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Abstract
In this paper, we study mgb- closed sets due to Sreeja D. and Janaki C. [26] and investigate further properties of these
sets. By means of ngb -closed sets we introduced a new class of functions called almost zgb- continuous functions
which are generalizations both rgb- continuity and almost b-continuity. Moreover, the notions of wgb - compactness
and quasi -b- normality in topological spaces are introduced and their some properties are studied.
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1. Introduction

Continuity on topological spaces, as significant and fundamental subject in the study of topology, has been researched
by several mathematicians. Many investigations related to generalized closed sets have been published various forms of
generalized continuity types have been introduced. The study of generalized closed sets in a topological space was
initiated by Levine [18] and the concept of Tu2-space was introduced. gb - closed sets were defined and studied by

Ekici [12] and Ganster - Steiner [14]. Recently, Benchalli and Bansali [4] introduced the notion of gb - compactness. In

1968, Zaitsev [28] defined the concept of = -closed sets and a class of topological spaces called quasi normal spaces.
Later Dontchev and Noiri [8] introduced the notion of rg -closed sets and used this notion to obtain a characterization

and some preservation theorems for quasi normal spaces. Park [23] defined mgp - closed sets. Next, Aslim, Caksu and
Noiri [3] introduced the notion of mgs-closed sets. Caksu Guler and Ashim [6] obtained characterizations of
quasi -s - normal spaces by using ngs - closed sets.

The aim of this paper is to investigate further properties of ngb - closed sets due to Sreeja D.and Janaki C. [26]. The
paper consists of six sections. In section 3, we introduce the concept of ngb-closure and obtain some of its

fundamental properties. Besides, in section 4, we present a new generalization of almost continuity called almost
ngb - continuity. The notion of almost xgb - continuity is a weaker form of almost b- continuity [15]. Furthermore, in

section 5, we introduce the concept of mgb -compactness and study their behaviour under =gb - continuous and
almost ngb - continuous functions. In the last section, we introduce and characterize a new class of space, called
quasi -b - normal spaces.

2. Preliminaries

Throughout this paper, (X,r) and (Y,s) (or simply X and Y) represent nonempty topological spaces on which no
seperation axioms are assumed, unless otherwise mentioned. Also, in this paper spaces mean topological spaces and
f: (X,1) > (Y,0) (orsimply f : X — Y) denotes a function f of a space (X,t) into a space (Y,0).

Let A be a subset of a space X. The closure of A and the interior of A are denoted by cl(A) and int(A), respectively.

Corresponding author: Sinem Caglar Akgiin*
*Ege University Faculty of Science Department of Mathematics 35100 Bornova-IZMIR / TURKEY

International Journal of Mathematical Archive- 3 (5), May — 2012 1873


http://www.ijma.info/�

Sinem Caglar Akgiin* & Giilhan Aslim** / On ©gb - Closed Sets and Related Topics/ IIMA- 3(5), May-2012, Page: 1873-1884
Definition 2.1: A subset A of a topological space X is called:
(@) pre-open [20] if A < int(cl(A)),
(b) semi-open [19] if A — cl(int(A)),
(c) regular open [27] if A =int(cl(A)),
(d) b-open[1] or y-open [13] if A < int(cl(A)) U cl(int(A)) .

The finite union of regular open sets is said to be x -open. The complement of a & -open set is said to be = -closed.
The complement of a b - open set is called b - closed [1]. The intersection of all b -closed sets containing A is called
the b -closure [1] of A and is denoted by bcl(A) . The b-interior [1] of A is defined to be the union of all b - open sets

contained in A and is denoted by bint(A).

Lemma 2.2 [1]: Let A be a subset of a space X. Then
(@) bel(A)=scl(A) N pcl(A)=A U ((int(cl(A)) N cl(int(A))),
(b) bint(A) = sint(A) U pint(A)=A N (int(cl(A)) w cl(int(A))).

