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ABSTRACT 

In this paper we study composition operators and weighted composition operators on sequence spaces defined by 

modulus functions. 
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1. INTRODUCTION AND PRELIMINARIES: 

A modulus function is a function ),0[),0[: ∞→∞f  such 

that 

(i) ( ) 0=xf if and only if 0=x . 

(ii) ( ) ( ) ( )yfxfyxf +≤+  for all 0,0 ≥≥ yx . 

(iii) f is increasing. 

(iv) f  is continuous from right at  0. 

It follows that f must be continuous everywhere on ),0[ ∞ .The 

modulus function may be bounded or unbounded. For example 

take ( )
1+

=
x

x
xf , then ( )xf  is bounded. If

( ) 10, <<= pxxf
p

 then the modulus function ( )xf  is 

unbounded. Let f  be a modulus function and ( )nkaA =  be a 

non-negative matrix such that �
∞

=1

sup
k

nk
n

a  is finite. If we 

denote by C , the space of all sequence { }kxx = , then by  

----------------------------------------------------------------------------- 
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( )fAW ,0 ,  we mean the class of all sequence 
Cx ∈  such 

that ( )�
∞

=

=
1

, .0lim
k

kkn
n

xfa  
The class

 ( )fAW ,0
is a linear  

space over the complex field C , For every ( ),,0 fAWx ∈  

we define ( ).sup
1

, �
∞

=

=
k

knk
n

fA
xfax

 

Bhardwaj and Singh[1] 

proved that
fA,

. is a paranorm on ( )fAW ,0 and

( ) ).,,(
.0 fA

fAW  is a complete linear topological space. If 

NNv →:  and CNu →:  be two mappings. Then a 

bounded linear transformation ( ) ( )fAWfAWm vu ,,: 00, →  

defined by ( ) ( ) ( ))()( , xvfxuxfm vu =  is called a weighted 

composition operator induced by ( )vu, . If we take ( ) 1=xu , 

the constant one function, we write  vum ,  as vT  and call it a 

composition operator. In case ( ) ,xxv = for
 
every

 x  we write

vum ,  
as um  and call it multiplication operator on ( )fAW ,0  

induced by u .  
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H.Takagi and K.Yokouchi [9] initiated the study of 

multiplication and composition operators between −p
L spaces, 

whereas the study of weighted composition operators on some 

function spaces are considered by Carlson([2],[3]), Jamison and 

Rajagopalan [4], Kamowitz[5], Komal, B . S., Raj, Kuldip and 

Gupta Sunil[6], Takagi[8]. For more details see Singh and 

Manhas [7].  

In this paper we plan to study composition and weighted 

composition operators acting on sequence spaces defined by 

modulus functions. 

 

2.  COMPOSITION OPERATORS ACTING ON 

SEQUENCE SPACES DEFINED BY MODULUS 

FUNCTION: 

In this section we discuss composition operators acting on 

sequence spaces defined by modulus functions. 

Theorem: 2.1 Let ( ) ( )fAWfAWTv ,,: 00 →  be a linear 

transformation. Then vT   is bounded if there exists oM >  

such that

( )
nk

kvm

nm Maa ≤�
−∈ 1

for all Nk ∈ and Nn∈ . 

Proof: Suppose that the condition of the theorem is true. if 

( )fAWx ,0∈ , then  

( )
( )

( )�� �
∞

=
∞→

∞

= ∈
∞→

≤
− 11

, limlim
1 k

knk
n

k kvm

kmn
n

xfaMxfa   = 0 

Which shows that ( )fAWxTv ,0∈ , Further 

( )( )
�
�
�

�
�
�

= �
∞

=1

0,
sup

k

nk
n

fAv kvxfaxT  

                 

( )�
∞

=

≤
1

sup
k

knk
n

xfaM  

                  
fA

xM
,

=                                                              (1) 

The continuity of vT at origin follows from the inequality (i). 

Since vT   is linear, so it is continuous everywhere. 

Theorem: 2.2 If vT  is bounded, then there exists oM >  such 

that 

               ( )
�

−∈

≤
kvm n

nm
n

Ma
1

supsup   nka                               (2) 

Proof: If the condition (ii) is not satisfied then for every positive 

integer k > 0,there exists positive integer kp and kn  such that  

( )
nk

kvm n
nm

n

aka�
−∈

>
1

supsup

. 
Let

    

( )fAWx
pk ,0∈  be such 

that  

( )
( )

�
�

�

�
�

�

�

=

	
	
	




�

�
�
�




�

= �
−∈

−
k

kvm

nm

pk
ps

elsewhere

if
a

f
sx

,0

sup

1

1

1

 

Then 

     
( )( )

�
�
�

�
�
�

= �
∞

=1
,

sup
m

pk

nm
n

fA

pk
mxfax

 

                     

( ) �
�

�

�
�

�

�

�
�

�

�
�

�

�

= �
�

∞

=

∈ −

1

,

1

sup

1
sup

m

pkvm

nm
n

pn
n a

a
k  

                       

0
1

→=
k  as 

.∞→k
 

 And  

( )( )
�
�
�

�
�
�

= �
∞

=1
,

)(sup
m

pk

nm
n

fA

pk

v mvxfaxT
 

                      =1. 

