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ABSTRACT
In this paper, a new class of sets, namely (1, 2)*-M;,-closed sets is introduced in bitopological spaces. We prove that
this class lies between the class of (1, 2)*- J-closed sets and the class of (1, 2)*- dg-closed sets. Also we discuss some
basic properties and applications of (1, 2)*-M;,-closed sets, which defines a new class of space namely (1, 2)*-Ts,-
space.

Keywords: (1, 2)*- zg-closed set, (1, 2)*- o-closed set, (1, 2)*-M;,-closed set, (1, 2)*- Ts.,-space.

2000 mathematics subject classification: 54E55, 54C55.

1. INTRODUCTION

Njastad[9], Velicko[10] introduced the concept of a-open sets and 5-closed sets respectively. Dontchev and Ganster
[3] studied &-generalized closed set in topological spaces. Levine[5] introduced generalization of closed sets and
discussed their properties. Also M. E. Abd EI-Monsef [1] et al investigated a-closed sets in topological spaces.
Thivagar et al [5] have developed the concepts of (1, 2)*-semi-open sets, (1, 2)*-a-open sets, (1, 2)*-generalised closed
sets, (1, 2)*-semi generalised closed sets and (1, 2)*-a-generalized closed sets in bitopological spaces. Recently

Arockiarani and Mohana [2] discussed (1, 2)*-nga-closed sets in bitopological spaces. The purpose of the present paper
is to define a new class of closed sets called (1, 2)*- Ms,-closed sets and we discuss some basic properties of (1, 2)*-
M;»-closed sets in bitopological spaces. Applying these sets, we obtain a new space called (1, 2)*- Ts.,-space.

2. PRELIMINARIES

Throughout this paper by a space X and Y represent non-empty bitopological spaces on which no separation axioms are
assumed, unless otherwise mentioned. We recall the following definitions and results which are useful in the sequel.

Definition: 2.1 [5] A subset S of a bitopological space X is said to be 1, ,-open if SSAUB where Ae 71 and Be7y.

A subset S of X is said to be (i) 1, ,-closed if the complement of S is t; ,-open. (ii) Ty o-clopen if S is both t; ,-0pen and
71, o-Closed.

Definition: 2.2 [5] Let S be a subset of the bitopological space X. Then the 1, ,-interior of S denoted by 1, ,-int(S) is
defined by U {G: GcSand Gis t; ,-open} and the t; ,-closure of S denoted by t; ,-cl(S) is defined by N {F: SCF
and F is 1y ,- closed}.

Definition: 2.3 A subset A of a bitopological space X is called

(i) (1, 2)*-regular open [5] if A= 11 p-int (T4, 2-Cl (A)).

(i) (1, 2)*-a -open [5] if A C 11 o-int (11, 2-Cl (11, 2-iNt (A))).

(iii) (1, 2)*-semi-open [5] if A C 11 2-cl (11, 2-INt(A))

The complement of the sets mentioned from (i) to (iii) are called their respective closed sets.

Definition: 2.4 [2] Let S be a subset of the bitopological space X. Then

(i) The (1, 2)*-o-interior of S denoted by (1, 2)*-a-int(S) is defined by U {G: G S and G is (1, 2)*-a-open}.
(if) The (1, 2)*-a-closure of S denoted by (1, 2)*-a-cl (S) is defined by N {F: SCF and Fis (1, 2)*-a-closed}.
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Definition: 2.5 A subset A of a bitopological space X is called

(i) (1, 2)*- nga - closed [2] if (1, 2)*-acl (A) < U whenever Ac U and U is 1y ,- 77 - open.

(ii) (1, 2)*-ng- closed [7] if 11, o-cl (A) < U whenever A — U and U is 1, ,- m-open.

(iii) (1, 2)*- strongly- ng & - closed [8] if (1, 2)*-acl (A) < U whenever A — U and U is (1, 2)*-ng-open.
(iv) (1, 2)*-g- closed [5] if 11, ,-cl (A) < U whenever A — U and U is 14, ,-0pen.

