* (X, Xnst, Xne1)
< dn+do*
Opr™* - dn* < dy < a"dp—0 asn—oo (since 0< o < 1)

dy* < d,* foralln

Hence {d,*} is monotonically decreasing sequence of positive real number and it converges to its glb. Let it be d.

Then d.* > dasn—w.

Now we shall prove that d = 0 .Suppose d = 0.

lim

Nowd= — d,»*

n, —oc
lim

n, —o

{ dn+1 + dn+1*}

lim
- {adn + dn+1*}
n, >

IA

lim
- {dn + dn+1*}
n, —»x
=d
Now we prove that {x,} is D* - Cauchy sequence in X.

For m > n we have,

D*(Xn, Xn, Xm) < D*(Xn, Xny Xns1) + D*(Xns1, Xnt1, Xns2) + .+ o+ D*(Xmet, Xy, Xm) = 0@SM. N — oc

© 2012, IIMA. All Rights Reserved

1635



T. VEERAPANDI & AJl. M. PILLAI*/ SOME COMMON FIXED POINT THEOREMS FOR SEQUENCE OF MAPPINGS IN D*- METRIC
SPACE/ IMA- 3(4), April-2012, Page: 1617-1639

Thus {x,} is a D* Cauchy sequence in X and X is D* - complete x, — x in X.

Now we shall prove that T.x = x for all n. Supose there is m T X #x

D*( TiX, X, X) = 1M D*( TiX, Xns2, Xns3)
n—oo

= lim D*(TmX, Tns2 Xns1, Tnes Xns2)

n—oo

<a Ilm max {D*(X » Xn+1s Xn+2)’ 1/2{D*(X, TmX 1Tn+2 Xn+1) +D* (Xn+11 Tn+2 Xn+1, Tn+3 Xn+2 )},

nN—oo

Yo{D*(X, Xn-t1, Tns2 Xas1) + D*(Xne1, Xnv2, Toea Xns2 )3}

=a lim max D*(X, Xns1, Xns2), %2 D*(X, TiX , Xns2 ) + D*(Xns1, Xns2y Xnv3)}

nN—oo

Yo{D*(X, Xn+1, Xns2) + D*(Xn+1, Xns2, Xn+3)}}
< amax {D*(x, TuX , X),0}
<D*(TmX , X, X), Which is a contradiction.
Thus T,x=x. for all n.
Suppose x=y and T,y =y for all n.

Then D*(X,y,y) = D*(ToX, Tns2V, Thizy)

IA

amax { D*(X, v, y) , 2{D*(X, Tns1X, Tne2y)+D*(Y, Trsr2y, Tnss¥)}
172{D*(X, ¥, Tns2y) + D*(y, Y, Tosa¥)}}

zamax {D*(x,y,y) , 1/2D*(x, x,y), 1/2D*(x,y, y)}
=aD*(x,y,Y)
<D* (X, . ),
which is contradiction.
Hence {T,} has a unique common fixed
Theorem 2.13: Let X be a complete D* - metric space and T,: X = X be a sequence of map such that
D*(Tix, Ty, Tiz) <& D*(x, Y, 2) + @, max {D*(x, Tix, Ty ), D*(y, Ty, Tiz )}+ as max{D*(x, y, Tyy ), D*(y, z, Tiz )}
forallx,y, z e Xand 0 <a; + 2a,+ 2a3< 1. Then T has a unique fixed point.
Proof: Let x, € X a fixed arbitrary element and define a sequence {x,} in X as
Xn+1= T1 Xp
Xn+2= T2 Xns1
Xns3= TaXpe2 forn= 3k, k=10,1,2, ....
Let dn= D* (Xn, Xn+1, Xn+2)-
Then dns1 = D* (Xn+1, Xn+2, Xn+3)
= D* (T Xn , T2 Xne1 T3 Xns2)
<a; D*(Xn , Xn+1, Xns2) + 82 MaxX{ D*(Xn, T1Xn , T2 Xn+1) , D* (Xn+1, T2 Xne1, T3 Xns2 )}

