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ABSTRACT

In this paper we have constructed dual graphs associated with the cellular folding in a natural way. Then we obtained
the condition under which we may have a successive foldings of a CW-complex into itself. We also obtained the
conditions for a cartesian product and a wedge sum of two cellular foldings to be a cellular folding. These conditions
are obtained in terms of the dual graphs and by using the above results we also obtained some other results.
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1. INTRODUCTION

A cellular folding is a folding defined on regular CW-complexes first defined by, E. EI-Kholy and H. Al-Khurasani, [1]
and various properties of this type of folding are also studied by them.

By a cellular folding of regular CW-complexes, it is meant a cellular map f : K — L which maps i-cells of K to i-

cells of L and such that f | e', for each i-cell e, is a homeomorphism onto its image.

The set of regular CW-complexes together with cellular foldings form a category denoted by C (K, L). If
f e C(K, L);then x € K issaid to be a singularity of f iff f is not a local homeomorphism at x. The set of all

singularities of f is denoted by Z f . This set corresponds to the “folds” of the map. It is noticed that for a cellular
folding f, the set Z f of singularities of f is a proper subset of the union of cells of dimension < n—1. Thus, when
we consider any f € C (K, L), where K and L are connected regular CW-complexes of dimension 2, the set Z f

will consists of 0-cells, and 1-cells, each 0-cell (vertex) has an even valency, [2, 3], of course, Z f need not to be
connected. Thus in this case Z f has the structure of a locally finite graph I'; embedded in K, for which every

vertex has an even valency. Note that if K is compact, then 1", is finite, also any compact connected 2-manifold

without boundary (surface) K with a finite cell decomposition is a regular CW-complex, then the 0- and 1-cells of the
decomposition K form a finite graph I'¢ without loops and f folds K along the edges or 1-cells of ' .

Now a neat cellular folding f : K — L isa cellular folding such that L" - L"? consists of a single n-cell, IntL, [2].
2. DEFINITIONS

Let f e C(K, L), then there is a cellular subdivision S on K by singularities of f. In the following we give the

*
definition of the dual graph I' associated to this stratification in a natural way.
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In fact the vertices of the graph F: are just the n-cells of S and the edges are some (N —1) cells. Anedge E € S, 4

means that E lies in the frontiers of exactly two n-cells y, ' € S, where f ()= f (»') suchthat E, E'€ S,
are equivalent (the same) iff both E and E’ lies in the frontier of  and ' and 0(y) =0(y") contains more than

n—1) -cells. We then say that E is an edge in I's with end points ¥, ¥'. It is possible to realize T; asa graph
f vy f

1:? embedded in K as follows:

For each n-cell ¥ € S, we choose any point U € y . If ¥, ¥" € S, are end points of E € S,,_;, then we can join u
tov by an arc E in K that runs from u through » and ' to v crossing E transversely at a single point. Trivially, the

correspondence ¥ > U, E — E is a graph isomorphism from F? to 1:? . It should be noted that the graph F:
has no multiple edges, no loops and generally disconnected. It will be connected in the case of neat cellular foldings,

since all the n-cells will be send to the same n-cell. The graph F? is the dual graph of I'; .

If (M, N) isa CW-pair consisting of a cell complex M and a subcomplex N, then the quotient space M / N inherits
a natural cell complex structure from M. The cells of M / N are the cells of M — N plus one new 0-cell, the image
of Nin M /N, [4].

The suspension S M of a complex M is the union of all line segments joining points of M to two external vertices, [4].

2-1 Examples
() Consider a complex K such that | K| is a torus with cellular subdivision consisting of eight 0-cells, sixteen 1-cells

and eight 2-cells, let f : K — K bea cellular folding given by
0 0 o .0 .0 .0 0 0 0 O
f(ef,...eg)=(er,e;,€3,€4, €5, €0, €3,€4)

2 2 2 2 2 2 2 .2 .2 .2
f(ef,...eg)=(ef,e5,e,€5,€,€5,€f,€5)

2]
p
e} ef
2 2
Ty L]
-f -
e <3
2 2
© ef e ©F ef
K F(X)
Fig. (1)
In this case the dual folding graph F? is as shown in Fig. (2)
bk bt | | uy
u5 Eg ug g

Fig. (2): The dual folding graph F}.
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(b) Let K be a complex such that | K| is a cylinder with cellular subdivision consisting of eight vertices, sixteen 1-cells
and eight 2-cells, see Fig. (3). Let f : K — K be a cellular folding given by:
f(a,b,cd,e f,g,h)=(a,b,cb,e f, g, f)

f(o;)=07, i=1 .., 7
4 ;
-
7
 —
[
2
K FLK)

Fig. (3]
The dual folding graph F: is as shown in Fig. (4), it is a connected graph.