(v) (1, 2)*- go- closed [5] if (1, 2)*-acl (A) < A whenever A — U and U is (1, 2)*-a-open.

(vi) (1, 2)*- ag- closed [5] if (1, 2)*-acl (A) < A whenever A U and U is 1, ,-open.

(vii) (1, 2)*- gs- closed [5] if (1, 2)*-scl (A) < A whenever A — U and U is 1, ,-open.

(viii) (1, 2)*- g - closed [4] if 1, .-cl (A) < A whenever A c U and U is (1, 2)*-semi-open. and the complement of
the sets mentioned from (i) to (viii) are called their respective open sets.

Definition: 2.6 [5] A space X is called (1, 2)*-T,,-space if every (1, 2)*-g-closed set in it is an 7, »-closed.

3. (1, 2)*-M;,-Closed sets

Definition: 3.1 The (1, 2)*-3-interior of a subset A of X is the union of all (1, 2)*-regular open set of X contained in A
and is denoted by (1, 2)*-6-int (A). The subset A is called (1, 2)*-5-open if A = (1, 2)*-5-int (A), (i. e), a setis (1, 2)*-
d-open if it is the union of (1, 2)*-regular open sets. The complement of a (1, 2)*-5-open set is called (1, 2)*-5-closed.

Alternatively, a sub set A in X is called (1, 2)*-5-closed if A = (1, 2)*-5-cl (A), where (1, 2)*-5-cl (A) = {xe X: 11 o-int
(t,2-cl (U)) NA= ¢, U € 1y ,and xe U}.

Definition: 3. 2 A subset A of a space X is called (1, 2)*-M;,-closed set if (1, 2)*-3cl (A) < U whenever AcC U and
Uis (1, 2)*-ng-open set in X.

Proposition: 3. 3 Every (1, 2)*-5-closed set is (1, 2)*-M;,-closed set.

Proof: Let A be an (1, 2)*-o-closed set and U be any (1, 2)*-ng-open set containing A. Since A is (1, 2)*-5-closed, (1,
2)*-5cl (A) =A, for every subset A of X. Therefore, (1, 2)*-6¢cl (A) < U and hence A is (1, 2)*-M;,-closed set.

Remark: 3. 4 The converse of the above theorem is not true as shown in the following example.

Example: 3.5 Let X ={a, b, ¢, d}, 11 = {®, X, {a}, {d}, {a, d}}, .= {D, X, {a, c}, {c, d}, {a, ¢, d}}. Here {a, b}, {a,
b, d} are (1, 2)*-M;,-closed set, but not (1, 2)*-5-closed set in X.

Proposition: 3. 6 Every (1, 2)*-Ms,-closed set is (1, 2)*-ng-closed set.

Proof: Let A be an (1, 2)*-Ms,-closed set and U be an any 1, ,-m-Open set containing A in X. Since every T, -n-0pen
set is Ty, p-0pen set and therefore (1, 2)*-mg-open set. Also A is (1, 2)*-Ms, -closed, (1, 2)*-dcl (A) < U, for every
subset A of X. Since 1 ,-cl (A) < (1, 2)*-5cl (A) U implies 1, ,- ¢l (A) < Uand hence A'is (1, 2)*-ng-closed set.

Remark: 3. 7 An (1, 2)*-ng-closed set need not be (1, 2)*- M;, -closed set as shown in the following example.

Example: 3. 8 Let X= {a, b, ¢, d}, 11 = {D, X, {a}, {b}, {a,b}}, .= {D, X, {a, b, d}}. Then the sets {c}, {d}, {a, d},
{b, c}, {b, d}, {a, b, c}, {a, b, d} are (1, 2)*-ng-closed set, but not (1, 2)*- M, -closed set in X.