Definition 2.3: A subset A of a topological space X is called:
(@) g - closed [18] if cl(A) = U whenever A < U and U is open in X,

(b) gp - closed [19] if pcl(A) = U whenever A < U and U is open in X,

(c) gs - closed [2] if scl(A) — U whenever A < U and U isopenin X,

(d) gb - closed [12,14] if bcl(A) = U whenever A < U and U is open in X,

(e) mg -closed [8] if cl(A) = U whenever A U and U is m-open in X,

(f) mgp - closed [23] if pcl(A) = U whenever A = U and U is m-open in X,

(9) mgs-closed [3] if scl(A) = U whenever A U and U is z-open in X,

(h) mgb - closed [26] if bcl(A) = U whenever A < U and U is m-open in X,

(i) mgb - open ( resp. g - open, gp - open, gs - open, gb - open, ntg - 0pen, wgp - open, gs- open) if the complement of A is
ngb - closed ( resp. g - closed, gp - closed, gs - closed, gb - closed, g -closed, ngp - closed, ngs- closed ).

The family of all ngb- closed ( resp. b-closed ) sets in a topological space (X,t) is denoted by nGBC(X) ( resp.
BC(X)).

Definition 2.4: A function f:X — Y issaid to be
(a) regular open [21] if f(V) isregular open in Y for every open set V of X,

(b) b-closed [22] if f(V)is b-closed in Y for every b -closed set V of X,
(c) m-r -closed [11] if f(V)is = -closed in Y for every = -closed set V of X,

(d) = - continuous [8] ( resp. ng - continuous [7], ngp - continuous [24], rgs- continuous [3] ) if f*(V)is n-closed
(resp. =g -closed, mgp -closed, mgs-closed) in X for every closed set V of Y,

(e) b - continuous [13] ( resp. g - continuous [18], gb - continuous [22]) if f (V) is b-closed (resp. g-closed, gh-
closed) in X for every closed set V of Y,
(f) almost b - continuous [15] if (V) is b-closed in X for every regular closed set V of Y,

(9) mgb - continuous [26] if fH(V)is ngb - closed in X for every closed set V of Y,
(h) = -irresolute if f (V) is = -closed in X for every  -closed set VV of Y,

(i) b - irresolute [10] if (V) is b-closed in X for every b -closed set V of Y,

(j) mgb - irresolute [26] if fH(V)is ngb - closed in X for every mgb -closed set V of Y.

3. Thefurtherproperties of wgb - closedsetsand agh - closureoperator
Theorem 3.1: [26] Every mgs-closed set is ngb - closed.
The following example show that above implication is not reversible.

Example 3.2: Let t be the usual topology for R andA=(0,2) \ Q =R, where Q denotes the set of rational
numbers. Then A is ngb - closed but it is not zngs- closed.
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Theorem 3.3: For a subset A of X, the following statements are equivalent:
(1) Alis m-open and mgb - closed.
(2) Ais regular open.

Proof: (1)= (2) Let A be a=n-open andngb -closed subset of X. Then bcl(A) c A and so int(cl(A)) < A holds.
Since A is open then A is pre-open and thus A < int(cl(A)) . Therefore, we have int(cl(A))=A, which shows that A is
regular open.

(2) = (1) Since every regular open set isz -open then bcl(A)=A and bcl(A) < A. Hence A isngb - closed.
A subset A of a topological space X is said to be Q -set [16] if int(cl(A))= cl(int(A)).

Theorem 3.4: For a subset A of X, the following statements are equivalent:

(1) Aisz -clopen,

(2) Alism-open, Q -set and rgb - closed.

Proof: (1) = (2) Let A be an-clopensubset of X. Then A is = -closed andx -open. Thus A is closed and open.
Therefore, Ais Q - set. Since every - closed is ngb - closed then A iszgb - closed.

(2) = (1) By Theorem 3.3, A is regular open. Since A isQ-set, A =int(cl(A)) = cl(int(A)). Therefore, A is regular
closed. Then A ist -closed. Hence A is = -clopen.

Proposition 3.5: [9] Let A be a subset of a topological space X. If A is semi-open then pcl(A) = cl(A).
A topological space X is said to be extremely disconnected [5] if the closure of every open subset of X is open in X.

