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ABSTRACT
In this paper second order fuzzy product topology is defined and analysed.

INTRODUCTION

A fuzzy set on aset X isa map defined on X with values in I, where T is the closed unit interval [0, 1]. Equivalently
fuzzy sets which are named as first order fuzzy sets in this paper deal with crisply defined membership functions or
degrees of membership. It is doubtful whether, for instance, human beings have or can have a crisp image of
membership functions in their minds. Zadeh [7] therefore suggested the notion of a fuzzy set whose membership
function itself is a fuzzy set. This leads to the following definition of a second order fuzzy set or a fuzzy set of type 2.

A second order fuzzy set on a nonempty set X is a map from X to I'.

N N A
First order fuzzy sets are denoted by f, g, h, . .. and second order fuzzy sets are denotedby f, g, h,....

In this paper the terms “fuzzy set’ and “first order fuzzy set’ are used synonymously.

Whenever a fuzzy set is considered without mentioning the order, it always refers to a first order fuzzy set.
Similar terminology applies to all concepts related to first order fuzzy sets.

Definition and examples of second order fuzzy topological spaces are given in [4].

Six important and interesting connections ¢;, ¢,, €3, ¢, €5 and ¢; between first order and second order fuzzy
topological spaces are also discussed in [4].

Every first order fuzzy topology & = {f, / A € A} on a non-empty set X defines a second order fuzzy topology
N A A

O ={fxr/f, e 8}on Xwhere fj (x)(a)="(x),forevery x e X and for every o € 1.

N
The correspondence & — O is denoted as ¢;.

Let 6 ={fi/X e A} be asecond order fuzzy topology on a nonempty set X.

N N AN
Fix x e X. The collection &, = distinct elements of the collection {fi(x)/ fi e &} defines a first order fuzzy

N
topology on 1. ¢, denotes the correspondence & — 8.
N N
Fix o e L. The collection §, = the distinct elements of the collection {(f,), / fo e &} defines a first order fuzzy

A N
topology on X where (f,).(x) = fa (X)(a), for every x e X. ¢; denotes the correspondence & — 3.
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N N A
The collection S°= {(f,)*/ f1 € 8 } is a subbase for a first order fuzzy topology &° on X where (£,)° (x) =V f1 (X)) ,
ael

for every x € X. ¢, denotes the correspondence & — &°.
A N
Every first order fuzzy topology & = {f, / A € A} on 1 defines a second order fuzzy topology &1 = {(f1):/f, € &}

N A
on anonempty set X where (f3); (x) =f,, for every x e X. The correspondence & — O1 is denoted as ¢s.

Given a second order fuzzy topology on a nonempty set X, the association ¢s, gives a way of getting another second
AN N
order fuzzy topology on the same set X. That is, given a second order fuzzy topology & = {fr /L e A} on a

N A N AN
nonempty set X, the collection &¢ ={(fx)./ fi e &} isalso asecond order fuzzy topology on X.

In this paper second order fuzzy product topology is defined and it is proved that the associations ¢;, ¢5, ¢5 and €
preserve product.

SECOND ORDER FUZZY PRODUCT TOPOLOGY

Definition: 1 Let (X, 81), (Y, 82) be two second order fuzzy topological spaces. If lQl € 81 and le € 82 then the
star product 121 * 1@2 on X x 'Y is defined as follows:

(?1 * 1/‘\2) % y) (o) = 121 (X) () A ;‘\2 (y) (o), for every (x, y) € X x Y and for every a. € 1.

The product topology gl X gz on X x Y is the second order fuzzy topology having the collection

A A A A A A

{f1+f2/f1 e &1, f2 € 82} asabasis.