Ly L7 ] e

uy uy 3 By

Fig. (41: The dual folding graph I'}.
3. MAIN RESULTS

The following theorem gives the condition satisfied by the dual graphs in order to have a successive folding of CW-
complex into itself.

Theorem 1: Let K, L and M be regular CW-complexes of the same dimension 2, such that M < L < K, let
f:K —> K, g:L— L becellular foldings such that f (K) =L # K and g(L) =M = L with dual folding

graphs F? =(V¢, Ef) and F; =(Vg, Eg).Then go f isacellular folding from K into M with dual folding
* * * -1 *
graph T'g.¢ =(V, E) suchthat T'g.¢ =Ty U™ (T ).

Proof: Let f:K — L, g:L—> M be cellular foldings, then K and L have stratifications S, S respectively,
such that V¢ = {n —cellsof S } and Vg = {n —cellsof S'} where S’ < S . But the composition map ¢ o f

has the same stratification Son Ki.e., V¢ =Vy.

Also ifee E, then eeS,; and lies in the frontier of exactly two n-cells y, y'€S, such that

(gef)(y)=(gef)(y'), thus g(f(y))=09(f(y')) where f(y) and f(y') €S} . Now there are

three cases:

@ f(y)="f(y')=0€S,, then there exists an edge belongs to E ¢ lies in the frontier of y and »".
2 f(g)=c#f(y)=0"and g(o)=9g(c’)=a, then there exists an edge belongs two E lies in the

frontier of o and o’
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@) f(y)=c=f(y)=0c"and g(o)=9g(c’')=0c or g(o)=9g(c’)=0", then there exists an edge

belongs to E’ where E"U Eg = f_l(Eg ), lies in the frontier of o and o'.

We conclude from the above possibilities that E = E¢ U f ™ ( Eg ). Thus we have F;of =T;Uf? (F; ).

The above theorem can be generalized for a finite series of cellular foldings.

3-1 Example
Let K be a complex such that |K| is a torus with cellular subdivision consisting of eight 0-cells, twenty 1-cells and

sixteen 2-cells. Let f : K — K be a cellular folding given by:
0 0 o .0 .0 .0 0 0 0 A0
f(el,..., 88):(61,82, 83, e4, e5, 66, e3, e4)

2 L2 2 42 22 42 a2 42 .2 02 02 a2 a2 o2 a2 a2 .2 .2
f(ef,...efg)=(ef,e5,e3,e5,65,€5,€67,€65,6{,€5,€3,€5,€7,€5,€5,€5)

i FX)=L
Fig. (5]

The dual folding graph F: is as shown in Fig. (6)

kg En By )y 5 u 3 k4

b | Ly 3 By s g Mg Lg

Fig. (6): The dual folding graph l"}.
Now let g : L — L bea cellular folding where L = f (K'), defined by:
0 0 o 0 .0 .0 .0 .0
g(er,...eg)=(er, e, €3,€4,€5,€ ),

2 2 2 a2 o2 A2 o2 2 2 .2
g(el,...,eg):(el,ez,83,84,83,84,81,82).

Fig. (7]
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The dual folding graph F; is as shown in Fig. (8)

ug ug us5 ug

b | 1y 3 |

Fig. (8): The dual folding graph l";.

Then by theorem (1) g o f is a cellular folding and the dual folding graph of g o f : K — M is as shown in Fig.
(9).

u 3 | 4 Yy M5 W) 16

% U7 u g Y Uy U » Ug

Fig, (9): The dual folding graph I';hf = l"} Ufl (l";).

Again, let h:M — M, h(M) =N # M be a cellular folding defined by:

0 .0 .0 .0 0 .0 .0 .0 2 2 2 2 2 2 2 .2
h(er,e;,e3,e;)=(er,€e5,€3,€5), h(ef,e5,e3,e;)=(e;,e,e35,€3).

k
—_—
M
Fig. (10}
The dual folding graph F; is as shown in Fig. (11)
Ly Ny
u u3

Fig. (11): The dual folding graph 1";.
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Then by theorem (1) ho g o f isa cellular folding and the dual folding graph F;ogof is as shown in Fig. (12).

yp iy 1y g

u u
g 13 1y 15

Ly

] u7 u3 H5
Fig. (12): Dpgor =T UF (Tp)UCg = )7 (T3).