Theorem 3.6: A space X is extremely disconnected if and only if every ngb - closed subset of X is ngp - closed.

Proof: Suppose that X is extremely disconnected. Let A be mgb-closed and let U be an = -open set containing A.
Then bcl(A) = A uTint(cl(A) ncl(int(A))] < U, i.e.[int(cl(A)) n cl(int(A))] < U.Since int(cl(A)) is closed, we have
cl(int(A)) < clfint(cl(A)) nint(A)] < [cl(int(cl(A))) N cl(int(A))] < U. 1t follows that pcl(A) = A ucl(int(A)) < U.
Hence A is mgp - closed.

To prove the converse, let every ngb -closed subset of X be ngp -closed. Let A be a regular open subset of X. Then
bel(A) = A u[int(cl(A)) ncl(int(A))] = Au [Ancl(int(A))] < A.Then A is ngb-closed and so A is zgp - closed.
Since every regular open is semi-open set and by Proposition 3.5, we have cl(A) =pcl(A). Hence cl(A) c A.
Therefore, A is closed. This shows that X is extremely disconnected.

A topological space X is said to be hyperconnected if the closure of every open subset is X.

Theorem 3.7: Let X be a hyperconnected space. Then every ngb - closed subset of X is ngs- closed.

Proof: Assume that X is hyperconnected. Let A be =ngb-closed and let U be an = -open set containing A. Then
bel(A) = A UTint(cl(A)) N cl(int(A))]=A v int(cl(A)) = scl(A). Since bcl(A) = scl(A), we have scl(A) < U. Hence, A
is mgs- closed.

Theorem 3.8: Let A be a ngb - closed set such that cI(A) = X.Then A'is mgp - closed.

Proof: Suppose that A be =ngb-closed set such that cl(A) =X.Let U be an =-open set containing A. Since
bel(A) = A UJint(cl(A)) ncl(int(A))] and cl(A) = X, we obtain bcl(A) = A wcl(int(A)) = pcl(A) < U. Therefore, A is

ngp - closed.

Definition 3.9: A topological space X is said to be wgb - T2 space [26] if every ngb - closed set is b - closed.
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Theorem 3.10: For a space X, the following statements are equivalent:

(1) Xismgb- Tuz,
(2) For every subset A of X, Aiszgb -open if and only if A isb-open.

Proof: (1) = (2) Let the space X be ngb - T2 and let A be a ngb - open subset of X. Then X\ A is ngb - closed and so
X\ Aisb-closed. Hence A is b-open.

Conversely, let A be a b-open subset of X. Thus X\ A'is b-closed. Since everyb - closed set is mgb - closed then X\
Aisigb - closed. Therefore, A iszgb - open.

(2) = (1) Let A be a mgb -open subset of X. Then X\ A is mgb - open. By the hypothesis X \ A is b-open. Thus A is
b - closed. Since every ngb - closed set isb - closed, thus X iszgb - Tz .

Definition 3.11: The intersection of all zgb - closed sets, each containing a set A in a topological space X is called the
ngb - closure of A and it is denoted by mgb-cl(A).

Lemma 3.12: Let A be a subset of X and x e X. Then x&ngb-cl(A). if and only if v ~ A = & for every ngb -open set
V containing X.

Proof: Assume that there exists a =mgb-open set V containing x such that V~A=¢. Since
A c X\V, mgb-cl(A) = X\ Vand then x¢ngb-cl(A). a contradiction. To prove the converse, suppose that x&mgb-
cl(A). Then there exists a mgb - closed set F containing A such that x ¢ F. Since x e X\F and X \Fis ngb -open,
(X\F)n A = acontradiction.

Lemma 3.13: Let A and B be subsets of X. Then we obtain

(@) mgb-cl(D) =G, ngb-cl(X) =X,

(b) Amgb-cl(A),

(c) If A'is mgb - closed then ngb-cl(A) = A,
(d) mgb-cl(A) = ngb-cl(ngb-cl(A)),

(e) IfA = B then ngb-cl(A) < ngb-cl(B),
(f) mngb-cl(A N B) < wgb-cl(A) N ngb-cl(B),
(9) mgb-cl(A U B) o mgb-cl(A) LU ngb-cl(B).

