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ABSTRACT
The ring R is said to be commutative- transitive if for each @, b, ¢ € R\Z(R) , ab = ba and bc = cb imply
ac = ca. In this paper, we present other examples of commutative- transitive rings.

We show that a ring R is commutative- transitive iff commutative graph R is a union of complete graphs. So we show
non-commutative rings of order p* are commutative- transitive.
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INTRODUCTION

In reference [1], the structure of commutative- transitive finite rings has been described, it is shown in that paper that
simple and commutative- transitive finite rings are fields or 2x2 matrices rings on fields or - = Fy ®x F, for two

fields and . Also, the structure of irreducible commutative- transitive ring were specified.
COMMUTATIVE - TRANSITIVE FINITE RINGS
Definition 1: Ring R is said to be commutative-transitive if for each a,b,ceR, ab=ba and bc=cb, imply ac=ca [1].

Theorem 1: The following conditions are equivalent for ring R :
A) R is commutative- transitive.

B) For each x,yeRZR), if xy=yx, then c(x)= c(y).

C) The centralizers of all non central elements of R are commutative.

Definition 2: Let R is a ring.Commutative graph p(R) as set of vertices pu(R) is all elements non central of R and
distinct vertices a,b in u(R) adjacent iff ab=ba.

Result 1: Thering R is commutative-transitive iff commutative graph p(R) is union of complete graphs. []{} | F

a b
0 ¢

[g 'E;] is a non-central elements of R. We determine the centralizer of A.

Example 1: For an arbitrary field , the ring R= {[ ] | a,b,ce F} is commutative -transitive. Let A=

If B :E i € C(A4), Then AB=BA. So (a—c) =(x—z) b we consider the following cases:
. x 3
Case 1: if a=c, then C(A)= {[n . | %,y = F} .

Case 2: If a#c, then C(A)= {E (x = 2) bicx B C]_l] |x,ze F}
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In each case C (A) is commutative. So R is commutative- transitive. The commutative graph of R is the union of
|F|+1 complete graphs which an of them has |F|“ — |F | vertices.

GROUP RINGS

Definition 3: Let G is a group and R is a ring. Then RG is defined as RG = {Xyc fy 9| ry R} inwhich 7, = 0,
except for some finite numbers. In RG, addition and multiplication are defined naturally and distributedly,
respectively. RG is called a group ring on R [3].

Example 2: Let Qg= {1 , i , %j, £k } is an eight-element quaternion group. We show that the group ring of
Z 505 is commutative- transitive. For simplicity, weput 1'=-1,i'=-1, j'=-j,k'=-k. It isshown that: Z(£,Js
) ={a1l + a,1” + as(i+i’) + a4 (j+j )+ as(k + k' )| a...as €2, 2. Regarding the symmetry of Z,Qs elements. We
must find c(i), cd+j) and c(i+j+k) to prove that centralizer is commutative for each non-central element. we can get
with a little calculation

c(i) = {ail +ap1'+ agi +aui' + a; (j +]') + as(k + k' )| ar..as € 2}

c(i+]) ={al + al'+ i+ asj+(as-a)i' +(as-as)j' +ask +k' ) a1 a8 €2,/

and C(i+j+k) = {a1l + a,l'+azi+ ayi' +as -ay )j+(a— ag) +(as-as)k +(as—az)k’|a;...85 € 2.

As all above three centralizer are 6- dimensional and each contains a 5- dimensional subspace Z(Z,Qg) , they are
commutative. Consequently group ring of Z,Qg is commutative-transitive.

Theorem 2: If R isa non-commutative ring with identity of order p* in which p is prime number, then R is
commutative-transitive.

Proof: As |R| = p*, char R isa power of P. Therefore, elements of 0,1, ..., p-1 are distinct. For each aeR , we
have |c(a)|>p . so for a ag Z (R), |c(a)|=p? or p* We show that c(a) is commutative.

Case 1: If |c(a)|=p? , we know each ring with identity of order p?is commutative.

