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ABSTRACT

The aim of this paper is to introduce a new class of sets called (1, 2)*-zwg-closed sets in bitopological spaces and to
study their properties. Further, we define and study (1, 2)*- zwg-continuity, (1, 2)*- zwg-irresolute maps and (1, 2)*-
Twg-space.
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1. INTRODUCTION

The study of bitopological spaces was first initiated by J.C. Kelly [6]in the year 1963. Levine [7] introduced
generalized closed sets and studied their properties. In 1985, Fukutake [4], introduced the concepts of g-closed sets in
bitopological spaces. Dontchev. J, Noiri. T [3] introduced and studies the concepts of mg- closed set in topological
spaces. Recently Ravi, Lellis Thivagar, Ekici and many others [8,9,12,13-17] have defined different weak forms of the
topological notions namely , semi open, pre open, regular open and a-open sets in bitopological spaces.

In this paper, we introduce the notion of (1, 2)*- awg-closed sets and investigate their properties. By using the class of
(1, 2)*- awg -closed sets in bitopological spaces, we study (1, 2)*- nwg -continuous, (1, 2)*- twg-irresolute maps,
nwg-space, (1, 2)*- mwg-Ty- Space. In most of the properties and conditions, our ideas are discussed with suitable
examples.

2. PRELIMINARIES

Throughout this paper, X and Y denote the bitopological spaces (X, 11, 1) and (Y,o01 ,02) respectively, on which no
separation axioms are assumed.

Definition: 2.1 Let A be a subset of X. Then A is called 1, -open [1,14] if A= A; U By, where A; 1,1, Bie 15. The
complement of t; , -open set[14] is t; , -closed set. The family of all T, ; -open (resp. 13 ,-closed) sets of X is denoted by
(1,2)* -O(X) and (resp. (1,2)* -C(X)).

Example: 2.2 Let X={a, b, ¢}, 1= {o, X, {a}, {a, c}}, 2 = {9, X, {c}}.

Then 1, -open sets ={o, X,{a},{c}{a, c}} and 7, , -closed sets ={o, X,{b, c}.{a, b}.{b}}

Definition: 2.3 Let A be a subset of a bitopological space X. Then

(1) t12 -closure of A [1,14] denoted by 11, -CI(A) is defined by the intersection of all 14 ; -closed sets containing A.
(i) Ty o-interior of A [1,14]denoted by 11, -int (A) is defined by the union of all open sets contained in A.

Remark: 2.4 Notice that t; , -open subsets of X need not necessarily form a topology.

Now, we recall some definitions and results which are used in this paper.
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Definition: 2.5 A subset A of a bitopological space X is said to be

(i) (2, 2)* -pre —open [18] if Ac 112 -int (112 -CI(A)).

(i) (1, 2)* -semi open [18] if Ac Ty, -cl (t1, -INt(A)).

(iii) regular (1,2)* -open [10] if A= 1, -int (T2 -CI(A)).

(iv) (1, 2)* - a-open [18] if Ac 112 -int (115 -cl (112 -int (A))).

(v) (1, 2)* -rn- open [19] if A is the finite union of regular (1, 2)* -open sets.

The complements of all the above mentioned open sets are called their respective closed sets. The family of all (1, 2)* -
open sets [(1, 2)* -regular open, (1, 2)* - m-open, (1, 2)* -semi open, (1, 2)* - regular semi open set) sets of X will be
denoted by (1, 2)* O(X)(resp. (1, 2)* RO(X), (1, 2)* - 1O(X), (1, 2)*-SO(X),(1,2)*-RSO(X)].

Definition: 2.6 A subset A of bitopological space X is said to be

(1) a1, - © - closed [5] if 11, -cl (A) < U whenever Ac U and U € (1, 2)* -SO(X).

(i) a (1, 2)* - generalized closed set [12] ((1, 2)* -g closed set) if 11, -cl (A) < U whenever Ac U and U e (1,2)*-
O(X).

(iii) a regular (1, 2)* - generalized closed [16] (briefly (1, 2)* - rg closed set ) if 13 ,-Cl(A)cU whenever Ac Uand Ue
(1, 2)* - RO(X).

(iv) a (1, 2)* - generalized pre regular closed set [13] (briefly (1, 2)* -gpr —closed set) if (1, 2)* - pcl (A) cU whenever
Ac UandU e (1, 2)* - RO(X) .

(v) a weakly (1, 2)* - generalized closed [20] (briefly (1, 2)*-wg closed) if 1, ,-Cl(ty o-int (A)) = U whenever Ac U and
U e (1, 2)* -O(X).

(vi) a (1, 2)*-n-generalized closed [19] (briefly (1, 2)* - ng closed set) if 11, - ¢l (A) <U whenever AcU and Ue (1,2)*
-10(X).

(viii) a (1,2) * - nga - closed set [2] if 115 - acl (A) < U whenever Ac Uand U e (1,2)* -nO(X).

(ix) a (1,2)* - regular semi open set[11] if there is a (1,2)* - RO(X) , U such that UcA < 14, CI(U).

(x) a (1,2)* - rw- closed set [11] if 1, -cl(A) < U, whenever Ac U and U is (1,2)* - regular semi open set in X.
(xi) a (1, 2)*- regular a-open [11] in X if there is a (1, 2)* -regular open set U such that U c Ac 14, - acl(U).

(xii) a regular (1,2)* - generalized a- closed set [11]( briefly (1,2)* - rga - closed set) if 11, -acl (A) = U whenever
A c Uand Ue (1,2)* - Ra O(X).[ Ra O(X)- Collection of all regular (1,2)*- o -open set in X]

(xiii) a regular (1, 2)*-weakly generalized closed [11] (briefly (12) *- rwg closed) if 1 ,- cl(ty o-int (A)) cU whenever
Ac Uand U e (1,2)*-RO(X).