This contradicts the continuity of vT . Hence the condition (2) 

must be true. 

Theorem: 2.3 Let ( )( )
fAv WBT ,0∈

. Then  vT
 
has closed 

range if there exists 0>δ  such that 

                                ( )
�

−∈

≥
kvm

nknm aa
1

δ
                                     (3) 

for every Nk ∈   and  Nn∈ . 

Proof: We first assume that the condition (3) is true and then 

show that vT  has closed range. Let vranTx ∈ and let { }n
x

 
be 
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a sequence in ( )fAW ,0  
such that xxT

n

v → . Then for 

every 0>ε there  

exists positive integer 0n  such that  ε<−
fA

m

v

n

v xTxT
,

for 

all 0, nmn ≥  or equivalently, 

( ) ( )( )
( ) ��

�
�
�

��

�
�
�

−> � �
∞

= ∈ −1 1

sup
k kvp

mnnp pxpxfaε
 

    

( ) ( )( )
�
�
�

�
�
�

−≥ �
∞

=1

sup
k

mn

nk
n

pxpxfaδ
 

   fA

mn
xx

,
−= δ

                                                                (4) 

for all 0, nmn ≥  . From (4) it follows that { }nx  is a cauchy 

sequence in ( ).,0 fAW  In view of completeness of ( )fAW ,0  

there exists ( )fAWy ,0∈  such that yx
n →

. 
From the 

continuity of ,vT .yTxT v

n

v →  Hence .yTx v=  So that

.vranTx ∈  Hence  ran vT  is closed. 

 

Theorem: 4 Let ( )( )fAWBxTv ,0∈
. 

Then
 vT is invertible 

if 

(i) v is invertible 

(ii) ( ) nm
n

mnv
n

aMa supsup ≤
 
for every Nmn ∈,  where 

M is a constant such that  
oM >  

Proof. Suppose vT  is an invertible operator. We show that v
 

is invertible. If , )(Nvk ∉
 
then 0=kveT , 

where ke  is defined as 

�
�

�
�

�
−

		



�
��



�
=

− ks

elsewhere

if
a

f
se

nkk

,0

sup

1

)(
1

 

So that vT  has non-trivial kernel. Hence v  must be surjective. 

Next, if v  is not injective,then v(n1) =v(n2) for two distinct 

positive integers n1 and n2 so that en1 does not belong to the 

range of vT . Hence v  must be injective. Let w be the inverse 

of v . Clearly wT  is the inverse of Tv. Since vT  is continuous, 

in view of theorem (2.2) we have 

 

( )
nk

nkvm

nm
n

aMa supsup
1

≤�
−∈

 
for every .Nk ∈

 

Hence ( ) nkknv Maa ≤  for every .k
 

 

Theorem: 2.5  Let ( )( )fAWBTv ,0∈ . Then vT  is an 

isometry if 

( )
�

−∈

=
kvm

nknm aa
1

 for every ., Nnk ∈ . 

Proof: If the condition of the theorem is satisfied, then for every 

( ),,0 fAWx ∈  we have 

( ) ��

�
�
�

��

�
�
�

= � �
∞

= ∈ −1
,

1

sup
k kvm

knm
n

fAv xfaxT

 

                

( )( )
�
�
�

�
�
�

= �
∞

=1

sup
m

pk

nk
n

mxfa

 

                 
fA

x
,

=

 
This proves the theorem. 

Theorem: 2.6 Let ( ) ( )gAWfAWTv ,,: 00 →  be linear 

transformation. Then vT
 
 is bounded if there exists oM >  

such that 

( )

( ) ( )yfMayga nk

kvm

nm ≤�
−∈ 1

 

for all ., Nnk ∈  and .+∈ Ry
                                            (5)

 

Proof: Suppose the condition (5) is true. Then for 

( )fAWx ,0∈
 
 we have 

( )
( )

( )�� �
∞

=
∞→

∞

= ∈
∞→

≤
− 11

limlim
1 k

knk
n

k kvm

knm
n

xfaMxga

 

                                           =0 

Which proves that ( )( )gAWBxTv ,0∈
 
 Further, 

( )( )( )
�
�
�

�
�
�

= �
∞

=1
,

sup
k

nk
n

gAv xvxgaxT
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( )
�
�
�

�
�
�

= �
∞

=1

sup
k

knk
n

xfaM

 

                 
.