Again, let K: N — N, k(N )= X # N be a cellular folding defined by:
0 .0 0 L0 0o .0 0 L0
k(er, ey, e3,e5)=(er, ey, e3,€ ),

k(ef,ef)=(ef, el).

el
0
k 23 ﬂil
> e e
N E(N)=X
Fig. (13)
The dual folding graph Fl: is as shown in Fig. (14).
T
1)

Fig. (147 The dual folding graph l_':

Again by theorem (1) kohogo f isa cellular folding and the dual folding graph F;Ohogof is as shown in Fig.
(15).

i L)

g 5 k3
By
By
ll‘.4 H'
/ﬂﬁ
E u
15 T

5
Fig (15): Dhogngoy =L UF 1T U= FY 1 (M5 Uhe g £) 1 (IE).
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Corollary 1: Let K, L and M be complexes of the same dimension 2 suchthat M c Lc K, let f:K —> L bea
cellular folding with dual folding graph F: =(V¢,Ef), g:L—>M be a cellular map and
h=gof:K— M be a cellular folding with dual folding graph F; =(Vy, E;,). Then g:L—>M s a
cellular folding with dual folding graph F; =(Vg, Eg) such that F; = f[l“;]k \Ef ]

3-2 Example

Consider a complex on |K|=S 2, with cellular subdivision consisting of six 0-cells, twelve 1-cells and eight 2-cells,
let f:K — K bea cellular folding defined by:

0 0 0 .0 .0 .0 .0 .0
f(el,...,eﬁ):(el,ez,es,e4,e5,el),

1 1 1.1 1.1 1.1 .1 .1 .1 1 1 .1
f(ep, ... en)=(er, €7, €3, €y, €5, €, €7, €3, €3, €7, €1, €3 ),

2 2 2 o2 a2 2 o2 o2 2 A2
f(el,...,eg):(el,82,83,84,63,64,81,82).

In this case f (K) =L isacomplex with five O-cells, eight 1-cells and four 2-cells, see Fig. (16).

P
.,
F(K)=L
Fig.(16)
The dual folding graph F: is as shown in Fig. (17).
ug Ly U5 Ug
| uy 3 Ly

Fig. (17): The dual folding graph l";.
Now, let h: K — K be a cellular folding defined by:

0 0 o .0 0 0 0 O
h(el,...,66):(81,62,63,62,93,el),

| (S R S RS R R G R BN R 2y _(a2\ i
h(er, ... ) =(eq, €3, €3, €4, €5, €3, €3, €3, €3, €1, €4, €3), h(e ) =(e), 1=1..8.
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]
—_—
A(K)=M
Fig (18]
The dual folding graph F; is as shown in Fig. (19).
Lig g
U 5
Ly 1y

| L3

Fig. (197 The dual folding graph l"; = l";nf.

Then by corollary (1) g : L — M s a cellular folding with dual folding graph is as shown in Fig. (20).

g, Ry

"] 1y
Fig (20): Ty = FIT5 VEf ]

The following theorem gives the condition satisfied by dual graphs in order to have the cartesian product of two
cellular foldings is a cellular folding.

Theorem 2: Let K, L, M, and N be regular CW-complexes of the same dimension 2, let f:K — M and

g:L— N be cellular foldings with dual folding graphs F? =(V¢, Ef) and F; = (Vg, Eq ) respectively.
Then fxg:KxL—>MxN is a cellular folding with dual folding graph F?xg =(V, E) such that
[ig =T xTy.ie, V=V¢xVy, E=(Vi xEg)U(VgxEg).

Proof: Let f : K — M, g:L — N be cellular foldings, then K and L have stratifications S, S’ respectively such
that V¢ ={n—cellsof S } and Vy ={n—cellsof S"}. The map fxg:KxL—>MxN is a cellular
folding iff there exists another stratification S” on K x L such that S” =S, x Sy, thus V¢, g =V xV.

Now let e € E , then e € S;_4 and lies in the frontier of exactly two n-cells y, " € S5, y = (u, v), y" = (u’, v')
suchthat (fxg)(y)=(fxg)(y') or (fxg)(u,v)=(fxg)(u’,v"). Then there are two cases:
© 2012, IIMA. All Rights Reserved 1735
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(1) f (u)=f(u"), u,u" €S, then there exists an edge belongs to E ¢ lies in the frontier of uand u’.

g (v)=9g(V'), Vv,V €S, then there exists an edge belongs to E lies in the frontier of v and V'

Thusuand u’ are incident with an edge belongsto E s and v, V' are incident with an edge belongs to Eg .

Then E will be take the form E = (V¢ xEg )U (Vg x E ). Therefore

I *:Ff ng.

fxg
The above theorem can be generalized for a finite number of cellular foldings.