(xiv) a (1,2)*- Ty-space[8] if every (1,2)*- g-closed set in X is 11, -closed in X.
Definition: 2.7 A Bitopological space X is called

(1) a (1,2)*- Tug-Space[20] if every (1,2)*- wg-closed subset of X is closed in X.
(i) a (1,2)*-T - Space [18] if every (1,2)*- a -closed sunset of X is closed in X.
(iii) a (1,2)*- T,, -Space [5] if every (1,2)*- o -closed subset of X is closed in X.

Definition: 2.8 A map f: X—Y is said to be

(i) (1, 2)*- continuous [12] if (V) is 11, -closed in X for every o3, - closed set V in Y.

(ii) (1, 2)*- semi continuous [18] if f* (V) is (1,2)*- semi closed in X for every o3, -closed set V in Y.
(iii) (1, 2)*- o - continuous [5] if f* (V) is (1,2)*- o- closed in X for every oy ,-closed set Vin Y.

(iv) (1, 2)*- rg -continuous [16] if (V) is (1,2)*- rg closed in X for every o3, - closed set V in Y.

(v) (1, 2)*- n-continuous [19] if f* (V) is (1,2)*- x closed in X for every o3, - closed set V in Y.

(vi) (1, 2)*- mg-continuous [19] if (V) is (1, 2)*-ng closed in X for every o, ,-Closed set V in .

(vii) (1, 2)*- g-continuous [12] if f* (V) is (1,2)*- g closed in X for every o3, - closed set V in Y.
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(viii) (1, 2)*- gpr-continuous [13] if (V) is (1, 2)*- gpr closed in X for every 3, -closed set Vin Y.
(ix) (1, 2)*- wg-continuous [20] if £ (V) is (1, 2)*- wg- closed in X for every oy, - closed set V in Y.

3. (1, 2) * - mwg — Closed Sets in Bitopological Spaces

Definition: 3.1A subset A of X is called (1, 2) *-twg- closed set in X if 11 ,-cl (112 -iNt(A)) < U whenever Ac U and
U <(1,2)* -n0(X).

The complement of (1, 2)* - awg -closed set is (1, 2)*-nwg-open set.

We denote the family of all (1,2)*- mwg-closed (resp. mwg-open)sets in X by (1,2)*- awGC(X)(resp. (1,2)*-
TwGO(X)).

Theorem: 3.2

Every 11, -closed set is (1, 2) *-awg- closed set .

Every (1, 2)* - ng -closed set is (1, 2)* - awg -closed set.
Every (1, 2)* - g - closed set is (1, 2)*- nwg -closed set.
Every (1, 2)* - nwg - closed set is (1, 2)* - gpr-closed set.
Every (1, 2)* - a - closed set is (1, 2)* - awg -closed set.
Every (1, 2)* - wg - closed set is (1, 2)* - twg -closed set.

ocoaprwdE

Proof: Straight forward.

Remark: 3.3 The converse of the above results need not be true as seen in the following examples.

Example: 3.4 Let X = {a, b, ¢, d}, 1 = {o, X, {b}.{b, c}}, 12 = {0, X, {c},{b, ¢, d}}.Then 11, -open = {o, X,
{b},{c}.{b, c},{b, c, d}} and 1, -closed = {0, X, {a, c, d} {a, b, d},{a, d}.{a}}

Here A = {d} is (1, 2)* - =wg- closed set but not t; , -closed set.

Example : 3.5 Let X={a, b, c,d}, 71 = {o, X, {a}.{c, d}.{a, c, d}}, . = {o, X, {a},{c},{a, C}}.

Then 1, ,-0pen = {o, X,{a}.{c}.{a, c}.{c, d}.{a, c, d}} and 1, o-closed = {o, X,{b, c, d}.{a, b, d}, {b, d} {a, b},{b}}.
Here A= {d}is (1,2)* - mwg- closed set but not (1,2)* - ng- closed set.

Example: 3.6 In the above example A={d} is (1,2)* - awg- closed set but not (1,2)* - g-closed set.

Example: 3.7 Let X={a, b, ¢, d}, 1=={0, X, {b}.{b, ¢, d}}, 72 = {0, X, {b},{d},{b, d}{a, b, d},{b, c, d}}.

Then 1, ,-0pen = {o, X, {b},{d},{b, d},{a, b, d},{b, ¢, d}} and 11 ,-closed = {o, X,{a, ¢, d},{a, b, c}, {a, c },{c}.{a}}.

Here A = {a, b} is (1,2)* - awg- closed set but not (1,2)* - wg closed set.

Example: 3.8 Let X= {a, b, ¢}, 1 = {9, X, {a}.,{c}.{a, c},{b, c}}, .2 = {0, X, {a},{a, b}}. Then 11, -0pen={¢p, X, {a},
{c}.{a, b}.{a, c},{b, c}} and 1, -closed = {o, X, {b, c},{a, b},{c}.{b}.{a}}

Here A= {a, c}is (1, 2)* - gpr closed but not (1, 2)* -twg- closed set.

Example: 3.9 Let X={a, b, ¢, d}, 1= {¢, X, {b},{b, ¢}}, o = {0, X, {c},{b, ¢, d}}.Then 1, ,—0pen = {o, X, b},{c},
{b, c},{b, ¢, d}} and 1, -closed = {o, X, {({a, ¢, d},{a, b, d},{a, d}.{a}}

Here A = {c, d} is (1, 2)* - nwg- closed set but not (1, 2)* -a.-closed set.
Theorem: 3.10 Every (1, 2)* - nwg- closed set in X is (1, 2)* - rwg closed.
Proof: Let A be a (1,2)* - nwg- closed set in X and Ac U and U is (1,2)* - RO(X).

Since every (1, 2)* - RO(X) is (1, 2)* -rO(X) and A is (1, 2)* - awg- closed set, then 1, ,- cl (112 -int (A))cU whenever
Ac Uand U e (1,2)* - RO(X).

