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ABSTRACT 
In this paper we have constructed dual graphs associated with the cellular folding in a natural way. Then we obtained 
the condition under which we may have a successive foldings of a CW-complex into itself. We also obtained the 
conditions for a cartesian product and a wedge sum of two cellular foldings to be a cellular folding. These conditions 
are obtained in terms of the dual graphs and by using the above results we also obtained some other results. 
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1. INTRODUCTION 
 
A cellular folding is a folding defined on regular CW-complexes first defined by, E. El-Kholy and H. Al-Khurasani, [1] 
and various properties of this type of folding are also studied by them. 
 
By a cellular folding of regular CW-complexes, it is meant a cellular map :f K L→  which maps i-cells of K to i-

cells of L and such that ief | , for each i-cell e, is a homeomorphism onto its image. 
 
The set of regular CW-complexes together with cellular foldings form a category denoted by ),( LKC . If 

),( LKCf ∈ ; then Kx∈  is said to be a singularity of  f  iff  f  is not a local homeomorphism at x. The set of all 

singularities of  f  is denoted by f∑ . This set corresponds to the “folds” of the map. It is noticed that for a cellular 

folding  f, the set f∑ of singularities of  f  is a proper subset of the union of cells of dimension 1−≤ n . Thus, when 

we consider any ),( LKCf ∈ , where K and L are connected regular CW-complexes of dimension 2, the set f∑  

will consists of 0-cells, and 1-cells, each 0-cell (vertex) has an even valency, [2, 3], of course, f∑  need not to be 

connected. Thus in this case f∑  has the structure of a locally finite graph fΓ  embedded in K, for which every 

vertex has an even valency. Note that if K is compact, then fΓ  is finite, also any compact connected 2-manifold 
without boundary (surface) K with a finite cell decomposition is a regular CW-complex, then the 0- and 1-cells of the 
decomposition K form a finite graph fΓ  without loops and  f  folds K along the edges or 1-cells of fΓ . 
 

Now a neat cellular folding LKf →:  is a cellular folding such that 1−− nn LL  consists of a single n-cell, LInt , [2]. 
 
2. DEFINITIONS 
 
Let ),( LKCf ∈ , then there is a cellular subdivision S on K by singularities of  f. In the following we give the 

definition of the dual graph *
fΓ  associated to this stratification in a natural way. 
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In fact the vertices of the graph *
fΓ  are just the n-cells of S and the edges are some )1( −n cells. An edge 1−∈ nSE  

means that E lies in the frontiers of exactly two n-cells nS∈′γγ ,  where )()( γγ ′= ff  such that 1, −∈′ nSEE  

are equivalent (the same) iff both E and E ′  lies in the frontier of γ  and γ ′  and )()( γγ ′∂=∂  contains more than 

)1( −n -cells. We then say that E is an edge in *
fΓ  with end points γγ ′, . It is possible to realize *

fΓ  as a graph 
*~
fΓ  embedded in K as follows: 

 
For each n-cell nS∈γ , we choose any point γ∈u . If nS∈′γγ ,  are end points of 1−∈ nSE , then we can join u 

to v by an arc E~  in K that runs from u through γ  and γ ′  to v crossing E transversely at a single point. Trivially, the 

correspondence EEu ~, →→γ  is a graph isomorphism from *
fΓ  to *~

fΓ . It should be noted that the graph *
fΓ  

has no multiple edges, no loops and generally disconnected. It will be connected in the case of neat cellular foldings, 

since all the n-cells will be send to the same n-cell. The graph *
fΓ  is the dual graph of fΓ . 

 
If ),( NM  is a CW-pair consisting of a cell complex M and a subcomplex N, then the quotient space NM /  inherits 
a natural cell complex structure from M. The cells of NM /  are the cells of NM −  plus one new 0-cell, the image 
of N in NM / , [4]. 
 
The suspension MS  of a complex M is the union of all line segments joining points of M to two external vertices, [4]. 
 
2-1 Examples 
(a) Consider a complex K such that || K  is a torus with cellular subdivision consisting of eight 0-cells, sixteen 1-cells 

and eight 2-cells, let KKf →:  be a   cellular folding given by 
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In this case the dual folding graph *

fΓ  is as shown in Fig. (2) 
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(b) Let K be a complex such that || K  is a cylinder with cellular subdivision consisting of eight vertices, sixteen 1-cells 
and eight 2-cells, see Fig. (3). Let KKf →:  be a cellular folding given by: 

 ),,,,,,,(),,,,,,,( fgfebcbahgfedcbaf =  

 7)( σσ =if ,     7...,,1=i  

 
The dual folding graph *

fΓ  is as shown in Fig. (4), it is a connected graph. 

