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ABSTRACT

Otaba (1956) has studied affine transformation in an almost complex manifold with a natural connection. Ishihara
(1957) has defined and studied the Holomorphically projective changes and there groups in an almost complex
manifold. Further, Sumitomo (1959) has defined and studied on a holomorphically projective correspondence in an
almost complex space. Singh and Samyal (2004) have defined and studied on a Tachibana space with parallel Bochner
curvature tensor.

In the present paper, we have defined and studied some theorems on holomorphically projective transformations in
Tachibana spaces and several theorems have been established.
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1. INTRODUCTION

An almost Tachibana space is first of all an almost complex space, that is, a 2n-dimensional space with an almost
complex structure F"; :

Fij Fhi = —th, (11)

And always admits a positive definite Riemannian metric tensor g;; satisfying:

o F°i Qoo = Gji (1.2)
From which

Fii = —Fy, (1.3)
where

Fjid: - (1.4)

And finally has the property that the differential form
F;i dJ ~ d.' iis closed, that is,
def

Fjin == ViFin+ ViFyj+ Vy Fi =0

And finally has the property that the skew-symmetric Fy, is a Killing tensor

VJ‘Fih +V; th =0 (15)
From which
VJFjl + Vi th =0 (16)
and _
Fi = -Vi Fji =0 (17)
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Here V denotes the operation of covariant differentiation with respect to the Riemannian connection {; i
The Nijenhuis tensor Nh,-i is written in the form:

N =—4(V, F})F+2G5F" +F;GY —F, G'. (1.8)
A contravarient almost analytic vector field is defined as a vector field V', satisfying (Tachibana (1959):

£ FN=Vo Fi—FigV' + Fj 6V =0,

Where £, stands for the Lie-derivative with respect to v
Let thji be the Riemannian curvature tensor and put

Rji = R'i, Ragin = Ri 0 , R= R;i ¢ and S = FjRy ,

Then the following identities are satisfied (YYano 1957)

R'i F" = R F'i , Reir F'n = Rignr i (1.9)
Rigin =R FiFh , Ri =Ry FYF' (1.10)
Sji+Sy=0, =Sy FjF S;= —% F"Ruji. (1.11)

The holomorphically projective curvature tensor Phkji , which will be briefly called HP-curvature tensor, is given by
P"gi= R+ nlj (Riq 8" — Ry 8" + S F'j — S "y + 2 4 F" ) (1.12)

We can obtain the following identities

Ph(kj)l =0, Ph[kji] =0, (1.13)
Prrji =0, (114)
P F" = P By P Fe== P | (115)

From which, we have
Prkjr: 0, (116)
PYi F'e=0, Pl F'y=0. (1.17)

A necessary and sufficient condition for Phkji = 0, is that the space is a space of constant holomorphically curvature
(Tashiro 1957), i.e., a space whose curvature tensor thji takes the form

R'i=— ﬁ (giid"— i 8"+ Fii F, — Fji F+ 2 Fg FY) (1.18)
For a vector field V' and a tensor field a";, the following identities are known (Yano 1957)

£,V o=V £, d"= o £, {"F—d" £, "} (1.19)

Vi £, "3V £ 4"} = £, R (1.20)
Where £, denotes the operator of Lie-differentiation with respect to V"

A Killing vector or an infinitesimal isometry \/'is defined by

£,0i=V; Vi+V;V;=0.
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Here we shall identify a contravariant vectors V' with a covariant vectorV; = gir V'. Hence we shall say V; is a Killing
vector, or that p' is gradient, for example.

An infinitesimal affine transformation /' is defined by
hy = h h r—
E{=V Vi V+RY; V=0

We shall say a vector field V' an infinitesimal holomorphically projective transformation or, for simplicity, an HP-
transformation, if it satisfies

£, "} = p,8"+p, 8" — 5y Fi— i

Where p; is a certain vector and p; = F'; p,.. In this case, we shall called p, the associated vector of the transformation,
If p; vanishes, then the HP-transformation reduces to an affine one.