The above implies A is (1, 2)* - rwg -closed.
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Remark: 3.11 The converse of the above need not be true as seen in the following example.

Example: 3.12 Let X = {a, b, ¢, d}, 11 = {9, X, {d}, {b, ¢, d}}, 1= {0, X, {b}, {d}, {b, d}.{a, b, d},{b, c, d}}. Then
T12-0pen = {o, X, {b},{d},{b, d}{a b, d}{b, c, d}} and 11 ,-closed = {0, X,{a, ¢, d},{a, b, c}, {a, ¢ },{c}.{a}}.

Here A= {b, d}is (1, 2)* - rwg- closed set but not (1, 2)* - awg closed set.
Remark: 3.13 The concepts of (1, 2)*- nwg -closed set, (1, 2)* -rga closed set are independent.

Example: 3.14 Let X ={a, b, ¢, d}, 11 = {0, X, {b},{d}{b, d}}, ©. = {o, X, {b},{d},{b, d}.{a, b, d}.{b, ¢, d}}. Then 1;,
-open = {o, X, {b},{d},{b, d},{a, b, d},{b, ¢, d}} and 1, -closed = {o, X.{a, c, d}.{a, b, c}, {a, ¢ }.{c}.{a}}. Here the
(1,2)*- rgo -closed sets are { ¢, X,{a},{c}.{a, c}.{b, d}.{a b, c},{a, b, d} {a, c, d},{b, ¢, d}} and the (1, 2)*- awg -
closed sets are {¢, X,{a},{c}.{a, b}.{a, c}.{a, d}{b, c}, {c, d}.{a, b, c},{a, b, d},{a, c, d}{b, c, d}}.

The set A = {b, d} is (1, 2)* - rga -closed but not (1,2)*- awg -closed and B= {a, b} is nwg -closed but not (1, 2)*- rga
-closed .

Remark: 3.15The above discussions are summarized in the following diagram.

(1,2%-rw - C(X) —p(1.2*-1z- C) —w(1.2%rz0-C
jl.

(1.2)*-BC0 —w(12)%-2- COO—m(1.2)*-wg-C0) —w( 1 K+ -rwe-CC0

1 \ (1.2/"zpe- C(X)

(1.2)*-2C 0w (1.2)* 72-CC0 —» (125 mwe-C(X)

[
Tiz—closed — (1.2)% u-closed/

Remark: 3.16 Finite union of (1, 2)* - nwg closed sets need not be (1, 2)* - 7wg closed set.

Example: 3.17 Let X= {a, b, ¢}, 11 = {o, X, {a},{c}.{a, c},{b, c}}, 12 = {9, X, {a},{a, b}}.Then 11, -0pen = {o, X,
{a},{c}.{a, b}.{a, c}.,{b, c}} and 11, -closed = {9, X, {b, c}.{a, b}.{c}.{b}.{a}}

Here A = {a} and B= {c} are two (1, 2)* -mwg- closed sets, but A\ B = {a, c} is not (1, 2)*- mwg closed.
Remark: 3.18 Finite intersection of two (1, 2)* - awg closed sets need not be (1, 2)* - awg closed set.

Example: 3.19 Let X = {a, b, ¢, d}, .1 = {¢, X, {d},{b, c, d}}, 1o = {0, X, {b},{b, d},{a, b, d}}. Then 1,,-0open ={o,
X, {b},{d}{b, d}.{a, b, d}.{b, c, d}} and 11, -closed ={o, X,{a, c, d}.{a, b, c},{a, ¢}, {c}.,{a}}. Here A = {a, b, d} and
B= {b, c, d} are (1,2)* - twg closed sets ,but ANB= {b, d} is not (1,2)*- awg closed.

Theorem: 3.20 If Ais (1, 2)* - ©wg closed set and Ac Bty ; -cl (112 -int(A)) . Then B is also (1, 2)* - nwg -closed set
in X.

Proof: Let B — U, where U is (1, 2)* - n- open. Then Ac B = A c U, Uis (1, 2)* - n- open. Since A is (1, 2)* - nwg
closed, 12 -cl (112 -int(A)) < U. By hypothesis, 1, 7 -cl (112 -int(B)) cU. Hence B is also (1, 2)* - awg - closed.
Theorem: 3.21 If A is both (1, 2)*- Regular open and (1, 2)* -twg closed, then it is (1, 2)*- clopen.

Proof: Since A is (1, 2)* -Regular open, A is 13, -Open.

Then A= 1 ,-int(A).Also, AcA and A is (1,2)* - twg closed.
= Ty -cl (112 -int(A)) cA. Now, 11, -cl (A) =11, -cl (T2 -iNt(A)) CA.
= 112 -Cl (A)= A. Hence A is 1, , -Clopen.

Theorem: 3.22 The following properties are equivalent for a subset A of X.
1. Ais Ty, -clopen.

2. Ais (1, 2)* - regular open and (1, 2)* - awg closed.

3. Ais (1, 2)* - m-open and (1, 2)*- twg closed.
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Proof:
(1)=(2): let A is 112 -clopen. Then A = 14 ,-int (A)= 11 2-Cl (A).

