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1. INTRODUCTION 
 
For an arbitrary fixed positive ω in U, we denote by )(ωpH  the set of all harmonic multivalent functions 

ghf +=  which are sense-preserving in the open unit disk { }1: <= zzU  where h and g are of the form 
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The Integral operator In was introduced by Salagean [7]. For fixed positive integer n and for ghf +=  given by (1) 
we have 
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Recently, Oladipo and Breaz [6], Clunie and Sheil-Small [2], Ahuja and Jahangiri [1], El-Ashwah and Aouf [4], Cotirla 
[3], Guney and Sakar [5] extended the operator studied in [6] and good results were obtained. 
 
Here  
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For RslNn ∈≥≥≥∈<≤ θλα ,0,0,0,,10 .  
 
For the purpose of our result, the following definition shall be necessary. 
 
Definition A: Let ),,,,(, pnlR qs αλω  the family of harmonic function f of the form (2) such that 
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For particular cases s and q, especially for 0,1,1,0 ==== lps λ  and 0,1 == ωq , we can write 
 
   ),(),,0,1,1(1,0 nRnR αα =  
 
which is the class studied by Cotirla in [3]. 
 

Definition B: Let denote the subclass ),,,,(, pnlR qs αλω  consists of harmonic functions nn ghf +=  in 

),,,,(, pnlR qs αλω  so that h and gn are of the form 
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In this work, we investigate the coefficient bounds, extreme points, distortion bounds and the convexity properties of 
the functions are also obtained. 
 
2. MAIN RESULT 
 
We prove the following sufficient conditions for harmonic functions in ),,,,(, pnlR qs αλ . 
 
Theorem 1: Let ghf +=  be such that h and g are given by (1). If  
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Proof: Suppose that (5) holds. Using the fact that ρω ≥Re  if and only if ωρωρ +−≥+− 11 , it suffices to 
show that  
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substituting for )(),( zflI n λω  and )(),( zflI qn λω
+  in (6) yields 
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This last expression is non-negative by hypothesis, and so the proof is complete. 
 
The functions 
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shows that the coefficient bound given by (5) is sharp where 0,0,,0, ≥≥∈≥∈ lNqrNn λ  and  
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Theorem 2: Let nn ghf +=  be given by (4). Then ),,,,(, pnlRf qsn αλω∈ . If and only if 
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Proof: Since ),,,,(),,,,( ,, pnlRpnlR qsqs αλαλ ωω ⊂  we only need to prove the ‘only if’ part of the theorem. For 
function fn of the form (4), we note that condition 
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Upon choosing the value of )( ω−z  on the positive real axis and using 1)Re( −=−≥− θθ ii ee  where 
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If the condition (8) does not hold, then the numerator (10) is negative for sufficiently close to 1.  
 
Thus there exist drz +=− 00 ω  in (0, 1) for which the quotient in (10) is negative. This contradicts the condition 

for ),,,,(, pnlR qs αλω . So the proof complete. 
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Convex hull of ).,,,,(, pnlR qs αλω  
 
Theorem 3: Let fn be given by (2) if and only if 
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In particular, the extreme points of ),,,(, nlR qs αλω  are hk and gn,k.  
 
Proof: For function fn of the form (2), we have 
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We obtained the required representation, since 
 

1

1 1
( ) ( ) ( ) ( 1) ( )p k n k

n k k
k k

f z z a z b zω ω ω
∞ ∞

−

= =

= − − − + − −∑ ∑  

           

1

2 1

2 1

2 1 2 1

1 1( ) ( ) ( 1) ( )
(1 ) ( ) (1 ) ( )

( ) ( ) ( )] ( ) ( )]

1 ( ) ( ) ( )

[ ( )

p k n k
k kn n q n n q

k k

p p p
k k nk k

k k

p
k k k k k nk

k k k k

k k k

z X z Y z
s s s s

z z h z X z g z Y

X Y z X h z Y g z

X h z Y

α αω ω ω
γ γ α γ γ α

ω ω ω

ω

∞ ∞
−

+ +
= =

∞ ∞

= =

∞ ∞ ∞ ∞

= = = =

− −
= − − − + − −

+ − + + − +

= − − − − − −

 
= − − − + − 
 

= +

∑ ∑

∑ ∑

∑ ∑ ∑ ∑

2
( )].

k
gnk z

∞

=
∑

 

 

Distortion bounds for functions in ),,,,(, pnlR qs αλω  is our next result. 
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where q is a an odd positive integer. 
 

Proof: We prove the right hand inequality. Let ),,,,(, pnlRf qsn αλω∈ . Taking the absolute value of fn,… we obtain 
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which completes the proof. 
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Convex combination for the function ),,,,(, pnlR qs αλω : 
 

Theorem 5: The family ),,,,(, pnlR qs αλω  is closed under convex combination. 
 

Proof: For i=1, 2,…, suppose that ),,,,(, pnlRf qs
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