Proposition: 3. 9 Every (1, 2)*- M;, -closed set is (1, 2)*-nga-closed set.
Proof: It is true that (1, 2)*-acl (A) < (1, 2)*-dcl (A) for every subset A of X.
Remark: 3. 10 A (1, 2)*-nga-closed set need not be (1, 2)*- M, -closed set as shown in the following example.

Example: 3. 11 Let X = {a, b, ¢, d}, 1y = {®, X, {a}, {a, b, d}}, .= {D, X, {b}, {a, b}}. Then the set {a, b, c} is (1,
2)*-nga-closed set, but not (1, 2)*- M;, -closed set in X.

Proposition: 3. 12 Every (1, 2)*- M, -closed set is (1, 2)*-strongly-rnga-closed set.

Proof: It is true that (1, 2)*-acl (A) < (1, 2)*-dcl (A) for every subset A of X.
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Remark: 3. 13 A (1, 2)*-strongly-nga-closed set need not be (1, 2)*- Ms, -closed set as shown in the following
example.

Example: 3. 14 Let X = {a, b, ¢, d}, 11 = {D, X, {a}, {d}, {c, d}, {a, d}, {a, ¢, d}}, 2= {D, X, {a, c}}. Then the set
{b, d} is (1, 2)*-strongly-nga-closed set, but not (1, 2)*- M;, -closed set in X.

Definition: 3. 15 A subset A of a bitopological space X is called (1, 2)*-6g- closed if (1, 2)*-5cl (A) < A whenever
A c U and U is 14, ,-0pen.

Proposition: 3. 16 Every (1, 2)*-Ms, -closed set is (1, 2)*-6g-closed set.

Proof: Let A be an (1, 2)*-Ms, -closed set and U be an any 1, ,-0pen set containing A in X. Since every t; ,-open set is
(1, 2)*-ng-open set, (1, 2)*-dcl (A) U, whenever AC U and U is (1, 2)*-ng-open set. Therefore, (1, 2)*-ocl (A)c U
and U is 1 ,-open. Hence A is (1, 2)*-dg-closed set.

Remark: 3. 17 A (1, 2)*-3g-closed set need not be (1, 2)*-M;, -closed set as shown in the following example.

Example: 3. 19 Let X = {a, b, ¢, d}, 11 = {®, X, {a}, {c}, {a, ¢}, {a, b, d}}, .= {®, X, {b, ¢, d}}. Then the sets {b},
{d}, {c, d}, {a, d}, {b, c}, {a, c, d}, {a, b, c} are (1, 2)*-5g-closed set, but not (1, 2)*-Ms,-closed set in X.

Remark: 3. 20 The class of (1, 2)*-Ms, -closed sets is properly placed between the classes of (1, 2)*-5-closed and (1,
2)*-6g-closed sets.

Proposition: 3. 21 Every (1, 2)*-M;, -closed set is (1, 2)*-gs-closed set.
Proof: Itis true that (1, 2)*-scl(A) < (1, 2)*-5cl(A) < U, (1, 2)*-scl(A) < U and hence A is (1, 2)*-gs-closed set.
Remark: 3. 22 A (1, 2)*-gs-closed set need not be (1, 2)*-Ms,-closed set as shown in the following example.

Example: 3. 23 Let X = {a, b, ¢, d}, 71 = {®, X, {a}, {a, b, d}}, .= {D, X, {c}, {a, c}, {b, c, d}}. Then the sets {a},
{b}, {d}, {a, d}, {c, d}, {b, c}, {a, b, c}, {a, c, d} are (1, 2)*-gs-closed set, but not (1, 2)*- M;, -closed set in X.

Proposition: 3. 24 Every (1, 2)*- M, -closed set is (1, 2)*-og-closed set.
Proof: Itis true that, (1, 2)*-acl (A) < (1, 2)*-5cl (A) for every subset A of X.
Remark: 3. 25 A (1, 2)*-ag-closed set need not be (1, 2)*- Ms, -closed set as shown in the following example.