= Ty, -cl (11, -int(A))=A.
= A'is (1, 2)* -regular open and hence A is (1, 2)* - m-open .Then 1y, -cl (11, -iNt(A))=AcA.
=Ais (1, 2)* - nwg -closed. Hence (2) holds.
(2)=(3): Obvious.
(3)=(4): let Ais (1,2)*- m-open and (1,2)*- awg-closed. Since AcCA, a(1, 2)* - m-open set and 1y » -cl (112 -iNt(A)) < A.
= Ais both 11, -closed and 1, - open.
=A is 1y ,-Clopen .
Theorem: 3.23 If A'is (1, 2)* - awg -closed, then 1, -cl (112 -int(A)) — A contains no non-empty (1,2)*- x -closed set.
Proof: Suppose that F is a non-empty (1, 2)*- n-closed subset of 13 ,-cl(ty 7 -int(A)) — A.
Now, F c 115 -cl (115 -int(A)) — A
= F < 115 -cl (112 -int(A)) N A® .S0,F < 1, -cl (T2 -int(A)) and F cA° . Fc A® implies Ac F©.
Since F© is 7-open and A is (1,2)*- nwg -closed. We have, 115 -cl (112 -int(A)) < F°.
=F < [tz ¢l (12 -int(A))] © .
Hence F < 11, -cl (115 -int(A)) N [t -cl (112 -int(A))] €.
=F < ¢, which is a contradiction.
= [112 -cl (112 -int(A))] — A contains no non-empty (1,2)*- Ttwg- closed set.

Theorem: 3.24 Suppose that B cAcX, B is (1,2)* - awg -closed set relative to A and that A is both (1,2)*-regular
open and (1,2)*- nwg- closed subset of X, then B is (1,2)*- nwg -closed set relative to X.

Proof: Let B < G and G be (1, 2) * -n -open set in X. Given BcAcX.

= B < ANG. Since B is (1,2)* - awg- closed set relative to A, then Ty, -cl (112 -inta(B)) < ANG.

Also, AN 1y, -cl (112 -int(B)) = ANG.Then AN 1y, -cl (ty» -int(B)) < G. Since A is (1,2)* - regular open and (1,2)* -
nwg -closed set, then A is 1y, —clopen. i,e., A =1, -Cl(A) and 1y, -cl (11, -int(B))< 11, -cl(B)< 11, -cl(A)=A. Hence
T12 -cl (112 -INt(B))NA =15, -cl (112 -int(B)) and 713, -cl ( 112 -int B) < G whenever B G and G is (1,2)*- w-open in
X. Hence B is (1,2)*- nwg -closed.

Theorem: 3.25 Let AcYcX. Suppose that A is (1, 2)*- nwg-closed in X and Y is w-open in X, then A'is (1, 2)*- nwg-
closed setrelative to Y.

Proof: Given AcYcX and Ais (1, 2)*- nwg-closed in X. Let A cYNG, where G is w-open in X. Since A is (1, 2)* -
awg closed in X, AcG = 13, -cl (112 -int(A))c G.

Y N1y -cl (115 -int(A)) € YNG. Therefore, A is (1, 2)*- nwg-closed set relative to Y.
Theorem: 3.26

1. Every 11 ,- open set is (1,2)*- awg-open.

2. Every 11,- ¢ -open set is (1,2)*- awg-open.

3. Every 1, ,- wg-open set is (1,2)*- mtwg-open.

Proof: Straight forward.
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Remark: 3.27 The converse of the above need not be true as seen in the following examples.

Example: 3.28 Let X={a, b, ¢, d}, 11 = {9, X,{a},{b}.{a, b}}, . = {0, X, {a},{b},{a, b},{a, b, c}.{a, b, d}}. Then 11, -
open ={o, X, {a},{b}.{a b}.{a, b, c},{a, b, d}} 11, -closed ={o, X,{b, c, d},{a, c, d}.{c, d} ,{d},{c}}. Then the (1,2)*-
nwg-open sets are{ ¢, X,{a, b, d},{a, b, c},{b, d},{b, c},{a, d},{a, c}.{a, b},{d},{c}.{b},{a}}. Here A= {b, d}, B= {b,
c}, {a, c}, {c}, {d} are not 1, , -open but they are (1, 2)*- Twg-open.

Example: 3.29 Let X={a, b, ¢, d}, 11 = {o, X, {b}, {b, c}}, 7= {0, X, {c}, {b, ¢, d}}. Then 1, ,—open = {0, X, {b},
{c}.{b, c}.{b, c, d}} and 1, -closed = {0, X, {({a, c, d}.{a, b, d}.{a, d},{a}}

Here A = {a, b}, B={a, c}, C= {a}, D= {b} are (1, 2)* - awg-open but not (1, 2)* -g-open.
Example: 3.30 In example 3.29, the sets {a}, {a, b}, {a, c} are (1, 2)* - awg-open but not (1, 2)* -wg-open.
Theorem: 3.31 If A'is (1, 2)*- twg-open and T, ,-int 11 ,-Cl (A) B cA. Then B is (1, 2)*- Ttwg-open.

Proof: Let A be (1, 2)*- mwg-open set, A® is (1,2)*- nwg-closed set. Since 1y o-int(t1 2-CI(A)) cBcA, ACcBC [ty ,-int
(112l (A))]°. By theorem (3.20), B is (1,2)*- nwg-closed.

= Bis (1, 2)*- Twg-open.
4. (1, 2)* - rwg — Continuous and (1,2)*- wg -lrresolute function.

Definition: 4.1 A function £ (X,11, ) —(Y, 61, 6) is called (1,2)* - mwg- continuous if every (V) is (1,2)* - nwg-
closed in (X, 1y, 1) for every closed set V of (Y, o3, 63).

Definition: 4.2 A function f: (X, ©, 1) —(Y, o1, o) is called (1, 2)* - mwg- irresolute if every (V) is (1, 2)* - nwg-
closed in (X, 1y, 1) for every (1, 2)* - awg -closed set V of (Y, 61, 62).

Theorem: 4.3: Every (1, 2)*- continuous map is (1, 2)*- Twg-continuous.

Proof: Let f: (X, 11, 7o) —(Y, 01, 62) be a (1, 2)*- continuous map and V be any o1,, -closed set in Y. Then f1(V) is 14,
-closed in X. Every 1y, -closed set is (1,2)*- nwg-closed. Then (V) is (1, 2)*- nwg-closed in X. Therefore, fis (1, 2)*-
Twg-continuous.

Remark: 4.4 The converse of the above need not be true as shown in the following example.