Proof: We are obtained by Definition 2.3 and Lemma 3.12.
Remark 3.14: The following examples show that the converses of Lemma 3.13 (c), (f) and (g) need not be true.

Example 3.15: Let X={ab,c,d,e,f} and t={X,,{a,b},{c,d},{a,b,c,d}}.Let A={a,b,c,d}. Then ngb-cl(A)=A but A
is not mgb - closed.

Example 3.16: Let X={a,b,c,d,e} and 1={X,,{a},{e},{ae},{c,d},{a,c,d},{c,d,e}{ac,de}}. LetA={ac,de} and
B={b,c,d}. Then A is not =ngb-closed and B is ngb-closed. Since mgb-cl(A)=X and mgb-cl(B)=B, we have
ngb-cl(A) N wgb-cl(B) =B ={b,c,d} but ngb-cl(A "B)={c,d}.

Example 3.17: Let X be topological space in Example 3.16, let A={a,c,e}and B={d}. Then A is not ngb - closed and
B is ngb-closed.  Since ngb-cl(A) = A and ngb-cl(B)=Band  somxgb-cl(A) U ngb-cl(B) = {a,c,d,e} but
ngb-cl(A UB)=X.
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4. Almost ztgb - continuityandrelatedsomecontinuities

Remark 4.1: For a function f : X — Y, the following implications hold:

b-on — gh-om
e e ™y
pME-cOn. — Ep-COL —} EEp- oM
T T T ™
E-con —» — g-com — Eg-con 3 =gb-com
1 1 1 e
Semi-con —} gS-COD ) EES-COL
R N A
b-on — gh-om

Remark 4.2: The following examples show that:
(a) Every mgb - continuous function need not be gb - continuous or ztg - continuous,

(b) Every mgb - continuous function need not be mgp - continuous,
(c) Every mgb - continuous function need not be mgs- continuous.

Example 4.3: Let X={ab,cd.e}, 1={F,X,{a},{c,d},{a,c,d} {bcde}}and Y={xy,zt},o6={Y,,{x,y,2},{t}}.
Define a function f: X — Y as follows: f(a) = z, f(b) = f(e) = t, f(c) = y and f(d) = x. Then f is a ngb - continuous but
it is not gb- continuous.

Example 4.4: Let X={ab,c,d}, 1={J,X,{a},{b,c},{ab,c},{ab}{b}}and Y={x,y,z},0={Y.D.{x,y}.{x,z},{x} }.
Define a function f: X — Y as follows: f(a) =y, f(b) = f(d) = x, f(c) =z. Then fis ngb - continuous function which
is neither zg - continuous nor mgp - continuous.

Example 4.5: Let X be the real numbers with the usual and Y={0,1} with the topology ¢ ={Y.,{1}}. We define the
function f : X — Y such as

)= 0, xe(0,2\Q
1, xe(0,2)\Q

Then f is =gb - continuous but it is not wgs- continuous.
Theorem 4.6: Let f : X — Y be a function. Then the following statements are equivalent:

(1) fismgb - continuous;
(2) The inverse image of every open set in Y is ngb -open in X.

Proof: (1)=(2) Let U be a open subset of X. Then Y \ U is closed. Since fis ngb - continuous, f (Y \U) = X \f*(U)
is mgb - closed in X. Hence f ™ (U)is mgb - open in X.

(2)=(1) Let V be a closed subset of Y. Then Y \ V is open and by the hypothesis (2) f7(Y\V)=X\f"(V)

is gb - open in X. So (V) is ngb - closed. Therefore, fismgb - continuous.

Theorem 4.7: If f : X —» Y is ngb - continuous then f (ngb-cl(A)) < cI(f (A)) for every subset A of X.

Proof: Let A be a subset of X. Since f is mgb-continuous and A cf™(cl(f (A), we obtain
ngb-cl(A) < £ (cl(f (A)) and then f (mgb-cl(A)) ccl(f (A)) .