Example: 3. 26 Let X = {a, b, ¢, d}, 11 = {®, X, {a}, {a, b}}, o= {®, X, {b}}. Then the sets {c}, {d}, {a, c}, {a, d},
{b, c}, {b, d}, {a, b, c}, {a, b, d} are (1, 2)*-ag-closed set, but not (1, 2)*- M, -closed set in X.

Proposition: 3. 27 Every (1, 2)*- M, -closed set is (1, 2)*-g-closed set.
Proof: The proof is obvious.
Remark: 3. 28 A (1, 2)*- g-closed set need not be (1, 2)*- M;, -closed set as shown in the following example.

Example: 3.29 Let X ={a, b, ¢, d}, 11 = {®, X, {a}}, .= {®D, X, {b}}. Then the sets {c}, {d}, {a, ¢}, {a, d}, {b, ¢},
{b, d}, {a, b, c}, {a, b, d} are (1, 2)*- g-closed set, but not (1, 2)*- M;, -closed set in X.

Definition: 3. 30 A subset A of a bitopological space X is called (1, 2)*-6g- closed if (1, 2)*-dcl (A) < A whenever
AcU and Uis (1, 2)*- é -open.

Proposition: 3. 31 Every (1, 2)*- M, -closed set is (1, 2)* - § é -closed set.

Proof: The proof is straightforward, since every (1, 2)*- é -closed set is (1, 2)*-ng-closed.

n

Remark: 3. 32 A (1, 2)*-6 g -closed set need not be (1, 2)*- M, -closed set as shown in the following example.
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Example 3.33 Let X ={a, b, ¢}, u = {D, X, {a}, {a b}}, . = {®, X, {b}, {a, c}}. Then the sets {c}, {b, c} are (1,

2)*- 6 g -closed set, but not (1, 2)*- M;, -closed set in X.

Remark: 3. 34 The following examples show that (1, 2)*-M;,—closedness is independent from (1, 2)*- ga-closed set,
(1, 2)*-a-closed.

Example: 3. 35 Let X={a, b, ¢}, . = {®, X, {a}, {a, b}}, 12 = {D, X, {b}, {a, c}}. Then the set {b} & {a, c} are (1,
2)*- M, -closed set, but neither (1, 2)*-ga-closed nor (1, 2)*-a-closed.

Example: 3. 36 Let X = {a, b, ¢, d}, 1. = {D, X, {a}}, . = {D, X, {b}, {a, b}}. Then the sets {c} and {d} are (1, 2)*-
a-closed set and (1, 2)*-ga-closed, but not (1, 2)*- M;, -closed set in X.

Remark: 3. 37 The following diagram shows the relationships of (1, 2)*- M;, -closed sets with other known existing
sets. A—» B represents A implies B, but not conversely.

(1, 2)*-dg-closed set.

. (1, 2)*- M, -closed set

. (1, 2)*-5-closed set 3. (1, 2)*-dg-closed set.
. (1, 2)*- ng-closed

. (1, 2)*- mga-closed set

. (1, 2)*- strongly-nga-closed set

. (1, 2)*- g-closed set

. (1, 2)*- ag-closed set

. (1, 2)*-a- closed

O©Co~NO>OTA~ADNE

10. (1, 2)*- 8 g -closed set
11. (1, 2)*- ga-closed set.

4. CHARACTERISATION
Theorem: 4. 1 The union of (1, 2)*-Ms, -closed sets is (1, 2)*-M;;, -closed.

Proof: Let {Ai/i=1, 2,...n} be a finite class of (1, 2)*-Mj;, -closed subsets of a space X. Then for each (1, 2)*-ng-open
set, Ui Aj < U; U; = V. Since arbitrary union of (1, 2)*- ng-open sets in X is also (1, 2)*- ng-open set in X, V is (1,
2)*- mg-open set in X. Also U; (1, 2)*-6cl (A) = (1, 2)*-dcl (U; Aj) < V. Therefore, U; A;is (1, 2)*- M;, -closed set in
X.