Example: 4.5 Let X={a, b, c}, 1 = {9, X, {b}}, 2 = {0, X, {a, c}}. Then 11, -0pen = {o, X, {b},{a, c} and 11, -
closed = {0, X, {a, c},{b}} .Then (1,2)* - nwg-closed sets are ={op, X,{a},{b},{c},{a, b} ,{a, c},{b, c}}. Let Y= {a, b,
c} o1= {0, X, {b, c}}, 02= {0, X, {c}}, 012 -open = {@, Y,{c},{b, c}} o1, -closed={ ¢, Y, {a, b},{a}}. Define f: (X,
11, ) —(Y, 01, 6,) by f(a)=a, f(b)=Db, f(c)=c. The inverse image of the closed set in 64,, are (1,2)*- twg-closed in X.

Hence f is (1, 2)*- mwg-continuous. But f is not (1, 2)*- continuous, because f* ({c}) = {c} and f*({b, c}) = {b, c} are
not 71, -closed in X.

Theorem: 4.6 If fis (1, 2)*- g- continuous, then fis (1, 2)*- mwg- continuous.

Proof: Similar to that of the proof in theorem 4.3.

Remark: 4.7 The converse of the above need not be true as seen in the following example.

Example: 4.8 Let X =Y = {a, b, ¢, d}, 11 = {0, X, {d}, {b, ¢, d}}, == {0, X, {b}, {d}, {b, d}, {a, b, d}, {b, c, d}}.
Then 11, -0pen = {o, X, {b},{d},{b, d},{a, b, d},{b, c, d}} and 11, -closed = {¢, X, {a, c, d},{a, b, c},{a, c },{c}.{a}}.
Leto1= {0, Y, {a}}, 0.= {0, Y, {d}, {a, d}}. Then o1 ,- open ={o, Y, {a},{d},{a, d}}. o1,- closed ={ o, Y, {b, c, d}.{a,
b, c}, {b, c}}. Define f: (X,11, 72) —(Y, 01, 62) by f(a)=a, f(b)=b, f(c)=c, f(d)=d. Then the inverse images of the above
are the same. Here the inverse image of the elements in o; ,- closed set are (1, 2)*- nwg- closed in X and f*({b, ¢, d}) =
{b, ¢, d}, F(b, c)={b, c} are not (1,2)*- g -closed in X.

Theorem: 4.9 If f is wg- continuous, then f is (1, 2)*- awg- continuous.

Proof: Similar to the proof as in theorem 4.3

Remark: 4.10 The converse of the above need not be true is shown in the following example.
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Example: 4.11 Let X = Y={a, b, ¢, d}, 11 = {0, X, {b}, 12 = {0, X, {c}.{b, c},{b, c, d}}. Then 71, -0pen = {o, X,
{b},{c}.{b, c}.{b, c, d}} and 1, -closed = {o, X, {a, ¢, d},{a, b, d },{a, d },{a}}. Let 61:={ ¢, Y, {a, b, c}}, 52={ o,
Y. {a c}}, o1-0pen={o, Y {a, c},{a, b, c}}, o1,-closed ={ o, Y,{b, d},{d}} Define f: (X,11, 2) —(Y, 01, 02) by f(a)=a,
f(b) = b, f(c) = c, f(d) = d. Here the inverse image of the elements in 6, ,- closed set are (1, 2)*- nwg- closed in X and
f1({b, d}) = {b, d} is not (1, 2)*- wg -closed in X.

Theorem: 4.12 Every (1, 2)*- ng- Continuous map is (1,2)*- awg-continuous.
Proof: Similar to that of the proof in theorem 4.3
Remark: 4.13 The converse of the above need not be true as seen in the following example.

Example: 4.14 Let X ={a, b, ¢, d}=Y, 11 ={o, X,{a},{c, d}{a, c, d}},©> = {0, X, {a}.{c},{a, c}}. Then t,,-open ={op,

X {a},{c}.{a c}.{c, d}.{a c, d}} ;1. -closed={op, X,{b, c, d},{a, b, d},{b, d}.{a, b}.{b}}, c:i={0, Y {a}}.0.={o, Y.{a,
b, c}}, o12-open ={o, Y ,{a}{a, b, c}}, o1,-closed={ o, Y ,{b, ¢, d},{d}} Define f:(X,11, 1) —(Y, 01, 62) by f(a)=a,
f(b)=b, f(c)=c, f(d)=d. The map is (1, 2)*- mwg- continuous, but f*{d} = {d} is not (1, 2)*- ng-closed .Hence the map is
not (1, 2)*- mg- continuous.

Theorem: 4.15 Every (1, 2)*- Twg - continuous map is (1, 2)* - rwg continuous.
Proof: Straight forward.
Remark: 4.16 The converse of the above need not be true as shown in the following example.

Example: 4.17 Let X = {a, b, c}, 11 = {@, X,{b}{b, c}}, 12 = {@, X,{c}}. Then 11, -open = {o, X,{b},{c}, {b, c}} and
112 -Closed ={p, X,{a, c}.{a, b}.{a}}. Let Y= {a, b, c},01={0, X,{a}}, o2 = {9, X,{b, C}}, 61, -open = {0, Y, {a},{b,
c}}, 012 —closed = {¢, Y,{b, c},{a}}. Define f: (X, 11, 12) —(Y, 01, 62) by f(a)=a, f(b)=Db, f(c)=c. Then the inverse
images are also the same. The inverse image of the closed set in oy,, are (1,2)*- rwg-closed in X. Hence f is (1, 2)*-
rwg-continuous. But f is not (1, 2)*- nwg-continuous, because f*({b, c}) = {b, c} is not (1, 2)*- Twg- closed in X.

Theorem: 4.18 Every (1, 2)* - twg - continuous map is (1, 2)* - gpr- continuous.
Proof: Straight forward.
Remark: 4.19 The converse of the above need not be true as shown in the following example.

