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ABSTRACT
The authors apply integral operator on (z—®)" + z::z a, (Z— )" to define a certain class of harmonic
functions. They obtained coefficient inequalities, extreme points and distortion bounds for the functions in this class.
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1. INTRODUCTION

For an arbitrary fixed positive @in U, we denote by Hp(a)) the set of all harmonic multivalent functions

f = h+ g which are sense-preserving in the open unit disk U = {Z : |Z| < 1} where h and g are of the form

h(z)=(z-w)P+). a(z-0), 9(@)=), b(z-0)|p|<1
@

The Integral operator 1" was introduced by Salagean [7]. For fixed positive integer n and for f =h+ @ given by (1)
we have

M 1°f(2)=1(2)
i)y 1'f(z)=1f(z)=J2 f(t)tdt
i) 1"f(2)=1(1""f(2)),neN=123.and feA

1" (2) = 1"h(z) + (=1)" 1 "g(2)

Recently, Oladipo and Breaz [6], Clunie and Sheil-Small [2], Ahuja and Jahangiri [1], EI-Ashwah and Aouf [4], Cotirla
[3], Guney and Sakar [5] extended the operator studied in [6] and good results were obtained.

Here
1, (A D) (2) =1, (@) +(=D)"1; ,(2,1)9(Z) @)
where

1+ A(k-1) +1
> [1+1(p—1)+|

1" (ADh(2) = (2 - @)" + f: (MJ a, (z-w)*, and

k=p+1

I:),p(/l’l)g(z):k_zp;l l+/1(k—l)+|] bk(z_a))k’|bk|<l
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For0<a<lneN,1>0,1>0,5>0,0eR.
For the purpose of our result, the following definition shall be necessary.

Definition A: Let Rs“fq (4,1, ,n, p) the family of harmonic function f of the form (2) such that

©)

Re{(1+ se'’) Lo (DT (2) —se‘g} >a

n+q
los (4D (2)
For particular cases s and g, especially for s=0,p=1,4=11=0 and g=1,@ = 0, we can write

R,1(@10,a,n) = R(a,n)

which is the class studied by Cotirla in [3].

Definition B: Let denote the subclass R(, (4,l,&,n, p) consists of harmonic functions f =h+g, in

RS, (A4,1,a,n, p) so that h and g, are of the form

10, (ADh(@) = (2-0)" ~ 3. (%} a|(z- o),
k=p+1 - (4)

and

1), (4.Da(2) = i (%

k=p+1

J by ()" by <1

In this work, we investigate the coefficient bounds, extreme points, distortion bounds and the convexity properties of
the functions are also obtained.

2. MAIN RESULT

We prove the following sufficient conditions for harmonic functions in R&q (4, La,n, p).

Theorem 1: Let f =h+ @ be such that h and g are given by (1). If

Z[J’n(h 8)1—_7;+q (a+9)] a|+ g [y"(L+s)— (D)™ (a +5)] Io,|<1.

l-a ®)

1+ A(p-1) +I

then f e R” (4,1,a,n, p).
1+z(k—1)+|] en TeR(lanp)

where y = (

Proof: Suppose that (5) holds. Using the fact that Re @w > p if and only if |1— P+ a)| > |1— p+ a)| it suffices to
show that

\(1—a)|;+q AN @)+ 179, f (2)(1+5e?) —se 1™ (4, 1) f (z)\
—|@-a)1 (A (@)= 170 () F )+ 5e”) + €179 (A1)  (2)| 2 0,
(6)
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substituting for 17 (A,1) f(z) and 1.7(4,1) f (z) in (6) yields

l-a- se'g){(z a))p+z;/”*qak+( 1)”“‘2(%} k(Za))k}

+(1+se'9){ w)uzy“waﬁ( )2[%) bk(zw)k}

Ql-a- Se'e){(z a))"+27/"+qak+( )™ Z 7", (2 - o) }

k=p+1

+(1+se'9){(z a))”+27”“‘ak+( " Z 7", (z - )" }

k=p+1

‘(Z—a)(z -o)" + iy“(ﬂ se’ +y'(l-a—se”))a, (- )

k=2

+(-D)" i 7" (+35e” + (=17 (1-a —se“))b, (z - )"

k=1

a(z-w)® +D " (-1-se” +y 1+ a +se"))a, (7 - »)"
k=2

()" (1 s — (<) (U _ar + 567Dy (2 )"

>2(1-a)(z-w)|" - ziy”[u 8) -y (a +9)]a(z - o) - 2i y"IL+8) = (1) (@ + 8)]b (2 - @)|*

:21—a()‘(z—a))‘ { 27 [1+5 e (a+5)]‘a (Z—a))kp—2§:yn[1+s)_§___1§yq(a+s)]bk(Z—a))kp}.