Remark: 4. 2 Intersection of any (1, 2)*-M;,-closed sets in X need not be (1, 2)*-Ms,-closed. Let X = {a, b, ¢, d}, 71 =
{@,X, {a},{a, b,d}}, .= {D, X, {c}, {b, ¢, d}}. Then thesets {b, d} and {a, b, c} are (1, 2)*-M;,-closed sets, but the
intersection {b} is not (1, 2)*-Ms,-closed.

Proposition: 4. 3 Let A be a (1, 2)*-M;,-closed set of X. Then (1, 2)*-5cl (A)-A does not contain non-empty (1, 2)*-
ng-closed set.

Proof: Suppose that A is (1, 2)*-M,-closed, let F be a (1, 2)*-ng-closed set contained in (1, 2)*-8cl (A)-A. Now FC is
(1, 2)*- mg-open set of X such that A  F©. Since A is (1, 2)*-M,-closed set of X, then (1, 2)*-5cl (A) < F°.

Thus F < [(1, 2)*-3cl (A)]C. Also Fc (1, 2)*-8cl (A)-A. Therefore, F < [(1, 2)*-5c¢l (A)]Cﬂ [(1, 2)*-8cl (A)] = ®.
Hence F=0.
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Proposition: 4. 4 If A'is (1, 2)*- mg-open and (1, 2)*-Ms,-closed subset of X, then A isan (1, 2)*- 5-closed subset of X.
Proof: Since A is (1, 2)*-ng-open and (1, 2)*-M;,-closed, (1, 2)*-5cl (A) < A. Hence A is (1, 2)*-5-closed.
Theorem: 4. 5 The intersection of a (1, 2)*-M;,-closed set and (1, 2)*-5-closed set is always (1, 2)*- Ms,-closed.

Proof: Let A be (1, 2)*- M;,-closed and F be (1, 2)*-3-closed. If U is an (1, 2)*-ng-open set with AN F < U, then
A < UUF®andso (1, 2)*-6cl (A) < U U FC. Now (1, 2)*-8cl (AN F) < (1, 2)*-8cl (A) NF < U.

Hence AN F is (1, 2)*- M;,-closed.

Proposition: 4. 6 If Ais a (1, 2)*-M;,-closed set in a space X and AC B < (1, 2)*-3cl (A), then B is also (1, 2)*-Ms,-
closed set.

Proof: Let U be (1, 2)*-ng-open set of X such that B < U. Then AC U. Since A is (1, 2)*-M;,-closed set, (1, 2)*-5cl
(A) < U. Also, since, B (1, 2)*-dcl (A), (1, 2)*-5cl(B) < (1, 2)*-3cl((1, 2)*-6cl(A)) = (1, 2)*-8cl(A). Hence (1, 2)*-
dcl (B) < U. Therefore, B is also a (1, 2)*-M;,-closed set.

Proposition: 4. 7 Let A be a (1, 2)*-Ms,-closed set of X. Then A is (1, 2)*-3-closed iff (1, 2)*-5cl (A)-Ais (1, 2)*- ng-
closed set.

Proof: Necessity. Let A be (1, 2)*-5-closed subset of X. Then, (1, 2)*-6cl (A) =A and so (1, 2)*-cl (A) —A= O,
which is (1, 2)*-ng-closed set.

Sufficiency. Since A is (1, 2)*-M;,-closed, by proposition 4. 3, (1, 2)*-5cl (A) —A does not contain a non-empty
(1, 2)* -mg-closed set. But (1, 2)*-5cl (A) —A= ®. That is, (1, 2)*-3cl (A) =A. Hence A is (1, 2)*-3-closed.

5. APPLICATIONS

Definition: 5. 1 A space X is called (1, 2)*-Ts-space if every (1, 2)*-Ms,-closed set in it is an (1, 2)*-6-closed.
Definition: 5. 2 A space X is called a (1, 2)*-Ts,-space if every (1, 2)*-dg-closed set in it is (1, 2)*-6-closed.