 
3. MAIN RESULTS 
 
The following theorem gives the condition satisfied by the dual graphs in order to have a successive folding of CW-
complex into itself. 
 
Theorem 1: Let K, L and M be regular CW-complexes of the same dimension 2, such that KLM ⊂⊂ , let 

LLgKKf →→ :,:  be cellular foldings such that KLKf ≠=)(  and LMLg ≠=)(  with dual folding 

graphs ),(*
fff EV=Γ  and ),(*

ggg EV=Γ . Then fg   is a cellular folding from K into M with dual folding 

graph ),(* EVfg =Γ


 such that )( *1**
gffg f ΓΓ=Γ −





. 
 
Proof: Let MLgLKf →→ :,:  be cellular foldings, then K and L have stratifications SS ′,  respectively, 

such that { }SnV f  of cells−=  and { }SnVg ′−=  of cells  where SS ⊂′ . But the composition map fg   

has the same stratification S on K i.e., ffg VV =


. 
 
Also if Ee∈ , then 1−∈ nSe  and lies in the frontier of exactly two n-cells nS∈′γγ ,  such that 

))(()()( γγ ′= fgfg  , thus ))(())(( γγ ′= fgfg  where )(γf  and nSf ′∈′)(γ . Now there are 
three cases: 
 
(1) nSff ′∈=′= σγγ )()( , then there exists an edge belongs to fE  lies in the frontier of γ  and γ ′ . 
(2) σγσ ′=′≠= )()( fgf  and ασσ =′= )()( gg , then there exists an edge belongs two gE  lies in the 

frontier of σ  and σ ′ . 
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(3) σγσγ ′=′≠= )()( ff  and σσσ =′= )()( gg  or σσσ ′=′= )()( gg , then there exists an edge 

belongs to E ′  where )(1
gg EfEE −=′

 , lies in the frontier of σ  and σ ′ . 
 

We conclude from the above possibilities that )(1
gf EfEE −=  . Thus we have )( *1**

gffg f ΓΓ=Γ −




. 
 
The above theorem can be generalized for a finite series of cellular foldings. 
 
3-1 Example 
Let K be a complex such that || K  is a torus with cellular subdivision consisting of eight 0-cells, twenty 1-cells and 
sixteen 2-cells. Let KKf →:  be a cellular folding given by: 
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The dual folding graph *

fΓ  is as shown in Fig. (6) 

 
Now let LLg →:  be a cellular folding where )( KfL = , defined by: 
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The dual folding graph *
gΓ  is as shown in Fig. (8) 

 
Then by theorem (1) fg   is a cellular folding and the dual folding graph of MKfg →:  is as shown in Fig. 
(9). 

 
Again, let MNMhMMh ≠=→ )(,:  be a cellular folding defined by: 
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The dual folding graph *

hΓ  is as shown in Fig. (11) 
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Then by theorem (1) fgh   is a cellular folding and the dual folding graph *
fgh 

Γ  is as shown in Fig. (12). 

 
Again, let NXNkNNk ≠=→ )(,:  be a cellular folding defined by: 

 ),,,(),,,( 0
1

0
3

0
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0
1 eeeeeeeek = , 

 ),(),( 2
1
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1

2
3

2
1 eeeek = . 

 
The dual folding graph *

kΓ  is as shown in Fig. (14). 

 
Again by theorem (1) fghk   is a cellular folding and the dual folding graph *

fghk 

Γ  is as shown in Fig. 
(15). 
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Corollary 1: Let K, L and M be complexes of the same dimension 2 such that KLM ⊂⊂ , let LKf →:  be a 

cellular folding with dual folding graph ),(*
fff EV=Γ , MLg →:  be a cellular map and 

MKfgh →= :  be a cellular folding with dual folding graph ),(*
hhh EV=Γ . Then MLg →:  is a 

cellular folding with dual folding graph ),(*
ggg EV=Γ  such that ]\[ **

fhg Ef Γ=Γ . 
 