+ asmax { D*(Xn, Xn-+1, T2 Xn+1) » D*(Xns1, Xns2, T3 Xns2 )3}
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= a1 D*(Xn, Xns1, Xns2) + @82 max { D*(Xn, Xns1, Xns2 ), D*(Xnr1, Xns2, Xns3)}
+ ag max {D*(Xy, Xn+1, Xn+2) , D*(Xn+1, Xns2, Xn+3)}}

<{a1 D*(Xn, Xne1, Xns2)+( @2 +83 JMaxX{D*(Xn, Xn+1, Xns2), D*(Xns1, Xne2, Xne3)}
Onsr <apdn + (a2+ag ) (dn «Cnsg )
(1 - (a2 +a3)) dney < (ag + @, +a3) dy
dww1<a d, foralln,where a= (a + axtaz )/ (1-(ax+az)) <1
Hence d,.<a"dy, —0asn—«
Now we prove that {x,} is D* - Cauchy sequence in X.
Let d* = D* (Xn, Xn, Xn+1)
Then On+1* = D* (Xp+1, Xne1y Xns+2)
< D* (Xn, Xns1y Xns2) ¥ D* (X, Xne1, Xns1)
<+ dy*
Onr* - dn* < dp.< 0" dp—0 asn—oo (since 0 < o < 1)
dy* <d,* foralln
Hence {d,*} is monotonically decreasing sequence of positive real number and it converges to its glb. Let it be d.
Then d.* > dasn—w.

Now we shall prove that d = 0 .Suppose d = 0.

lim
Nowd= ——— dy.o*
n, —oc

lim

- {dn+1 + dn+1*}
n, —»x

lim
< — {adn + dn+1*}
n, —»x
lim
<— {dn + dn+1*}
n, >
=d
Now we prove that {x,} is D* - Cauchy sequence in X.
For m > n we have,

D*(Xn, Xn, Xm) < D*(Xn, Xny Xns1) + D*(Xns1, Xne1, Xns2) + .+ o+ D*(Xmet, X1, Xm) = 0@SM. N — oc

Thus {x,} is a D* Cauchy sequence in X and X is D* - complete x, — x in X.

© 2012, IIMA. All Rights Reserved 1637



T. VEERAPANDI & AJl. M. PILLAI*/ SOME COMMON FIXED POINT THEOREMS FOR SEQUENCE OF MAPPINGS IN D*- METRIC
SPACE/ IMA- 3(4), April-2012, Page: 1617-1639

Now we shall prove that T;x = x

D*(T1x, X, X) = HM D*(T1X, Xns2, Xns3)
nN—oo

lim D*(T1X, T2 Xns1, T3 Xne2 )

nN—oo

IA

Ilm {a1 D*(X s Xn+1, Xn+2) + a maX{D*(X, Tx,T, Xn+1) , D* (Xn+1, T, Xn+1, T3 Xn+2 )},
nN—oo

+ a3 {D*(X, Xn-11, T2 Xn+1) s D*(Xns1, Xns2o T3 Xna2 )3}

= lim {a1 D*(X, Xn+1, Xn+2) + @2 max{ D*(X, T1X , Xns+2 ), D*(Xn-+1, Xn+2, Xns3)}

n—oo

+ a3 max {D*(X, Xn+1, Xn+2) , D*(Xns1, Xn+2y Xn+2) 3}
<a; D*(x, Tix ,X)
< D*(Tx, X, X), Which is a contradiction.
Thus Tix=X..
Similarly we can prove that T,x = TaX = X.
Now we prove that x is a unique common fixed point of Ty, T,, T3
Suppose X2y and Tix=Tx=T3X=X & T;y=Ty=Tzy=Yy
Then D*(x,y,y) = D*(T:x, Toy, Tay)
<{a D*(x, y, y) + & max{D*(x, T1x, Tay), D*(y, Tay, Tay).+ as max{ D*(x,y, Ty), D* (v, y, Tay)}}
=a, D*(x,y,y) +a D*(x, x,y) +as D*(x, v, )}
<(ap + ax+az) D*(x, ¥, y),
<D* (X, . ),
which is a contradiction.
Hence {T,} has a unique common fixed point .
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