Case 2: If |c(a)|]=p®, we put S=C(a) and as element a,0, ..., p-1 are all in the center of S, we get |Z(s)|>p Therefore,
1Z(S)|=p? or p>. If |Z(S)|= p® then Z(S)=S. If |Z(S)|=p? for each b& Z(S) . We have Z(S)& C(b) &S which is
impossible, because | S| = pand |Z(S)|=p>. The proof is complete.

Example 3: Let the following rings have 16 elements.

R:{[g ;]m,hea},s:“g E g]la’h’c’dEFEI'

Therefore , based on the above theorem , they are commutative-transitive and the commutative of R is the union of one
Ke graph and four K, graphs and the commutative graph of S isthe union of three K, graphs.

Note 1: We have a single non commutative ring of p3 order with identity the following ring:

R ={ [g i}] la,b,c e E,p} That is also commutative-transitive [2].

That is also commutative-transitive [2].
SKEW POLYNOMIAL RING

Definition 4: If Risaringand o : R — R is aendomorphism, let R /x ; o] denote the ring of polynomials over R,
that is , all formal polynomialsin x with coefficients from R with multiplication defined by xr=o(r)x [4].

FLX;
Theorem 3: Let F isafield and ¢ isan endomorphism of F. Then R = {[x:z_] is commutative-transitive.
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Proof: Let Z(R) = Fix(s) = K. Now show centralizer of each non-central elements is commutative. Let a+bx is a
non-central element of R and a+ux e c(a+bx)

biolal—a) . . . . .
———xX|a e F} in this case centralizer is commutative.

Case 1: If g(a) #a then C(a+bx)={r:r: + (2=

Case 2: If o(a)=a inthiscase o(@)=a and b#s so Clatbx)={a + x| it € F,aek}.

In this case centralizer is commutative. Therefore ring R is commutative-transitive. commutative graph of R is the
union of |F| complete graphs which an of them has |F |Hk| vertices and and one complete graph with |k| {Fk]|
vertices.In the following, we preset a simple and short proof of a Corollary ( 21) of [1].

Theorem 4: Let R is a local ring and RJ(R) = F, , inwhich r is prime. If J(R) is commutative, then R is
commutative-ransitive.

Proof: Let a isanon-centeral element of R. show C(a) is commutative. Since J(C(a)) =C(a)n J(R), so
o Cle) . ClenfiE) — B .
BT oclanj(R) T IR JR TP

. . . . . C . . . .
Since r is prime so there is not any field between Z, and F,". On the other hand T% is a field since C(a) is a

local ring with maximal ideal of C(a)» J(R)

Cia) o Cia) o _
Therefore , can® - e Y camm For.
. _ Ll _ . .
Case 1: If N Zp then C(a)=Z, +(C(a) n J(R)) so C(a) is commutative.
. Cia) . - . . i i . . .
Case 2: If ClanIE F?,. , in this case ag Z, +J(R), since if aeZ, +J(R) then Since J(R) is commutative
. Cia) . - R o _ _ A . . . .
therefore J(R)c C(a) Since TR F,r and e F,r so C(a=R this meaning a is centeral which is a
. Ziclal)
contradiction. As aeZ(C(a)) so 2@ J(B) p -

z(cla))  ,, Z(cla))+J(R) _ R

- c — & -
On the other hand £, & ZClan @ R S Fur.
EI:EI:E}:H_.T{R} - clal+J(R) .,
Therefore ~m - Fyr s nce — o = F,r,So Z(C(a))+J(R)=C(a)+J(R) then

C@=z(C@)+(C@nIR)).
And as J(a) iscommutative so C(a) is commutative, Therefore R is commutative- transitive.
REFERENCES

[1] D. Dolzan, I. Kelp, P. Moravec, Finite rings in which commutativity is transitive, Monatsh. Math. 162 (2011) 143-
155.

[2] K.J.S. Eldridge, Orders for finite non-commutative rings with unity, Amer. Math. Monthly. 75 (1968) 512-514.
[3] T.Y. Lam, A first course in non-commutative rings, New York, (2001).

[4] B.R. MacDonald , Finite rings with identity, Marcel Dekker, New York, (1974).

© 2012, IIMA. All Rights Reserved 1700



	________________________________________________________________________________________________
	INTRODUCTION

