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ABSTRACT

In this paper a new class of sets called pgra- closed sets is introduced and its properties are studied. Further the
notion of pgro-Ti, space and pgra-continuity are introduced.
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1. Introduction

N. Levine [12] introduced generalized closed sets in general topology as a generalization of closed sets and a class of
topological spaces called Ty, spaces. This concept was found to be useful and many results in general topology were
improved. Since the advent of these notions, several research papers with interesting results in different respects came
to existence ([2, 3, 4, 6, 7, 8, 9, 16, 18, 22, 23, 26]). In this paper, we define and study the properties of pgra- closed
sets which is the weaker form of the above mentioned generalization. Moreover in this paper we define pgro- Ty,
spaces and pgra- continuity and study their properties.

2. Preliminaries

Throughout this paper (X, 1) and (Y, o) represent nonempty topological spaces on which no separation axioms are
assumed unless otherwise mentioned. For a subset A of a space (X, 1), cl(A) and int(A) denote the closure of A and the
interior of A respectively. (X, 1) will be replaced by X if there is no chance of confusion.

Let us recall the following definition which we shall require later.

Definition: 2.1 A subset A of a space (X, 1) is called

(1) apre open set[17] if Ac int(cl(A)) and a pre closed set if cl(int(A)) € A

(2) asemi- open set [11] if Ac cl(int(A)) and semi — closed set if int(cl(A)) € A

(3) aa-open set [20] if Ac int(cl(int(A))) and a a- closed set if cl(int(cl(A))) cA

(4) asemi- pre open set [1] if Ac cl(int(cl(A))) and a semi- pre closed set if int(cl(int(A))) c A

(5) aregular open set if A= int(cl(A)) and a regular closed set if A = cl(int(A))

(6) aregular a- open set (briefly ra- open) [25] if there is a regular open set U such that U € Ac acl(A)

The union of all pre open sets of X contained in A is called pre-interior of A and is denoted by pint(A). Also the
intersection of all pre closed subsets of X containing A is called pre- closure of A and is denoted by pcl(A). Note that
pcl(A) = Au cl(int(A)) and pint(A)= Anint(cl(A)). The family of all a- open (resp. semi open, pre open, a- closed, pre
closed, regular open, regular a-open) subsets of a space X is denoted by aO(X) (resp. SO(X), PO(X), aC(X),PC(X),
RO(X), RaO(X)).

Definition: 2.2 A subset A of a space (X, 1) is called

(1) ageneralized closed set (briefly g- closed) [11] if cl(A)c U whenever A c U and U is open.

(2) asemi—generalized closed set ( briefly sg- closed) [6] if scl(A) € U whenever A € U and U is semi open in X.
(3) a generalized o — closed set (briefly ga- closed) [13] if acl(A) & U whenever AC U and U is a-open in X.

(4) aa- generalized closed set (briefly ag- closed) [14] if acl(A) € U whenever AC U and U is open in X.

(5) aregular generalized closed set (briefly rg-closed) [22] if cl(A) < U whenever A c U and U is regular open.
(6) a generalized pre closed set (briefly gp- closed) [15] if pcl(A)c U whenever A c U and U is open.
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(7) a generalized pre regular closed set (briefly gpr- closed) [9] if pcl(A) €U whenever ACU and U is regular open in
X

(8) aweakly closed set (briefly w-closed) [24] if cl(A) < U whenever A € U and U is semi open in X.

(9) aweakly generalized closed set ( briefly wg- closed) [19] if cl(int(A)) € U whenever A € U and U is open in X.

(10) aregular weakly closed set (briefly rw- closed)[5] if cl(A) SU whenever ACU and U is regular open in X.

(11) a regular weakly generalized closed set (briefly rwg- closed)[19] if cl(int(A))< U whenever ACU and U is regular
open in X.

(12) a regular generalized a- closed set (briefly rga- closed) [24] if acl(A)S U whenever A € U and U is regular o-
open in X.

The complement of the above mentioned closed sets are their respective open sets.
3. pgra-closed set

Definition: 3.1 A subset A of a space X is called pgra — closed set if pcl(A) c U whenever Ac U and U is regular -
open. By PGRaC(t), we mean the family of all pgra- closed subsets of the space (X, 1).

Theorem: 3.2

(1) Every rgo- closed set in X is pgra- closed set in X.
(2) Every pgra- closed set in X is gpr closed set in X.
(3) Every w- closed set in X is pgra- closed set in X.
(4) Every rw- closed set in X is pgro- closed set in X.
(5) Every closed set in X is pgra- closed set in X.