3-3 Examples

(@) Consider K and L are complexes such that |K }=|L|= S, with cellular subdivision given as shown in Fig. (21),
andlet f:K — K, g:L — L be neat cellular foldings which squash K and L respectively to a 1-cell and two

0-cells.
0
1 1 1} :I.II' By
1] E 1
€3 €| Q)"l
& €4 1 s 4
ey
e F(K) C;
vl
. «0
1 ey 9 ﬂiu\_u/ )
e :
e[l
r (L) r;
Fig. (21]

Now, f xg:KxL — KxL isaneat cellular folding with dual folding graph F?xg is as shown in Fig. (22).

0 /0
e5, e
(€2, et (€2, & (Ug up)  (ug, )
1 /1 1 1
(e1, e (e7, € , ,
11 - (ug, u3) (up, uj
_ 1> (e ey (U, 1)
(e, e’ (e, ef° 0 0~/7.0 .0 ——
(e1, ef (e3, €5 ,
1
(el el (el et (ug, ug) (up, up)
41 ©2 3 ¥
(e3. ¢
K x L (fxg) (KxL)  Tf,=TfxIy,

Fig. (22).
© 2012, IIMA. All Rights Reserved
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Corollary 2: Let M, N, My, M5, Ny, N, be complexes of the same dimension and letf:M — M,

g:N — N, h:M; - M, and k:N; = N, be cellular foldings with dual folding graphs It , F;, I} and
F; respectively. Then (hxk)o(fxg)=(hof)x(kog) is a cellular folding with dual folding graphs

* * _l * * * *
L hk)o( £xg) = Dixg UCF X @)™ (Thie ) = Tinot )x(kog) = Thot X Tkeg -

3-4 Example

suppose M, N, My, M, Ny, N, are complexes such that [M |= S*, [N |=|M|=|M,|=|N;|=|N, =1,
with cell decompositions shown in Fig. (23). Suppose f:M — M, h:M; ->M,, g:N — N;y and k:N; > N,
are cellular foldings.

0
£
1 1 0 uy |
] T
El
eg" Elu f elu
1
£
eq €) ey 1y u3
€]
M M, I
0 1)
1
£} e ) Eg
1
e e Xl
1
0
uﬁ'rz .|
24 HI
M, M I}
«0
1 0 Hi
e L0 g .I
£ - ]
f r
& &’
«0
e uj
N N, I,
«0 «0
¥ ° k el .
e ——* € 0 uf
0 r
£]
Nl N] F:
Fig. (23]
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The cellular foldings ( f x @), (hxk) and the dual folding graphs F?Xg : F;Xk, F(*hxk)o( fxg) are asshown in

Fig. (24).

(2. u7) (u3, 1))
(. &) (up w3 i(u3, 1))
— COR (uq. %)
(). ef) (2. 15 (g 2y)
(Fxg) (M xN) = My x Ny T
{2y, 17)
. hxk .
e ) — (e1. e )
(] uj)
(Axk) (M x N)) =M, x Ny i
(13, 1)) (4. 1)
(uy. u1) (2. 1)
(u3. u5) (ue. )
(xy.13) (2, u3)

Cepakxt feg) = Drg U X2 ) (Tha)

Fig. (24)

Also the cellular foldings ho f, ko g and the dual folding graphs F;of , F;og , F(*hof )x(kog) @re as shown in Fig.

(25).

© 2012, IIMA. All Rights Reserved
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0
1 2 1 o uy uy
23 L] 27 i
A il
e o 2L, o
1 “ o om
ei £}
e}
M (ke FY(M) =M, Doy
«0
3 eiu Y
vl
wl
eiu s F4 L]
ol efu r
ei'u
" (ko g)(N) =N, i,
(23, 15 ) (uy.u5)
Cy. 15) (. 23)
(33, iy ) {:“4 ] u{ )
(o, m) Gy 1)

Dty tog) = Ly *Lhog
Fig [25)

The following theorem gives the condition satisfied by the dual graphs in order to have the wedge sum of two cellular
folding is a cellular folding.

Theorem 3: Let M, N, K and L be regular CW-complexes of the same dimension, let
f:M>M, f(M)=N=#M and g:K > K, g(K)=L=#=K be cellular foldings with dual folding

graphs F: =(V¢, Ef) and F; =(Vg, Eg) respectively. Then the wedge sum f v g:MvK —>NvLis

a cellular folding with dual folding graph F:Vg =(V, E) such that F?vg =T} +F;.