Theorem: 5. 3 For a bitopological space X, the following conditions are equivalent.

(1) Xisa(l, 2)*-Tsxe-space.

(2) Everysingleton {x} is either (1, 2)*-rng-closed or (1, 2)*-5-open.

Proof:

(1) => (2): Let xe X. Suppose {x} is not a (1, 2)*-ng-closed set of X. Then X-{x} isnot a (1, 2)*-ng-open set. Thus
X-{x} isan (1, 2)*-Ms,-closed set of X. Since X is (1, 2)*-Tsz-space, X-{x} is an (1, 2)*-5-closed set of X, i. e., {x} is
(1, 2)*-5-open set of X.

(3) =>(1): Let Abean (1, 2)*-Ms,-closed set of X. Let x € (1, 2)*-dcl (A). By (2), {x} is either (1, 2)*-ng-closed or
(1, 2)*-5-open.

Case (i): Let {x} be (1, 2)*- ng-closed set. If we assume that x ¢ A then we would have x € (1, 2)*-dcl (A)-A, which
cannot happen according to proposition 4. 3. Hence x € X.

Case (ii): Let {x} be (1, 2)*-5-open set. Since x € (1, 2)*-dcl (A), then {x} N A # @. This shows that x € X. So in both
cases we have (1, 2)*-dcl (A) C A. Trivially A < (1, 2)*-3cl (A). Therefore, A= (1, 2)*-5cl (A) or equivalently A is
(1, 2)*-5-closed. Hence X is a (1, 2)*-Tsxe-Space.

Theorem: 5. 4 Every (1, 2)*-Tse-space is a (1, 2)*-Tsre-Space.
Proof: The proof is straight forward, since every (1, 2)*-Ms,-closed set is (1, 2)*-5g-closed set.
Remark: 5. 5 The converse of the above theorem is not true as it can be seen from the following example.

Example: 5. 6 Let X = {a, b, ¢, d}, 11 = {®, X, {a}, {a, b, d}}, 1. = {D, X, {c}, {b, c, d}}. Then X is a (1, 2)*-Tsze
space, but not (1, 2)*-T;,-space.
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Definition: 5. 7 A space X is called a (1, 2)*-T; é -space if every (1, 2)*-5 g -closed set in it is (1, 2)*-3-closed.
Theorem: 5. 8 Every (1, 2)*-T; g -space is a (1, 2)*-Tsx,-space.

n

Proof: The proof is straight forward, since every (1, 2)*-Ms,-closed set is (1, 2)*-5 g -closed set.

Remark: 5. 9 The converse of the above theorem is not true as it can be seen from the example.

"

Let X={a, b,c,d}, u=1{D, X, {a}}, . = {D, X, {a, b, d}}, X is (1, 2)*-Tsze-space, but not (1, 2)*-T; Q -space.

Remark: 5. 10 (1, 2)*-Ts..-space and (1, 2)*-Ty,-space are independent of one another as the Following examples show.
Example: 5. 11 Let X = {a, b, ¢, d}, 11 = {®, X, {a}}, 1. = {®, X, {b}}, Xis (1, 2)*-Tsz-space, but not (1, 2)*-T,,-space.

Example: 5. 12 Let X = {a, b, ¢}, 11 = {D, X, {a}}, 1. = {®D, X, {a, b, d}}. Then Xis a (1, 2)*-T,-space, but not (1, 2)*-
Tsrg-Space.

Remark: 5. 13 The following diagram shows the relationships (1, 2)*-Ts-space with other known existing spaces.
A—» B represents A implies B, but not conversely.

%

1. (1, 2)*-Tenespace 2. (1, 2)*-Tse-space 3. (1, 2)*-Ts g -space 4. (1, 2)*-Ty,-space
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