Remark 4.8: The converse of Theorem 4.7 need not be true as shown in the following example.
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Example 4.9: Let X={ab,cd} and 1={X,J,{ab},{d},{a,b,d}}, oc={X,J,{d}}.We define the function
f: (X,t) > (X,0) such as f(a) =c, f(b) =a, f(c) =d, f(d) =b. Then f (ngb-cl(A)) < cl(f(A)) for every subset A of X.
Since {a,b,c}is closed in (X,0) but f‘l({a,b,c}) ={ab,d} isnot ngb-closed in (X,t) , fisnot ngb - continuous.

Theorem 4.10: Let f : X — Y be a function. Then the following statements are equivalent:
(1) For each x e X and each open set V containing f (x)there exists a mgb-open set U containing x such that

f(U)c V.
(2) f (mgb-cl(A)) < cl(f (A)) for every subset A of X.

Proof: (1) = (2) Let yef(ngb-cl(A)) and let VV be any open neighborhood of y. Then there exist a x € X and a
ngb -open set U such that f(x) =y, x e U, Xx€ngb-cl(A). and f(U) V. By Lemma 3.12, U~ A = @ and hence

f(A)NV = . Therefore, y =T (x) e cl(f (A)) .

(20 > (1) Let xeX and V be any open set containing f(x). Let A=f'(Y\V). Since
f (ngb-cl(A)) < cl(f (A)) = Y \ V then ngb-cl(A) = A . Since x¢ngb-cl(A). there exists a mgb - open set U containing x
such that U~A = and hence f(U) cf(X\A)c V.

Theorem 4.11: Let X be an extremely disconnected space and f : X — Y be a function. If f is =gb - continuous and
m-z - closed then f is zgb - irresolute.

Proof: Let A be a ngb-closed subset of Y. Then f™(A) c U, where U is m-open in X. So X\U cf'(Y\A).
Hence f(X\U)c Y\A. Since f is m-m-closed, f(X\U)is m-closed. Since Y \ A is mgb-open then

f(X\U) c bint(Y\A) =Y \bcl(A). Thus f'(bcl(A)) c U. Since f is mgb-continuous and X is extremely
disconnected, f(cl(A)) is ngb - closed. Therefore, bel(f * (bcl(A))) < U and hence
bel(f ™ (A)) < bel(f ™ (bel(A))) < U. It follows that ™ (A) is mgb - closed. This shows that f is mgb - irresolute.

Definition 4.12: A function f : X — Y is said to be almost mgb - continuous if f™(V)is mgb-closed in X for every
regular closed set V of Y.

Theorem 4.13: For a functionf : X — Y, the following statements are equivalent:

(1) fisalmost mgb -continuous;

(2) f7(V)is mgb-open in X for every regular open set V of Y;
(3) f'(int(cl(V)))is mgb -open in X for every open set V of Y;
(4) f7(cl(int(V))) is mgb - closed in X for every closed set V of Y.

Proof: (1) = (2) Let V be a regular open subset of Y. Since Y \ V is regular closed and f is almost ngb - continuous
then (Y \V) = X\f (V) is ngb- closed in X. Thus f (V) is ngb -open in X.

(2) > (1) Let V be a regular closed subset of Y. Then Y \ V is regular open. By the hypothesis,
f(Y\V) = X\f(V) is ngb-open in X. Hence f (V) is ngb - closed. This shows that f is mgb - continuous.

(2) = (3) Let V be an open subset of Y. Then int(cl(V))is regular open. By the hypothesis, f(int(cl(V)))
is gb - open in X.

(3) = (2) Let V be a regular open subset of Y. Since V = int(cl(V)) and every regular open set is open then f™(V)is
ngb - open in X.
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(3 = (4) Let V be a closed subset of Y. Then Y \ V is open. By the hypothesis,
f(int(cl(Y \ V) =7 (int(cl (Y \V))) =f7(Y \cl(int(V))) = X \f(cl(int(V))) is mgb-open in X. Therefore,
7 (cl(int(V))) ismgb - closed in X.