A AN
Theorem: 2 Let (X, 8;) and (Y, §,) be two first order fuzzy topological spaces. Let (X, d1) and (Y, d2) be the second
order fuzzy topological spaces got from (X, 8;) and (Y, 3,), respectively, through the association ¢,. Then

o~_ A A
O, X0, = 01 X 02

A
Proof: 66(}2 = {f /fe & x5} where
A

fxy) (@=f(x,y), V(x,y) e XxYand Vo el

AN AN A

Consider a basis element ?1 * 2 of 81 X 2.
For (x,y) € XxYand a e I, consider
(F1+ £2) (1) (@ =F160 @) A T2 ) (@)
=f.(x) A f(y)

= (fu* ) (X, y)
F B y) @)

.'.f]_*fz = f1*f2

Since f, * f, is a basis element of 0, X J,,

A A PN
01 X 82 ¢ 8; X J,
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NN
Consider g € ; X 9,

where g € 8; X &,

g=V{f1*f2/f1€81,f2€82andf1*f2<g}

A
. g=V{f1*f2/f1681,f2€82andf1*f2<g}

A A A A AA AA A A
g =V{fixfa/f1 e, f2ed2, f1xf2<g

A AN

g ed X O

. 0; X0, < 01 X 02

/\ A A
Hence &; X0, =01 X 02.
A A A A A
Theorem: 3 Let (X, 1) and (Y, d2) be two second order fuzzy topological spaces. Let 03 = d1x d2 and
A N A

o € L Let (81), (82), and (83), be the first order fuzzy topologies got from &1, 02 and 33, respectively, through the
association €. Then (83), = (81)a X (82).

Proof: Consider a basis element (f;), * (f2)o Of (81) X (82)4. Given (f1), and (f,),, let ?1, ]ﬁz be such that

(F1) (9 (@) = (). (9 and (F2) (9 (@) = (B (9.

For (x, y) € X x Y, consider

((f)o * (F2)o) (%, ¥) = (f)a () A (F2)a (¥)
=(f1) ®) (@) A (f2) () ()

=(fr* f2) (x y) (@

= (?3) (X, y) (o) where 1A:3 =f1xfre O3

= (£ (%, y)

(B * B = () < (53

- (32)a X (82)a = (390 @
Consider g, € (83)q

Thereexistsa g € 03 suchthat g (x) (@) = gu (X), VX € X. Then
a =V{]€1 * ?2/ ?1 € gl, ?2 € gz and ?1 * 1?2< a}
For (x,y) € XX, consider

G (% y) = 6 () (@)

=(V(f1* f2)) (xy) (@)
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=V (F1 60 (@) A F2.9) ()
SV (8. () A (B). )
= (V (B * (8) (% Y)
G =V (e * (B)) < (B X (52)
(3)a (B X (32)e o
Hence from (1) and (2)
(52)0 = (52)a X (52

Theorem: 4 Let & be a first order fuzzy topology on L

N AN N
Let (X, (O1) "), (Y, (01)") and (XX Y, (O1)") be the second order fuzzy topological spaces got from (1, 8) through
the association ¢s. Then (81)” =(d1)'x(d1) "

AN A A N N N

Proof: For fe §, let (f1),(f1)” and (f1)"” denote the associated elements of (& 1)’, (& 1)" and (& 1)", respectively.

Here (?1)’(){) =f,VxeX
(fiyym=£f vyeY.

and (;‘\1 )", y) = f, V(Xy) e XxY.

Consider a basis element (f1)" = (g ;)" of (1) x(81)"

where f, g e d.
h=fAgeb @

For (x,y) € X X Y, consider
(1= (@) 9 =F1) QG ®
=fAg
= h (- from (1))

=(hn)"xy)

(fi)=(g)" = (h)" (1)
(81)'X(81)”§(81)'" 2

Consider (ﬁ 1)" e (EAS 1) " where h €8
(h1) € (81)
(h1) = (11)” € (01)'x(d1)"
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But (ﬁl)’*(il)":hA1=h=(fA11)'"
(ﬁ 1)"’=(fA1 1) * (11)” € (81)’){(81)"
(31)"< (31 x(31)" ©
Hence from (2) and (3) (8 1) X (8 1)"
The following result can be easily proved using the definition of (8)0
Theorem: 5 Let (X, gl), (Y, gz) be two second order fuzzy topological spaces. Let (X, (g 1)c) and (Y, (g 2)c) be

the second order fuzzy topological spaces got from (X, 0 1) and (Y, O 2), respectively through the association .
Then

N N N N
(81 X SZ)C = (8 1)c X (8 2)e-
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