Contracting the last equation with respect to h and i, we get
V, V. V'=(n+2) p;,
Which shows that the associated vector is gradient.
A vector field V'is called contravariant analytic or, for simplicity, analytic, if it satisfies
£,Fi=—F, vV, V'+F"\V, V' =0.
2. AGEOMETRICAL INTERPRETATION OF AN ANALYTIC HP-TRANSFORMATION
In a differentiable space M, we consider a tensor valued function V depending not only on a point P of M but also on k
vectors u; U, ....,Ux at the point and denote it by V/(P, ugus....,uy). We assume that the value of this function V lies in
the tensor space associated to the tengent space of M at P and that it depends differentiably on its arguments.
Assuming the space M to be affinely connected, we take an arbitrary curve C: x' = X'
(t) and denote its successive derivatives by

dx! dZxi d3x!
?'F' F ...... (21)
Then if we substitute (2.1) into the function V instead of u; U, ux. we have a family of tensors

d dk
= —,f) along the curve C.
dt dt

vE) =V ( %,

Let V' be an infinitesimal transformation, i.e., a vector field, and 'x' = x' + ev; be the infinitesimal point transformation
determined by V', € being an infinitesimal constant. Given a curve C: x' = X' (t), the image C of F is expressed by

X' =x () +& V' (x(1)).
We shall call the limiting value

V(i) —v(©)
&

£,V(C)= lim,_,

The Lie-derivative of V(C) with respect to V', where we have denoted by V(C) the family of tensors induced from
V(C) by the transformation

XK=x+gV

In a Tachibana space, a curve X' = X' (t) defined by

d2xh h dx/ dx! _ dxh h dxJ
R M e e i @2
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is, by definition, a holomorphically planar curve, or an H-plane curve, where o and P are certain functions of't.

Let V' be an infinitesimal transformation and assume that any ¢ the infinitesimal point transformation x' = x' £ V' maps

any H-plane curves.

Now we ask for the condition that V' preserve that H-plane curves. For such a vector V' taking account of (2.2), we

have

h )dx/ dx! h dx) h dxf
£ [dtz L i}d_t @ ¢ —BE dt]_ _+ oK

along any H-plane curve, where y and § are certain functions of t.

Denoting the Lie-derivative of the Christoffel’s symbols and the complex structure F";, respectively, by

h
thji=£y{j L-}, o =£, F,

we have from (2.3)
th ¥/ Xl +axh +bFx/ —B o x =0
where we have put
dxt

=_(y+£va)’b=_(6+£vﬁ)’ J'Czd—t

Since the relation (2.4) holds for any H-plane curve C, it must hold identically for any values of x' and x' .

(2.3)

(2.4)

By means of the definition of the H-plane curve, we see further that the identity (2.4) holds for any value of the

coefficient .

Taking account of these arguments, we can easily see that relation

)= f oxh +gFNa

X xi=pxt +qFx,
hold for any values x'and x? , where f,g,p and q are certain functions of x' and x:.
Let o, be a tensor on V such that

F o, +ojF =0,
We obtain by means of (2.5)

o= £, Fi=0.
On the other hand, If we substitute (2.7) and V;, F]1 = 0 into the identify

ijv Flh - £ijFih = F?Ev{jri }_Firfv{jhr}’

Then we get
thiFP = thF].

From (2.6) and (2.8), taking account of the fact that
th = 08! + o8 — TGF — D,
Where a; is certain vector and @, = F «,., we get
tﬁ =£y{;"i}= P8 + 918}1 L _5ith )
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Where p; isa certain vector field. Therefore, the infinitesimal transformation Vi is an analytic HP-transformation.
Conversely, it is obvious that an analytic HP-transformation preserves the H-plane curves. Thus we have the following:

Theorem 2.1: In a Technibana space, an infinitesimal transformation preserves the H-plane curves, if and only if it is
an analytic HP-transformation.

3. SOME PROPERTIES OF HP-TRANSFORMATIONS
Let V' be an HP-transformation, then it holds

£v§"i} = V,V;VP + RY, V" = 88 — o8} — pF! — piF} . (3.1)
Transvecting (3.1) with g , we have

V'V, Vi +REVT =0, (3.2)

Hence, by virtue of the well known theorem on analytic vectors, Yano (1957), Lichnerowiez (1957), we have the
following:

Theorem 3.1: In a compact Tachibana space an HP-transformation is analytic. In a compact Tachibana space, M, it
holds that

JuR;ViVdo 2 0
For an analytic vector V', where do denote the volume element of M amd the equality holds when and when only V!
is parallel. Therefore, if the Ricci’s from R;; &€’ is negative definite, then there exists no non-trival HP-transformation
provided that the space is compact.
Taking account of the identity (1.19), we have for a vector field V'
EVF - ViEF = FE{;" }-FIE,("},
Which implies