Example: 4.20 In Example 4.17, the map f is (1, 2)* - gpr continuous but f*({b, ¢}) = {b, c} is not (1, 2)*- =wg- closed
in X. Hence fis not (1, 2)*- twg-continuous.

Remark: 4.21 The concepts of (1, 2)*- zwg-continuous and (1, 2)*- rg- continuous are independent.

Example: 4.22 Let X=Y= {a, b, ¢, d}, u = {o, X, {a},{c, d}.{a ¢, d}}, = = {0, X, {a},{c},{a, c}}. Then 1, -Open
={¢, X,{a}.{c}.{a, c}.{c, d}{a, ¢, d}} 11, -closed={op, X,{b, ¢, d}{a, b, d}{b, d}-{a b} {b}} o= {¢,Y.{a}.{a, b}},
o= {0, Y,{b}}, o12-0pen= {o, Y,{a}.{b}.{a b}}, 01,- closed= { ¢, Y,{b, c, d},{a, c, d},{c, d}}, Define f: (X,11, 12)
—(Y, o1, 02) by f(a)=c, f(b)=b, f(c)=a, f(d)=d. Here The inverse image of all ; ,- closed sets are (1,2)*- rg-closed in X,
but not (1,2)*- Twg-closed in X .Hence the function f is (1,2)*- rg-continuous and not (1,2)*- Twg-continuous. (i.e,
{a, ¢, d}={a, ¢, d} is not (1, 2)*- nwg-closed in X)

Let X, Y, 1y 12 712 -0pen ,t1,—Closed be as above in the same example.

Let o1={ 0, Y.{a}},0:={ 0, Y,{a, b, c}}.Then o1,-0pen ={ ¢, Y,{a},{a, b, c}} and o, ,-closed ={o, Y ,{b, c, d},{d}}.
Define f: (X, 11, 12) —(Y, o1, 62) by f(a)=c, f(b)=b, f(c)=a, f(d)=d. Here the inverse image of all o, ,- closed sets are
(1,2)*- mwg-closed in X, but not (1,2)*-rg-closed in X. Hence f is (1, 2)*- mwg-continuous in X and not (1, 2)*- rg-
continuous in X. (i.e . *{d}= {d} is not (1,2)*-rg-closed in X)

Remark: 4.23 The concepts of (1, 2)*- zwg continuous, (1, 2)*- rga- continuous are independent.

Example: 4.24 Let X = Y= {a, b, c}, 11 = {o, X,{b}, 12 = {9, X,{c},{b, c}}. Then 11,-0pen ={o, X, {b}, {c}.{b, c}}
and 17 -closed = {o, X,{a, c}.{a b}.{a}}. Let 6:={ o, Y, {a}}, o.={o, Y}}, o1.-0pen= {o, Y ,{a}},01, -closed ={o,
Y, {b, c}}. Define f: (X,11, 72)—(Y, 01, 62) by f(a)=a, f(b)=b , f(c)=c . Here f*({b, c}) = {b, c}, is not (1, 2)*- nwg-
closed in X. But the inverse image of 6, -Closed sets are (1, 2)*- rga-closed in X. Hence fis (1, 2)* - rga -continuous
and not (1, 2)*- Twg -continuous.
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Let X=Y={a, b, c,d}, ti= {o, X, {d}, {b, c, d}}, 2= {0, X, {b}, {d}, {b, d}.{a, b, d}, {b, ¢, d}}. Then t,,-0pen =
{0, X, {b},{d},{b, d}.{a, b, d},{b, c, d}} and 11, -Closed = {o, X, {a, c, d},{a, b, c},{a, c},{c}.{a}}. Let o1= {0, Y,
{d}}, o= { 0, Y, {c, d}}. Then o;,- open ={o, Y, {d},{c, d}}.c1 .- closed ={o, Y, {a, b, c},{a, b}}. Define f: (X,71, 72)
—(Y, 01, 62) by f(a)=a, f(b)=b, f(c)=c, f(d)=d. Here the (1,2)*- ntwg- closed sets are {¢, X, {a}, {c} ,{a, b} {a, c} .{a,
d}, {b, c},{c, d},{a, b, c}.{a, b, d},{a, c, d},{b, ¢, d}} and (1,2)*- rga-closed sets are {¢, X, {a}, {c},{a, c}, {b, d}, {a,
b, c}.{a, b, d}.{a, c, d},{b, ¢, d}}. Here the inverse image of all oy ,- closed sets are (1,2)*- nwg- closed in X, but f*{a,
b}={a, b} is not (1,2)*- rga-closed in X. Hence f is (1, 2)*- awg -continuous in X and not (1, 2)*- rga-continuous in X.

Remark: 4.25 The concepts of (1, 2)*- zwg-continuous, (1, 2)* - rw-continuous are independent.

Example: 4.26 Let X = Y={a, b, ¢, d}, 1 = {0, X, {d}, {b, ¢, d}}, 7= {0, X,{b},{d},{b, d},{a, b, d}, {b, c, d}}. Then
T12-0pen = {o, X, {b},{d},{b, d}{a, b, d},{b, ¢, d}} and 7, -closed = {o, X, {a, ¢, d},{a, b, c},{a, c},{c}.{a}}. Let
o= {0, Y, {a}, {a c}}, o= {0, Y, {c}}. Then o1,- open ={o, Y ,{a},{c}.{a, c}}. c12- closed ={ o, Y, {b, c, d}.{a, b,
d}{b, d}}. Define f: (X,11, 1) —(Y, o1, 6) by f(a)=a, f(b)=b, f(c)=c, f(d)=d. Here the (1,2)*- twg- closed sets are { o,
X, {a}, {c} .{a b} {a, c} {a d}, {b, c}.{c, d}.,{a, b, c},{a b, d},{a, c, d},{b, c, d}} and (1, 2)*- rw-closed sets are {0,
X, {a}, {c}.{a, c} {b, d}, {a, b, c}{a, b, d},{a, c, d},{b, c, d}}. Here the inverse image of all ;- closed sets are
(1,2)*- rw- closed in X, but not (1,2)*- nwg -closed in X (i.e,f'{b, d}={b, d} is not (1,2)*- nwg -closed in X). Hence f
is (1, 2)*-rw-continuous and not (1, 2)*- Twg -continuous in X.