Proof: Let f : K — M, g:L — N be cellular foldings, then K and L have stratifications S, S’ respectively such
that V¢ = {n—cellsof S } and Vg = {n—cellsof S’ } where S S’ =one 0-cell.

Themap fvg:KvL—>MvN isa cellular folding iff there exists another stratification S” on K v L such
that Sp =Sy, + Sy, thus V¢, =V +Vy.

Now let ecE, then eeS; 4 and lies in the frontier of exactly two n-cells y, y'€Sj such that
(fvag)(y)=(fvg)(y'). Then there are two cases:
@ f(y)="1("), 7,7 €S, then there exists an edges to E ¢ lies in the frontier of » and y'.

2 9(7)=9(7"), 7, 7" € Sy, then there exists an edge belongs to E  lies in the frontier of  and y'.

© 2012, IIMA. All Rights Reserved 1739
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* * *
We conclude from the above possibilities that E = E¢ +E4. Thus I'¢, g =T'¢ +Ig.

The above theorem can be generalized for a finite number of cellular foldings.

3-5 Example
Consider M and K are complexes such that |[M | =|K| = St with cell decompositions given in Fig. (26) and let
f:M —> M, g:K — K beneat cellular foldings which squash M and K respectively to a 1-cell and two 0-cells.
0
1 2 1 Ly y
i | o 1
N
a
o £
. elu u3 Hy
1]
L] -
M F@M)=~N Ly
By
0 1]
o = Q _E . 4 =
g
c% 9%
i g(K)=L r,

Fig. (26)

Then the wedge sum f v g:M v K — N v L isa cellular folding with dual folding graph F?\,g is as shown in
Fig. (27).

u U5
By ug
MvkK (fvgd(MvK)=NvL I'_;\,g = I‘} +I';

Fig. (27)
Lemma 1: Let M be a regular CW-complex of dimension2, N < M, let f : M — M be a cellular folding with

dual folding graph F? =(V¢, Ef).Then g:M /N — M /N isa cellular folding with dual folding graph
Iy =(Vy, Eg) suchthat I'y =T'¢.
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3-6 Example
Let M = D2 be a disc with cellular subdivision consisting of five 0-cells, eight 1-cells and four 2-cells, and let
N=5'=5(D?), f:D? — D? beacellular folding defined by

0 .0 .0 .0 .0 0 .0 .0 .0 .0
f(e,e5,e3,€e5,65)=(er,€5,¢€3,€5,8€3),

11 .1 .1 .1 .1 .1 .1 11 .1 .1 .1 .1 .1 .1
f (e, e, €3, €, €5, €5, €7, €g) = (€1, €1, €3, €3, €5, €5, €5, €5 ),

f(e?)=(e?), i=12 3 4.
y uy Y
1
, a5
0
) T €2
1 Ly 1]
F(Y Iy
Fig. (28)

Then g : D?/N — D?/N isacellular folding defined by:
0 .0 0 .0
g(er,es)=(er,e5),

1.1 .1 .1 1.1 .1 .1
g(er, ez, €3, €;)=(ef, €1, €3, €3),

g(ef)=(e}), i=1,23 4.
20
e Ly ]
1 211
B & |8
:H4 :H]
0
)
2 1 2 1 * *
D8 g(D°{5) L =I;

Fig. (29)
Lemma 2: Let M and N be regular CW-complexes of the same dimension, let f : M — N be cellular folding with
dual folding graph F? =(V¢, E¢ ). Then the suspensionmap g =S f :SM — S N s a cellular folding with
dual folding graph F; = (Vg, Eq ) such that F; =I; +T7].
3-7 Example

Let M be a complex such that |[M | = St with cellular subdivision consisting of four 0-cells and four 1-cells and let
f:M — M be a cellular folding defined by:

0 .0 .0 .0 0 .0 .0 .0 11 .1 .1 1 .1 .1 .1
f(e,ez,e3,e5)=(er,e5,e5,¢€5), f(e1,e5,€3,65)=(ey, €5, €4, €5).
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] u
1 1 0 2 )
] e
0
e; L 4
2y 24
4 :H3 ll'.4
& €4
0
34 .
M f(M)=N Iy
Fig, (30)
Then g =S f:SM — SN isacellular folding defined by:
0o .0 .0 .0 .0 .0 o .0 .0 .0 .0 .0
g(er,e5,€3,€4,65,65)=(e,€4,€,€4,6€5,€5),
2 2 2 2 2 2 2 .2 2 2
g(ef,..eg)=(ef, e ,ef, e ,es,e5,e5,6e5).
] Ly 5 g
u3 Uy uy g

| S S

Fig, (31)
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