ViEFN = FRE (" 3-FIE ("},

because of V; FI' = 0. If the vector field V' is an HP-transformation, it is easily verified that the right hand-side of the
last equation vanishes. Thus we have the following theorem by the virtue of Obata’s theorem Obata (1956):

Theorem 3.2: In an irreducible Tachibana space admitting no quaternion structure, any HP-transformation is analytic.
It is known that a Tachibana space having non-vanishing Ricci tensor vanishes identically Obata (1956). Thus we have
Theorem 3.3: In an irreducible Tachibana space having non-vanishing Ricci tensor any HP-transformation is analytic.

Corollary 3.1: In an irreducible Tachibana Einstein space if its scalar curvature is non-vanishing, any HP-
transformation is analytic.

In the following part of this section, we shall give some formulae on analytic HP-transformation which will be useful in
the further study.

Let V' be an HP-transformation. Substituting (3.1) into the identity
Vityv g — £vVi8i = grfv{ K+ 8ir Ev{ kit

We find
ViEy 8 = pj 8k + Pi8k — P Fii — Pi Fiy + 2py g5 - 3.3

Which will be used in 85.
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If we substitute (3.1) into (1.20), then we have
EvRY =8/ Vipi = SE Vi o —F' Vi pi + FpViBi — (Vi o — V) B, (3.4)
Contracting the last equation with respect to h and k we find
£yR; = -—nV,p, — 2F] F{ V, p, (3.5)
Now we shall assume that V' is an analytic HP-transformation. Then we have EvR; = £y (R Ff FD)
By virtue of (2.1). Hence from (3.5) it follows
V, pi= F F} V, p. (3.6)
Since n>2. The last equation also is written in the form:
EyFl=—F'V.p"+F'V,p' =0,
Which shows that p' is analytic. Moreover, according to (3.6) we have
Vipi + Vip = Fi (Vip, —F/ Ff Vi p,) = 0, 3.7)
Which means that p° is a Killing vector. Thus we get the following:

Theorem 3.5: If a vector p; is the associated vector of an analytic HP-transformation, then p! is analytic and p' isa
Killing vector.

From (3.5) and (3.6) it follows

£y R = —(n+2)V; p;, (3.8)
From which we have

£vS; = (n+2)Vypi. (3.9)
On the other hand, from (3.4) and (3.7) we get

E£vRY; = 8/ Vi p; — 88 V; p; — F'V, Bi+ FRV; p; — 2F!V, . (3.10)
If we substitute (3.8) and (3.9) into (3.10). Then we can verify Ishihara (1957)

£yP; = 0. (3.11)
In the next place, substitute (3.1) and (3.8) into the identify

£vkaji — Vify Rji = —Ry £y{ krj = Rjr £y ki 1

We have
£y Vi Ri=—(n + 2)ViV; p; — Ry p; — Ry pi + SyiPj+Sy Pi—2R;ipx - (3.12)

Hence we put
1
Pgi = (VkRji — ViRy) . B.13)

It holds
EViji:PISi pI‘ . (3.14)
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4. AN ANALYTIC HP-TRANSFORMATION WHICH LEAVES INVARIANT THE COVARIANT
DERIVATIVE OF THE HP-CURVATURE TENSOR

In this section, we shall show an analogous theorem to the one obtained by T. Sumitomo for an infinitesimal projective
transformation in a Riemannian space Yano and Nagano (1957), Sumitomo (1959).

Let V' be an analytic HP-transformation. If we substitute (3.1) and (3.11) into the identify
EvViRS — ViEGRY =R £y (" 3Pl £y (3P Ev T}
Then we obtain
£y Vi Pﬁ}i = leﬁji )
Where we have put
lellji = 8{1Pkrji Pr— Zplpﬁ}i - kal]hi - pjpﬁi - pipﬁ}l - Flh Pkrji PrtFy (Px Pr}jli + b Pl?ri + pi Pﬁ}r)-
Now we shall assume that £V, Pﬁ}i = 0. Then we have
Tii = 0. (4.1)
Contracting this equation with respect to h and I, we can verify
B pr=0,
By virtue of (1.13) ~ (1.17).
Substituting the last equation into (4.1) and taking account of Py; p,= 0, we obtain the equation
2p.Rg; + piBii + o + piBg = FI (PR + PRy +PiPg,) -
Transvecting this equation with
p'PY" = 'Ry g™ 878"
And taking account of (1.13) ~(1.17), we obtain
(Plpﬁ}i)(PIPﬁ{ji) + z(plpljih)(prPr]'ih) + (plijrl )(pPHT) =0,
After some complicated calculation.