, fA
x=

 

This shows that vT  is continuous at the origin. From linearity 

of vT  it is continuous everywhere. 

Theorem: 2.7 Let ( ) ( )( )gAWfAWBTv ,,, 00∈  Then vT  

has closed range if there exists 0>δ such that 

( )

( ) ( )yfayga nk

kvm

nm δ≥�
−∈ 1

 

for all ., Nnk ∈  and .+∈ Ry
                                             

Proof:  Assume that the condition of the theorem is satisfied. 

We show that vT  has closed range. 

Let vranTx ∈ . Then there exists a sequence 

{ } ( )fAWxn ,0⊂  such that xxT nv → . So for every o>ε
 

there exists a positive integer 0n  such that 

ε<−
gAmvnv xTxT

,
 for all 0, nmn ≥  or equivalently,

 

( ) ( )( )
( ) ��

�
�
�

��

�
�
�

−> � �
∞

= ∈ −1 1

sup
k kvp

mnnp pxpxgaε
 

   fAmn xx
,

−= δ
 

It follows that { }
nx  is a cauchy sequence in ( )fAW ,0 . In 

view of completeness of ( ),,0 fAW  there exists

( )fAWy ,0∈  such that yxn → . From the continuity of vT  

we have yTxT vnv →  Thus yTx v=  Hence vramTx ∈ . 

So that  vranT  is closed. 

 

3. WEIGHTED COMPOSITION OPERATORS ACTING 

BETWEEN SEQUENCE SPACES DEFINED BY 

MODULUS FUNCTION 

In this section we discuss weighted composition operators 

acting between sequence spaces defined by modulus functions. 

Theorem: 3.1 Let ( ) ( )gAWfAWm vu ,,: 00, →  be a linear 

transformation. Then vum ,  is bounded if 

there exists oM > such that 

( )( )
( )

( )yfMapuga np

pvm

nm ≤�
−∈ 1

                                          (6) 

for all Nnp ∈,
 and  

.+∈ Ry
 

Proof: Suppose that the condition (6) is true. If ( )fAWx ,0∈  

then 

( )
( )

( ) ,0:limlim
11 1

=≤ �� �
∞

=
∞→

∞

= ∈
∞→ − p

pnp
n

p pvm

pnm
n

xfaMxga
 

Which shows that ( ).,0, gAWxm vu ∈  Further, 

( ) ( )( )
�
�
�

�
�
�

= �
∞

=1
,, sup

p

np
n

fAvu pvxpugaxm ο
 

                   

( )�
∞

=

≤
1

sup
p

pnp
n

xfaM
 

                   fA
xM

,
≥=

                                                     (7) 

The continuity of vum ,  at the origin follows from the inequality 

(7). Since vum ,  is linear so it is continuous everywhere. 

Corollary: 3.2. If vum ,  is bounded, then there exists oM >  

such that 

( )( )
( )

( )yfaMypuga np
npvm

nm
n

supsup
1

≤�
−∈

 

 
for all Nnp ∈,

 
and

  
.+∈ Ry
 

Theorem: 3.3 Let ( ) ( )( ).,,, 00, gAWfAWBm vu ∈  Then 

vum ,  has closed range if there exists 0>δ
 
such that

 

( )( ) ( )yfaykuga nknm δ≥�   
for all Nnk ∈,  

and 
 

.+∈ Ry  

Proof: Assume that the condition of the theorem is satisfied. We 

show that vum ,  has closed range. 

Let vuranmx ,∈ . Then there exists a sequence 

{ } ( )fAWxn ,0⊂  such that xxm
n

vu →,  So for every
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0>ε  there exists 0n  such that ε<−
gAmvunvu xmxm

,,,  

for all 0, nmn ≥  or equivalently, 

( ) ( ) ( )( )
( ) ��

�
�
�

��

�
�
�

−> � �
∞

= ∈ −1 1

)(sup
k kvp

mnnp pxpxpugaε
 

     

( ) ( )( )
�
�
�

�
�
�

−≥ �
∞

=1

sup
k

mnnk
n

pxpxfaδ
 

    
.

, fAmn xx −= δ
 

It follows that { }nx  is a cauchy sequence in ( )fAW ,0  In view 

of completeness of ( )fAW ,0  
 there exists ( )fAWy ,0∈  such 

that .yxn →  From the continuity 
vum ,

we have

.,, ymxm vunvu →   Hence ( ) .,, vuvu ranmymx ∈=  So that 

ran vum ,  
 is closed. 

Corollary: 3.4 Let ( ) ( )( )gAWfAWBm vu ,,, 00, ∈  be such 

that  vum ,  has closed range if there exists 0>δ
 
such that 

( )( )
( )

( )yfaykuga nk
npvm

nm
n

supsup
1

δ≥�
−∈

  
for all Nnk ∈,  

and  .+∈ Ry
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