Suppose, let f: (X,11, 12) —(Y, 01, 02) be defined as f{a}={b}, f{b}={a}, f{c}= {c}, f(d}={d}. Then the inverse image
of all ;- closed sets are (1, 2)*- mwg-closed in X, but not (1, 2)*- rw-closed in X (i.e, f*{b, d}={a, d} is not (1,2)*-
rw-closed in X). Hence fis (1, 2)*- zwg -continuous but not (1, 2)*- rw-continuous.

Remark: 4.27 From the above discussions and known results we have the following implications.

(1.2)*wg-contimmous 4 (1 2)*-g-continuous — (1 2)*-rg-continuous

\

(1.2)*-mg-continio0S g (L2 -rwE-cont iIMIoNS e (1. 2)*-gpr —continuous

—

(1.2)*-rpo-continuons —p (1, 2)*-rwg-contimous * (1 2)*-re-continuous

Remark: 4.26 The composition of two (1, 2)*-twg-continuous functions need not be (1, 2)*-twg continuous.
The fact given above is shown in the following example.

Example: 4.27 Let X=Y=Z={a, b, ¢}, 11={0p, X,{a}.{a, b}}, ©.={¢, X,{b}},112 -open ={o, X,{a}{b}.{a, b}}, 112 -
closed :{(P; X: {b: C},{a, C},{C}},G]_: {(P: Ys {a}}a G2= {(Pa Y’ {a: b}}! G1,2-0pen = {(P: Y’ {a} ’ {a! b}}, S closed =
{(P; Y: {b: C}!{C}}: ni= { P, Z: {a}}a N2= {(P: Z: {aa b}}: N12-0pen :{(p’ Z’ {a}:{a: b}}a N2 -closed= {(P: Z: {b! C}!{C}}'
Define f: X—Y by f(a)= Db, f(b)=a, f(c)=c. Here fis (1, 2)*- twg continuous. Define g: Y—Z by g(a)=a, g(b)=b, g(c)=c.
Also the map g is (1, 2)*- nwg- continuous. But (gof )*({b, c}) = {a, ¢} is not (1,2)*- =wg continuous.

Theorem: 4.28 Every (1, 2)*- nwg -irresolute function is (1, 2)*- twg - continuous, but not conversely.

Proof: Let f: (X, 11, 12) =(Y, 01, 62) is (1, 2)*- Twg - irresolute and V is 61 -closed set in Y. Then Vis (1, 2) *- awg -
closed in Y. Also, fis (1, 2)* nwg -irresolute, (V) is (1, 2)*- nwg-closed in X. Hence f is (1,2)*- mwg -continuous.
The converse of the above need not be true. We show the converse by the following example.

Example: 4.29 Let X = Y={a, b, ¢}, 1= {0, x, {a}, {a, c}}, o= { 9, X, {c}}, T12-0pen = { o, x,{a}, {c},{a, c}}, T12-
closed= { P, Xa{b}:{a: b}’{b’ C}}’ 1= {(p’ Y’ {a}: {a: b}}’ 62— { P, Y}: G12-0pen= { P, Y’ {a}: {a: b}}’ G1,2- closed=

{0, Y, {b, ¢ }, {c}}, Define f: (X,11, 72) =(Y, 01, 02) by f(a)=a, f(b)=c, f(c)=b. Here the map f is (1, 2)*- twg-
continuous. But £{b} ={c} and f* ({a, b}) = {a, c} are not (1, 2)*- =wg- closed in X. Hence f is not (1, 2)*- nwg -
irresolute.

Theorem: 4.30 Let f: X—Y and g: Y—Z be any two functions. Then (gof) is (1, 2)*- awg -continuous if g is (1, 2)* -
continuous and fis (1, 2)*- Twg-continuous.

Proof: Let V be anyny,-closed set in Z. Then g™ (V) is o12-Closed in Y. Since g is (1, 2)*- continuous.

Thus g (V)] is (1, 2)*- nwg - closed in X and f is (1, 2)*- nwg -continuous. Then (gof) is (1, 2)*- mwg- continuous.
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Theorem: 4.31 Let f: X—Y and g: Y—Z be any two functions. Then (gof) is (1, 2)*- nwg -irresolute if g is (1, 2)* -
irresolute and f is (1, 2)*- nwg- irresolute.

Proof: Let U be any (1, 2)*- nwg- closed set in Z. Since g is (1, 2)*- nwg irresolute, g™ (U) is (1, 2)*- nwg-closed in Y.
Then f[g™}(U)]= (gof) *(U) is (1, 2)*- nwg -closed in X. Therefore, (gof) is (1, 2)*- nwg -irresolute.

Theorem: 4.31 Let f: X—Y and g: Y—Z be any two functions. Then (gof) is (1, 2)*- awg -continuous if g is (1, 2)* -
awg -continuous and f is (1, 2)*- nwg- irresolute.

Proof: Let V beany ny, - closed set in Z. Since g is (1, 2)*- nwg -continuous, g™(V) is (1, 2)*- nwg -closed in Y.
Then f'[g™(V)]= (gof)*(V) is (1, 2)*- nwg- closed in X and f is (1, 2)* - mwg -irresolute. Therefore (gof) is (1, 2)*-
Twg -continuous.

5. APPLICATIONS

Here, we introduce and study (1, 2)*- T ., -Space and study its relationship with other existing spaces.