3-2 Example 

Consider a complex on 2|| SK = , with cellular subdivision consisting of six 0-cells, twelve 1-cells and eight 2-cells, 
let KKf →:  be a cellular folding defined by: 
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In this case LKf =)(  is a complex with five 0-cells, eight 1-cells and four 2-cells, see Fig. (16). 
 

 
The dual folding graph *

fΓ  is as shown in Fig. (17). 

 
Now, let KKh →:  be a cellular folding defined by: 
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The dual folding graph *

hΓ  is as shown in Fig. (19). 

 
Then by corollary (1) MLg →:  is a cellular folding with dual folding graph is as shown in Fig. (20). 

 
The following theorem gives the condition satisfied by dual graphs in order to have the cartesian product of two 
cellular foldings is a cellular folding. 
 
Theorem 2: Let K, L, M, and N be regular CW-complexes of the same dimension 2, let MKf →:  and 

NLg →:  be cellular foldings with dual folding graphs ),(*
fff EV=Γ  and ),(*

ggg EV=Γ  respectively. 

Then NMLKgf ×→×× :  is a cellular folding with dual folding graph ),(* EVgf =Γ ×  such that  

***
gfgf Γ×Γ=Γ × . i.e., gf VVV ×= , )()( fggf EVEVE ××=  . 

 
Proof: Let MKf →: , NLg →:  be cellular foldings, then K and L have stratifications S, S ′  respectively such 

that { }  of cells SnV f −=  and { }  of cells SnVg ′−= . The map NMLKgf ×→×× :  is a cellular 

folding iff there exists another stratification S ′′  on LK ×  such that nn SSS ′×=′′ , thus gfgf VVV ×=× . 
 
Now let Ee∈ , then 1−′′∈ nSe  and lies in the frontier of exactly two n-cells ),(),,(,, vuvuSn ′′=′=′′∈′ γγγγ  

such that )()()()( γγ ′×=× gfgf  or ),()(),()( vugfvugf ′′×=× . Then there are two cases: 
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(1) nSuuufuf ∈′′= ,),()( , then there exists an edge belongs to fE  lies in the frontier of u and u′ . 
(2) nSvvvgvg ′∈′′= ,),()( , then there exists an edge belongs to gE  lies in the frontier of v and v′ . 
 
Thus u and u′  are incident with an edge belongs to fE  and v, v′  are incident with an edge belongs to gE . 
 
Then E will be take the form )()( fggf EVEVE ××=  . Therefore 

 *** gfgf Γ×Γ=Γ × . 

 
The above theorem can be generalized for a finite number of cellular foldings. 
 
3-3 Examples 

(a) Consider K and L are complexes such that 1||}| SLK == , with cellular subdivision given as shown in Fig. (21), 
and let LLgKKf →→ :,:  be neat cellular foldings which squash K and L respectively to a 1-cell and two 
0-cells. 

 

 
 

Now, LKLKgf ×→×× :  is a neat cellular folding with dual folding graph *
gf ×Γ  is as shown in Fig. (22). 

 
 
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 Fig. (22). 
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Corollary 2: Let M, N, 2121 ,,, NNMM  be complexes of the same dimension and let 1: MMf → , 

211 :,: MMhNNg →→  and 21: NNk →  be cellular foldings with dual folding graphs *** ,, hgf ΓΓΓ  and 

*
kΓ  respectively. Then )()()()( gkfhgfkh  ×=××  is a cellular folding with dual folding graphs 

***
)()(

*1**
)()( )()( gkfhgkfhkhgfgfkh gf



 Γ×Γ=Γ=Γ×Γ=Γ ××
−

××× . 

 
3-4 Example 

Suppose 2121 ,,,,, NNMMNM  are complexes such that 1|| SM = , INNMMN ===== |||||||||| 2121 , 

with cell decompositions shown in Fig. (23). Suppose 1211 :,:,: NNgMMhMMf →→→  and 21: NNk →  
are cellular foldings. 
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The cellular foldings )(),( khgf ××  and the dual folding graphs ** , khgf ×× ΓΓ , *
)()( gfkh ××Γ



 are as shown in 

Fig. (24). 

 
 

 
Also the cellular foldings gkfh  ,  and the dual folding graphs ** , gkfh 

ΓΓ , *
)()( gkfh  ×Γ  are as shown in Fig. 

(25). 
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The following theorem gives the condition satisfied by the dual graphs in order to have the wedge sum of two cellular 
folding is a cellular folding. 
 