Since the each term in the left hand side of the last equation is non-negative, it must hold plPlgi = 0, from which we get
the following:

Theorem 4.1: If a Tachibana space admits and analytic non-affine HP-transformation which leaves invariant the
covariant derivative of the curvature tensor, then the space is a space of constant holomorphic curvature.

In a symmetric Tachibana space, i.e., in a Tachibana space satisfying leﬁ}i = 0, the equation ,*SVVIPIE}i = 0 trivially
holds, so we have

Corollary 4.1: If a symmetric Tachibana space admits an analytic non-affine HP-transformation, then the space is a
space of constant holomorphic curvature.

5. AN ANALYTIC HP-TRANSFORMATION IN A TACHIBANA SPACE SATISFYING ViR;; = 0.
In this section, we shall obtain a theorem on an analytic HP-transformation in a Tachibana space satisfying Vi R;; = 0.
The method used here is analogous to the one use by Sumitomo (1959) for an infinitesimal projective transformation in

a Riemannian space.
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At the first place, we have a well known (Sumitomo 1959).

Lemma 5.1: A necessary and sufficient condition for a Riemannian space to be an Einstein one is that the following
equation holds:

. R?
1%]'11{]l =
n

This follows from the identify

2

- . R
Z Z]l = RjiR]l _—
n

Where
Z; =R — (R/n)gji-

Now consider a Tachibana space such that V,R;; = 0 and let V' be an analytic HP-transformation. Then, from (3.12)
we have

ji

(n + 2)ViV; p; = =Ry pj — Ry pi + Sii Pj+Sk; Pi—2R;; pic . (5.1)

Transvecting this equation with g, we get
1

V'V p, = —— (2Rip, + Rp,) (5.2)
On the other hand, since p' is analytic, we have

ViV.p, + Rip, = 0.
Comparing the last two equations, we find

R

Rip, =—p, (5.3)

Which shows that p' is a Ricci’s direction. Thus it follows:
RUV,p,= ~V, pt. (5.4)

Lemma 5.2: If a Tachibana space satisfying VR;; =0 is not an Einstein space , then the associated vector p* of an
analytic HP-transformation satisfies

V.p' = 0.

Proof: By applying the Ricci’s identity to R;; , we find

Ry Ryi + Ry R = 0. (5.5)
Transvecting this with gt | we have

R RY = R{R]-r . (5.6)
From (5.5) it follows

(EvR )Ry + R £y Ry + (EyRR;, + R £y R, = 0.
If we transvect this equation with R*g!, then we get

(RERV + Ry, R g) £, RY; =0
By virtue of (5.6).
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Now let V' be an analytic HP-transformation. If we substitute (3.10) into the last equation, then we can verify
(vrpr)R]lR]l - RRJIVJ pi = O, (5.7)
after some calculation.

From (5.4) and (5.7) it follows
.. 2
(RiR =) v, pr =0,
Which implies together with Lemma (5.1) the lemma.

Theorem 5.3: If a Tachibana space satisfying V,R;; =0 admits an analytic non-affine HP-transformation, it is a
Tachibana Einstein one.

Proof: Since V,R; =0, R;; R is constant, and also we have

0 = £V (RJIR]l) = (EVRll)R]l + Rji£V (th grjgti)
= 2[(£/R; )R + RIR,, £y g'],

Where V' is a vector field.

Now let \/' be an analytic non-affine HP-transformation. If we substitute (3.8) and (5.4) into the last equation, then we
find

n+ 2

RV, p" +Ri Ry £y g = 0.
If we assume that our space is not an Einstein one, then we have
RI R, £y g =0, (5.8)
By virtue of Lemma (5.2). By means of £y (g g;;) = 0, (5.8) can be written in the Form:
R"RL £, g =0,
Operating V; to the both sides and then substituting (3.3), we get
200", (R R) + (Ry, o) (RY p) =0
Since the each term of the left hand side is non-negative, we have p;R;. = 0, which contradicts to our assumption.
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