Definition: 5.1 A Bitopological space X is called (X, 11, 12) is

1) (1,2)* - awg -Ty,- Space if every (1,2)*- awg -closed set in X is (1,2)*-g-closed in X.
2) (1,2)*-T rwe-space if every (1,2)*- nwg -closed subset of X is closed in X,

Proposition: 5.2 Every (1, 2)*-T ., -Space is
(1) (1, 2)*-Tyg—space,

(i) (1, 2)*-a-space,

(i) (1, 2)*-Typ-space and

(iv) (1, 2)*-T,-space.

Proof: Let (X,t1, T0) is (1,2)*- T e -Space and let A be (1,2)*-wg closed set in X. Then it is (1, 2)*- nwg -closed. Since
Xis (1, 2)*- T »wg -space, A is closed, hence X is (1, 2)*- Tg-space.

Remark 5.3: Similar arguments for (ii), (iii) and (iv).

Remark 5.4: The converse of the above need not be true as seen in the following examples.

Example: 5.5 Let X = {a, b, ¢, d}, 1= {0, X, {a},{b}, {a, b}}, == { 0, X ,{a},{b},{a, b},{a, b, d},{a b, c}}, 11, -0pen
={ ¢, X,{a},{b}.{a, b}.{a, b, d}.{a, b, c}}, 112 -closed={o, x,{b, c, d},{a, c, d},{c, d},{d}.{c}}. Here the (1, 2)*-wg -

closed sets are in 1, - closed in X and not (1,2)*- mwg -closed in X. Hence the space is Tyg-space but not T ..~ space.

Example: 5.6 In Example 5.4, (1, 2)*- a closed sets are T3 ,- closed in X. Hence the space is (1, 2)*- a space. But the
(1, 2)*- mwg -closed sets are not 1y, - closed in X. Hence the (1, 2)*- a- space need not be a (1, 2)*- Twg - space.

Example: 5.7 Let X= {a, b, ¢}, 1= {¢, X, {b}}, 1= {0, X, {b}, {a, b}, {b, c}}, 112 -0pen = {o, X,{b}.{a, b},{b, c}},
112 - closed= {o, X,{a, c},{c},{a}}. Here the (1, 2)*-g-closed sets are closed in X. Hence the space X is (1, 2)*- Tyj,-
Space. But the (1, 2)*- twg -closed sets are not 13, -closed in X. Hence every (1, 2)*- awg-space is a (1, 2)*-T,,-space
but not conversely.

Example: 5.8 In Example 3.12, the (1, 2)* - w-closed sets are 11, -closed in X. Hence the space X is a (1, 2)*-T,-space,
but the (1, 2)*- mwg -closed sets are not 11, - closed in X. So, (1, 2)*-T,, -space need not be a (1, 2)*-T ., -Space.

Proposition: 5.8 If a space X is (1, 2)*- nwg-Ty, -Space, then every singleton set of X is either (1, 2)*- n-closed or
(1, 2)*- g -open.

Proof: Let xeX and assume that {x} is not (1, 2)*- n-closed. Then clearly X-{x} is trivially a (1, 2)*- ntwg- closed set.
By our assumption, {x} is (1, 2)*-g -open.

Proposition: 5.9 For a space (X, 11, 12),

(i) (4, 2*-GO(X, 11, 12) < (1, 2)*- aWGO(X, 11, T2).
(ii) A space is (1, 2)*- awg-Tp-space iff (1, 2)*-GO(X, 11, o) = (1, 2)*- IWGO(X, 11, T2).
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Proof (i): Let A be (1, 2)*- g -open set, then X-A is (1,2)*- g-closed set. Since every (1, 2)*-g-closed set is (1, 2)*-
Hence X-A'is (1, 2)*- tWGC(X) and hence A is (1, 2)*- tWGO(X).
= (1, 2)*-GO(X,11, 1) < (1,2)*- tWGO(X)(X, 11, T2).

Proof (ii): Let X be (1, 2)*- mwg-Typ.Space .Then Ae(1,2)*- ntwg-open (X, 11, T2).

Then X-Ais (1, 2)*- nwg-closed in X. By hypothesis, X-A is (1, 2)*-g -closed and then Ae(1,2)*- GO(X, 11, Ty).
Therefore, (1, 2)*- GO (X, 11, 12) = (1, 2)* - mwg-open (X, 11, T2).

Conversely, let (1, 2)*- GO (X, 11, T2) = (1, 2)* - mwg-open (X, 14, T2).

Let A be (1, 2)*- awg-closed set. Then X-A'is (1, 2)*- twg-open set. By assumption, X-A is (1, 2)*-GO(X). And then
A'is (1, 2)*-g-closed in X. Hence X is (1, 2)*- mwg-Ty, -Space.

Theorem: 5.10 Every (1, 2)*-T - Space is (1, 2)*- nwg-T,-Space.
Proof: Straight forward.
Remark: 5.11 The converse of the above need not be true as shown in the following example.

Example: 5.12 In Example 4.8,the (1,2)*- nwg-closed sets are (1,2)*-g-closed in X but the (1,2)*- twg-closed sets are
not 11 2 -closed in X .Hence the space is (1,2)*- twg-Ty/,-Space but not (1,2)*- awg-Space.

Theorem: 5.13 Let f: X—Y and g: Y—Z be any two functions. Then (gof) is (1, 2)*- g- continuous if f is (1, 2)*-
nwg-irresolute, g is (1,2)*- Twg-continuous and Y is a (1,2)*- mwg-T1,-Space.

Proof: Let V be a ny,-closed set in Z. Then g*(V) is (1, 2)*- nwg closed in Y, since g is (1, 2)*- nwg-continuous. As
Y is a (1, 2)*- mwg-Ty,-space,g™ (V) is (1,2)*-g-closed in Y. Irresoluteness of f implies that * [g(V)] is (1,2)*-g-
closed in X. Hence (gof) is (1, 2)*-g-continuous.
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