(4) = (3) Let V be a open subset of Y. Then Y \ V is closed. By the hypothesis, f(cl(int(Y \ V))) = f (Y \int(cl(V))
= X\ f(int(cl(V))) is mgb -closed in X. Hence f (int(cl(V))) is mgb - open in X,

Remark 4.14: For a function f : X — Y, the following implications hold:

E-cm 3 o 3 g-oom ) Eg-con
1 1
gh-con — =gh- con — almost- xpgh -con
1 7

b-con — amost-b-con

Remark 4.15:
(a) Every mgb - continuous function is almost ztgb - continuous,

(b) Every almost b - continuous function is almost rtgb - continuous.

However, none of these implications is reversible as shown by the following examples.

Example 4.16: In Example 4.9, f is almost wgb - continuous but it is not ngb - continuous since for the regular closed
set {a,b,c}of (X,0), we have f™({ab,c})={a,b,d} isnot ngb-closed in (X).

Example 4.17: In Example 4.3, f is almost ngb - continuous but it is not almost b - continuous since for the regular

closed set {x,y,z}of (Y,5), we have f~{x,y,z})={a,c,d} isnot b-closed in (X1).

Theorem 4.18: Let X be a ngb - T2 topological space. Then f: X — Y is almost ngb - continuous if and only if f is
almost b - continuous.

Proof: Necessity. Let A be a regular closed subset of Y and f: X — Y be an almost zgb - continuous function. Then

f(A) is mgb-closed in X. Since X ismgb - Twz space, f(A) is b-closed in X. Hence f is almost b - continuous.

Sufficiency. Suppose that f is almost b - continuous and A be a regular closed subset of Y. Thenf™(A) is b-closed in

X. Since every b -closed set is mgb - closed thenf ™" (A) isngb - closed. Therefore, f is almost ngb - continuous.

Theorem 4.19: Let X isa ngb - Tuzspace and f : X — Y be a function. Then
(1) fisalmostngb - continuous if and only if f is almost b - continuous,
(2) fismgb -continuous if and only if fis b - continuous.( or gh - continuous )

Proof: The proof is obvious.

5. mgb - compactness

Definition 5.1: A collection {G, :i e A}of ngb-open sets in a topological space X is called angb - open cover of a
subset A of X if Ac{G;: iEA } holds.

Definition 5.2: A topological space X is ngb - compact if every zgb - open cover of X has a finite subcover.
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Definition 5.3: A subset A of a topological space X is said to be ngb -compact relative to X if, for every collection
{U, :iel} of ngb-open subsets of X such that A < {U, :iel} there exists a finite subset I of I such that

Ac AU, tiel}.

Definition 5.4: A subset A of a topological space X is said to be wgb - compact if A is ngb - compact as a subspace of
X.

Theorem 5.5: Every ngb - closed subset of a tgb - compact space is ngb - compact space relative to X.

Proof: Let A be angb -closed subset of a mgb - compact space X. Let {U, :ie I}be a ngb-open cover of X. So
Acu,_ U,and then (X\A)u (U,
XVA)U (U,

icl,

U,) = X. Since X is mgb -compact, there exists a finite subset I of I such that

U)=X.Then Ac Yia, U, and hence A is ngb - compact relative to X.

A nearly compact space [25] is a topological space in which every cover by regular open sets has a finite subcover.

Theorem 5.6: The surjective =ngb -continuous ( resp. almost ngb - continuous ) image of wgb -compact space is
compact ( resp. nearly compact ).

Proof: Let {U, :ie I} be any cover of Y by open ( resp. regular open ) subsets. Since f is mgb - continuous ( resp.
almost ngb - continuous ), then {f ’1(Ui) ;i e 1}is mgb-open cover of X. By ngb - compactness of X, there exists a

finite subset I, of I such thatX = u,_ f7(U,). Since f is surjective, we obtain Y = Uiy, U;. This shows that Y is

|
compact ( resp. nearly compact ).

Theorem 5.7: If f:X > Y isngb-irresolute and a subset A of X iszgb -compact relative to X, then the image
f (A)is mgb - compact relative to Y.