Theorem 3: Let M, N, K and L be regular CW-complexes of the same dimension, let 

MNMfMMf ≠=→ )(,:  and KLKgKKg ≠=→ )(,:  be cellular foldings with dual folding 

graphs ),(*
fff EV=Γ  and ),(*

ggg EV=Γ  respectively. Then the wedge sum LNKMgf ∨→∨∨ :  is 

a cellular folding with dual folding graph ),(* EVgf =Γ ∨  such that ***
gfgf Γ+Γ=Γ ∨ . 

 
Proof: Let NLgMKf →→ :,:  be cellular foldings, then K and L have stratifications SS ′,  respectively such 

that { }SnV f of cells−=  and { }SnVg ′−= of cells  where =′SS  one 0-cell. 
 
The map NMLKgf ∨→∨∨ :  is a cellular folding iff there exists another stratification S ′′  on LK ∨  such 

that nnn SSS ′+=′′ , thus gfgf VVV +=∨ . 
 
Now let Ee∈ , then 1−′′∈ nSe  and lies in the frontier of exactly two n-cells nS ′′∈′γγ ,  such that 

)()()()( γγ ′∨=∨ gfgf . Then there are two cases: 

(1) nSff ∈′′= γγγγ ,),()( , then there exists an edges to fE  lies in the frontier of γ  and γ ′ . 
(2) nSgg ′∈′′= γγγγ ,),()( , then there exists an edge belongs to gE  lies in the frontier of γ  and γ ′ . 
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We conclude from the above possibilities that gf EEE += . Thus ***
gfgf Γ+Γ=Γ ∨ . 

 
The above theorem can be generalized for a finite number of cellular foldings. 
 
3-5 Example 

Consider M and K are complexes such that 1|||| SKM ==  with cell decompositions given in Fig. (26) and let 
MMf →: , KKg →:  be neat cellular foldings which squash M and K respectively to a 1-cell and two 0-cells. 

 
Then the wedge sum LNKMgf ∨→∨∨ :  is a cellular folding with dual folding graph *

gf ∨Γ  is as shown in 
Fig. (27). 
 

 
Lemma 1: Let M be a regular CW-complex of dimension 2, MN ⊂ , let MMf →:  be a cellular folding with 

dual folding graph ),(*
fff EV=Γ . Then NMNMg //: →  is a cellular folding with dual folding graph 

),(*
ggg EV=Γ  such that **

fg Γ=Γ . 
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3-6 Example 

Let 2DM =  be a disc with cellular subdivision consisting of five 0-cells, eight 1-cells and four 2-cells, and let 

)( 21 DSN ∂== , 22: DDf →  be a cellular folding defined by 

 ),,,,(),,,,( 0
3

0
2

0
3

0
2

0
1

0
5

0
4

0
3

0
2

0
1 eeeeeeeeeef = , 

 ),,,,,,,(),,,,,,,( 1
5

1
5

1
5

1
5

1
3

1
3

1
1

1
1

1
8

1
7

1
6

1
5

1
4

1
3

1
2

1
1 eeeeeeeeeeeeeeeef = , 

 4,3,2,1),()( 2
1

2 == ieef i . 

 
Then NDNDg //: 22 →  is a cellular folding defined by: 

 ),(),( 0
6

0
1

0
6

0
1 eeeeg = , 

 ),,,(),,,( 1
3

1
3

1
1

1
1

1
4

1
3

1
2

1
1 eeeeeeeeg = , 

 4,3,2,1),()( 2
1

2 == ieeg i . 

 
Lemma 2: Let M and N be regular CW-complexes of the same dimension, let NMf →:  be cellular folding with 

dual folding graph ),(*
fff EV=Γ . Then the suspension map NSMSfSg →= :  is a cellular folding with 

dual folding graph ),(*
ggg EV=Γ  such that * * *

g f fΓ =Γ +Γ .  
 
3-7 Example 

Let M be a complex such that 1|| SM =  with cellular subdivision consisting of four 0-cells and four 1-cells and let 
MMf →:  be a cellular folding defined by: 

 ),,,(),,,( 0
4

0
1

0
4

0
1

0
4

0
3

0
2

0
1 eeeeeeeef = , ),,,(),,,( 1

4
1
4

1
4

1
4

1
4

1
3

1
2

1
1 eeeeeeeef = . 
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Then NSMSfSg →= :  is a cellular folding defined by: 

 ),,,,,(),,,,,( 0
6

0
5

0
4

0
1

0
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