This last expression is non-negative by hypothesis, and so the proof is complete.

The functions

0

I}, (AN f(2)=(z2-w)" + Z

@0+ == (20"

2"+ r) 7””'(0! T 1A+ - @)y (@ +1)] )

shows that the coefficient bound given by (5) is sharp where ne N,r >0, N,4 >0, >0 and

2%+ 2 v =1

k=2 k=1

Theorem 2: Let f, =h+ 3, begiven by (4). Then f, e Ry, (4,1, n, p) . Ifand only if

1+8)—y" Y a+s 2 [y"A+98)— (=D Yax+s
2[7( )1 - ( )]|ak|+z[7( ) (1_)0[}/ ( )]|bk|£1’
k=2 @
where y = M where o, =1,0<a <1,neN,42>20,1>0,s>0,0 € R.
1+ A(k=1) +1
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Proof: Since R (4,1,a,n, p) c Rs“fq (4,1, a,n, p) we only need to prove the ‘only if’ part of the theorem. For

.
function f, of the form (4), we note that condition

DANLE@ ),
@@ )T

Re{(1+ se'?)

is equivalent to

nel A+ )IN(AN @) - 157 (2D f, (2)(se” + @)
1, (D1, (2)

1+ sez-0)" -3y lalz- o) + (DS a2 )]

=Re

(o~ se‘g)[(z —w)’ = ™

(z-o)" -, "l - o) + (D™ b (2 - @)

ak |(Z _ a))k + (_1)2n+q—12f:lyn+q

bk|(z—a))k]

L-a)z-0)° -3 [ 1+se”)—y™(a +se”)]a, |z - @)

(z-0)" - 7"l - o) + D™ (2 - )

=Re -
DYl @ se) - (1)1 @+ se) b, (2 - @)

(Z-0)" -3yl - o) + ()™ bz - @)

Q)= |7 M+se”) =y (a+se”) |ja |(z- @)’
1-Y 0 7" - o) P+ (DY (- w)t

o (Y[ s - w56 | (20

(z-0)”

1_2:’:27“+q |ak | (Z _a))k—p + (_1)2n+q—1 ‘::lqu |bk|(Z B a))k

=Re

Upon choosing the value of (z— @) on the positive real axis and using Re(—e‘g)z—‘e

0<(z—w)=(r+d) <1, the above inequalities reduces to
(1—a)—2°k°:2[y”(1+ 5)— " (a+s)]|ak|(r +d)kP

N 1— z:lzqu |ak | (z _a))kfp + (_1)2n+q—1 :3:17/n+q |bk|(r n d)kfp
Yol A se”) =y (a+s€) |l | (r+d)<P

(z-@)* =2,y al@z-o) + (=D 3y b |(z - )"

©)

ie‘ =-1 where

13 a e d) () Y b+ d) P

If the condition (8) does not hold, then the numerator (10) is negative for sufficiently close to 1.

(10)

Thus there exist Z, —@ =, +d in (0, 1) for which the quotient in (10) is negative. This contradicts the condition

for R;’q (4,1, ,n, p). So the proof complete.
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Convex hull of R‘” 4,1, a,n, p).

Theorem 3: Let f, be given by (2) if and only if

(D)= XX\ (@) +Y, 0, (2)]

where
— (7 — )P —(7_ P _ 1-a K (e —
h(z)=(z-w)® h (2)=(z2-w) ;/”(1+s)—y“*q(a+s)(z )" (k=23,..)
”(MJ
1+ A(k=1) +1
e NP L \ l1-«a PRV _
O (2)=(2-0)"+(-1) y”a+s)—ym“@z+s)a ) (k=123,..)
1+ A(p-D)+I © _
‘(—1+g(k—1)+| ] X, 20Y, 20,2 " (X, +Y,)=1

In particular, the extreme points of R’ (4,1,,n) are hyand go .