Proof: Let{U.:ie I} be any collection of mgb-open subsets of Y such that f(A) c {U, :iel}. Then
Acu{f ’1(Ui) -1 e I}holds. Since by hypothesis A is mgb - compact relative to X, there exists a finite subset 1 of |
such that A < U{f " (U,) :i e 1,}. Therefore, we have f (A) AU, :i e |}, which shows that f (A)is ngb - compact

relativeto Y.

Definition 5.8: A space X is said to be
(1) mgp - compact [24] if every ngp - open cover of X has a finite subcover.

(2) gb-compact [4] if every gb - open cover of X has a finite subcover.
(3) b-compact [13] if every b - open cover of X has a finite subcover.

Remark 5.9: Since every regular open set is open, b-open, gb-open, mgb-open and ngp -open set, for a space X,
the following implications hold:

ngb - compact — gb-compact — b-compact — compact —> nearly - compact
\

Tgp - compact

Definition 5.10: A function f : X — Y is said to be ngb -open if f (U)is ngb -open in Y for every ngb -open set U of
X.

Theorem 5.11: If f : X — Y is zgb - open bijection and Y is ngb - compact space then X is a wgb - compact space.

Proof: Let {U, :i e I}bea ngb-open cover of X. So X= v, U, andthen Y=Ff(X)=f(u,_ U)=y,

iel

f(U,).
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Since f isngb -open, for each iel, f(U,)is ngb-open set. By ngb -compactness of Y, there exists a finite subset

lpof I such thatY = u,_, f(U,). Therefore, X=f(Y)=f"(u, f(U)) :uielof’l(f (U))) =y, U,. This shows

iel; iel,

that X istgb - compact.

Theorem 5.12: If f:X — Yis mgb -irresolute bijection and X is mgb -compact space then Y is a mgb - compact
space.

Proof:  Let {U,:iel}be a  mgb-open cover of Y. So Y=y,
X=f*(Y)=f"(u,

iel

U, and  then
U)= u,f(U,). Since f isngb-irresolute, it follows that for each iel, f'(U,)is

ngb - open set. By mgb - compactness of X, there exists a finite subset 1, of I such that X = u,_ i f’l(Ui) . Therefore,

Y=f(X)=f (U,

iel,

f(U)) = Ui, F(E7(U))) =, U, This shows that Y is mgb - compact.

Theorem 5.13: If f: X — Y is zgb - continuous bijection and X is mgb - compact space then Y is a ngb - compact
space.

Proof: The proof is similar to that of Theorem 5.12.
6. Quasi -b - normal spaces

Definition 6.1: A space X is said to be quasi -b - normal if for every pair of disjoint = - closed subsets A,B of X, there
exist disjoint b - open subsets U,V of X suchthat Ac U and Bc V.

Definition 6.2: A space X is said to be quasi-normal [28] ( resp. quasi-s-normal [6] ) if for every pair of disjoint
7 -closed subsets A,B of X, there exist disjoint open ( resp. semi-open ) subsets U,V of X such that AU and
BcV.

Definition 6.3: A space X is said to be b-normal (or y-normal [12] ) if for every pair of disjoint closed subsets A,B
of X, there exist disjoint b - open subsets U,V of X suchthat Ac U and Bc V.

Remark 6.4: For a topological space X, the following implications hold:

nnma e - newwsal

1 1
=-mumal — @ -s- eewal
1 1

b-miwmal — gma - b- esal
In general, the converse of implications in the above diagram need not be true.

Example 6.5: Let X={ab,c}, ©={X,J,{a,b},{a},{a,c}}. (X;1) is quasi-b-normal space but it is not b -normal
space.

Theorem 6.6: The following statements are equivalent for a space X;

(@) Xis quasi-b - normal;

(b) For any disjoint = -closed sets A and B, there exist disjoint gb - open subsets U,V of X such that Ac U and
BcV,

(c) For any closed set A and anyrm-open set B containing A, there exists a gb-open set U such that
Ac Uchbcl(U)cB;

(d) For any disjoint = -closed sets A and B, there exist disjoint mgb -open subsets U,V of X such that A = U and
BcV,

(e) For any m-closed set A and anym-open set B containing A, there exists a mgb-open set U such that
AcUchbcl(U)cB.
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Proof. (a) = (b) The proof is obvious.

(b) = (c) Let A be any = -closed subset of X and B any = -open subset of X such that Ac B. Then Aand X\ B
disjoint = - closed subset of X. Therefore, there exist disjoint gb - open sets U and V such that Ac Uand X\Bc V.

By the definition of gb-open sets, we have X\Bc bint(V) andU nbint(V)=&. Therefore, we obtain
bel(U) nbint(V) =& and hence A <« U < bel(U) = B.

(c) = (d) Let A and B be any disjoint = -closed subsets of X. Then A < X\B and X\ B is = -open and hence there
exists a gb - open subset G of X such that A < G < bcl(G) = X\B. Since every gb-open set is ngb-open, G is

ngb -open and X\ bcl(G) is b-open so X \bcl(G) is ngb -open. Now put V = X \bcl(G). Then G and V are disjoint
ngb - open subsets of X suchthat Ac G and Bc V.

(d) = (e) The proof is similar to that of (b) = (c)

(e) = (a) Let A and B be any disjoint x -closed subsets of X. Then A = X\ B and X \B is = -o0pen and hence there
exists a ngb -open subset G of X such that A < G < bcl(G) = X\B. PutU = bint(G) and V = X\bcl(G). Then U

and V are disjoint b - open subsets of X such that A = G and B c— V . Therefore, X is quasi -b - normal.

Definition 6.7: A function f : X — Y is said to be almost mgb - closed if for each regular closed subset F of X, f (F) is
ngb - closed subset of Y.

Proposition 6.8: A surjection f:X — Y almost zgb-closed if and only if for each subset G of Y and each

U e RO(X) containing f ™ (G), there exists a mgb - open subset V of Y such that G = v and f (V) c U.

Proof: Necessity. Suppose that f is almost mgb - closed. Let G be a subset of Y and U € RO(X) containing f™(G). If
V=Y \f(X\U), then Visa ngb-open set of Y such that G = v and f (V)= U.

Sufficiency. Let F be any regular closed set of X. Then X\Fe RO(X) andf*(Y \f(F)) = X\F. There exists a
ngb-open set V of Y such that Y\f(F)cVand f'(V)c X\F. Therefore, we have Y\V cf(F) and

Fcf'(Y\V). Hence, we obtain f(F)=Y\V and f(F)is ngb-closed in Y. This shows that f is almost
ngb - closed.

Theorem 6.9: Let f:X—>Y be a continuous, almost mgb-closed surjection. If X is normal, then Y is
quasi -b - normal.

Proof: Let A and B be disjoint = -closed subsets of Y. Since f is continuous, f(A)and f™(B) are disjoint closed
subsets of X. By the normality of X, there exist disjoint open sets U and V such that f*(A) c U and f*(B) c V. Put
G =int(cl(U)) and H=int(cl(V)). Then G and H are disjoint regular open subsets of X such that f(A) c Gand
f*(B) c H. By Proposition 6.8, there exist mgb-open subsets K and L of Y such that AcK, BclL,

f'(K)cGand f'(L)cH. Since GAH =g and fis surjective, K ~L = 2. It follows from Theorem 6.6 (d) that
Y is quasi -b - normal.

Theorem 6.10: Let f: X —> Y be a =-irresolute, almost ngb -closed surjection. If X is quasi-normal, then Y is
quasi -b - normal.

Proof: Let A and B be disjoint 7 -closed subsets of Y. Since f is = -irresolute, f*(A) and f'(B) are disjoint
7 - closed subsets of X. By the quasi-normality of X, there exist disjoint open sets U and V such that f *(A) < U and
f'(B)c V. Put G=int(cl(U)) and H=int(cl(V)). Then f'(A)cUcG,f'B)cVcHGNnH= and
G,H € RO(X). Since fis almost ngb - closed, by Proposition 6.8 there exist ngb - open subsets K and L of Y such that
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AcK, BcL, f'(K)ycGand f'(L)cH. Since f is surjective, we have K nL =@ . This shows that Y is
quasi -b - normal.
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