Proof: For function f, of the form (2), we have

(@) = XX D)+, 94 )]

= l-«a
2 (X, +Y, [(z-w)" - 72— o)
B A e e
k=1
DY 1-a Y (2- o)
iy (@+s) -y (a+s) ‘ ,
Then
® n+q _ © N 4 _
z}/ L+s)—y"a+59) : 1 (1 Xk(Z—a))kJrzy L+s)—y" Y a+59) : 1 (1 (Z o)
s l-«a 7" 1+8) -y (o +5) l-«a 7"(L+5) =y +5) ¢
=Y X+ )Y, =1-X,<1
ka1 k=2

andso f e R;fq(ﬂ,l,a,n, p) .
Conversely, suppose f, € R, (4,1,a,n, p) . Letting

xlzl—Zxk+ZYk,

k=1
"(L+s (a+s
x, =8 mriars) (k=23...
1 a
and
q,,n+q
v, = /A8 - ar ), (k=123.)

l-«o
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We obtained the required representation, since

(D) =(2-0)" - Yfa/@- ) + (DY |z o)

k=1
= l-«o X l-o —
=(z-w)" - - — X (z-0)* +(=D)"* - — Y, (z - o)
= 7" (+8) =y (a+3) ‘ 7" @+s)—y" N a+5s) ‘
=(z-0)" - (2-0)" -h (2)]X, - D (z-®)"g, (D),
k=2 k=1
:{l_zxk_ Yk}(z_a))p+zxkhk(z)_ZYkgnk(z)
k=2 k=1 k=2 k=1
= [thk(z)+Ykgnk(Z)]'
k=2
Distortion bounds for functions in @(ﬂ,l,a, N, p) is our next result.
Theorem 4: Let f_ € R;fq (4,1, a,n, p) . Then for |Z—a)| =r+d <1, wehave
_ B e _
f,(2)| < @+b)(r+d)P + 1-a _ W)= aws) gy
Ly "@A+s) =y (a+s) y"@A+s) -y (a+s) |
and
_ B e _
f,(2) < @+b,)(r +d)° - 1-a _ (@+s)= (D) (a+s) Io,| |(r +d)>
Ly "@A+s)—y" N (a+s) y"A+s)-y" N (a+s) |

where g is a an odd positive integer.

Proof: We prove the right hand inequality. Let f, € R, (1,1, ,n, p) . Taking the absolute value of f,... we obtain

[f.(2)| < @+b)(r+d)° +i(|ak|+|bk|)(r+d)k

<(L+b)(r +d)° +i(|ak|+|bk|)(r+d)2

<Qn)(red) (1+S)1__7‘iiq (MS)—Zy r9 =72 (a4 o) +ay

o l-a RV SDEANCED) y"@+s)—y" N (a+5) )
<@+b)(r+d) +;/"(l+s)—;/”+q(a+s) kﬁi - la |+ o |bk|}(r+d)
<(L+b)(r+d)? + 1-a {1—(1+S)‘(l‘)q(o”s)||ol|}(r+o|)2

7"A+s) -y (a+5s) l-a
s(1+b1)(r+d)p+{ 1-a __(Q+s) =) a+s) |bl|}(r+d)2
y"A+s)—y" N a+s) y"@Q+s)—-y"(a+5s)

which completes the proof.
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Convex combination for the function Rs“fq 4, La,n, p):

Theorem 5: The family Rs"fq (4,1, ,n, p) is closed under convex combination.

Proof: For i=1, 2,..., suppose that fni IS R;’q (4,1, a,n, p), where

()= (2-0) - Yfaifiz - @) + ()™ Y ]bi[- o)

then by Theorem 2,

27 (1+S) n+q(0{+S)‘ ‘ i}/n(1+s)_(_1)q n+Q(a+5)‘b|‘<2(X)forZ t_10<t|£1 the

l-a
convex combination of fn may be written as

iti f(2)=(z- )" _i(iti ‘aL‘(Z —a))kj+ (—1)nli(iti ‘bul‘(z _a))kj-

Then by (x)
1 n +q © , 0 n 1 _ —l q ., n+q o0 ,
27 "( +s)1 - (a+S)(Zti‘akU+Zﬂf 1+5s) (l_)a7 (a+8)(§ti‘bk‘]
it{Zy (1+s) q(a+s)‘ al i7/”(1+s)—(l—l)q7”+q(a+s)‘biiﬂSziti:2
i=1 k=1 - i=1

and therefore Z;t (Z)eR (4L a,n, p).
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