(6) Every regular closed set in X is pgra-closed in X.
(7) Every pre closed set in X is pgra- closed in X.

(8) Every pgro- closed set in X is rwg closed set in X.

Proof: Straight forward. Converse of the above need not be true as in the following examples.

Example: 3.3 Let X={a, b, c, d, e} and = {0, {a, b}, {c, d}, {a, b, ¢, d}, X}. Let A = {a} then A is pgra- closed set.
But A is not rga- closed set, w-closed set, rw-closed set, closed set, regular closed set, pre closed set.

Example: 3.4 Every rwg closed and gpr closed set in X need not be pgro- closed set.

Let X={a, b, ¢, d, e} and t = { X,0,{a},{d} {e}.{a,d},{a,e}.{d,e},{a,d,e}}. The only regular open set containing {a, b}
is set X. Now cl(int({a, b})={a, b, c}< X. This implies {a, b} is rwg closed and gpr closed set in X. But {a, b, €} is
regular a- open set and {a, b}c {a,b,e}. Then pcl{a, b}={a, b, c}< {a, b, e}. Therefore {a, b} is not pgra —closed set.

Remark: 3.5 The above discussions are summarized in the following diagram.

Closed 52t W= Closed st rw- Clomd sel regular closed set
rgo- clossd mt \\.‘ r-{,ﬂ-—""-‘ gre closed st
pera- closad s «(—-"'F’

Epr-clossd 58l dpmm e g chosed sl

Remark: 3.6 rg- closed and pgra- closed sets are independent concept.

Example: 3.7

(i) Let X={a, b, c, d, e} and == {X,0,{a},{d}.{e}.{a,d}.{a,e}.{d,e}.{a,d,e}}.Consider A = {a,b}, the only regular set
which contain A is X. Then cl(A) = {a, b, c}c X, which implies that A is rg- closed set. Since {a, b, e} is a regular a-
open set containing {a, b}. But pcl(A) = {a, b, ¢}. Therefore A is not pgra- closed set.

(ii) Let X={a, b, ¢, d, e} and = {X,0 ,{a}.{d}.{e}{a,d},{a.e}{d,e} {a,d,e}}. Consider {d}c {b, c, d}, then pcl{d}=
{b, ¢, d}< {b, c, d}. Therefore {d} is pgro- closed set.

But only {d}c {a, d}, cl{d}= {b, c, d}£{a,d}. this implies {d} is not rg- closed set.
Remark: 3.8 Intersection of two pgra- closed sets need not be pgro- closed set.

Example: 3.9 Let X={a, b, ¢, d, e} and d == {X,0,{a}.{d}.{e}{a,d}.{ae}.{d,e}.{a,d,e}}.
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If A={a, b, c}and B={a, d, e}. Consider Ac{a, b, c, d} then pcl(A)={a, b, ¢, d}< {a, b, ¢, d}. This implies that {a, b,
c}is pgra-closed set. The only regular a- open set containing B is X then pcl(B) = X. This implies that {a, d, e}is pgra-
closed set. But AnB= {a}.Consider {a}c{a,b}, then pcl{a}= {a,b,c}Z {a,b}. Therefore An B is not pgra- closed set.
Remark: 3.10 Union of two pgra- closed sets need not be pgra- closed.

Example: 3.11 Let X={a, b, ¢, d, e}and ={X, @,{a},{d}.{e}{a,d},{a,e}{d.e},{a,d,e}}.

Let A= {a, b}, B={b, e} are pgra-closed set. But AUB = {a, b, e}. Consider {a, b, e}< {a, b, e}then pcl({a, b, e})={a,
b, ¢, e}£ {a, b, e}. This implies that AUB is not pgra- closed.

Definition: 3.12 [9] Let (X, 1) be a topological space , AcX and xe X, x is said to be a pre limit point of A if and only
if every pre open set containing x contains a point of A different from x.

Definition: 3.13 [9] Let (X, t) be a topological space and A X .The set of all pre limit points of A is said to be the
pre- derived set of A and is denoted by Dy[A].

Theorem: 3.14 Let A and B be pgwo- closed sets in (X, 1) such that D[A]cD,[A] and D[B]c D,[B], then A U B is
pgro- closed set.

Proof: For any set E c(X, 1), Dy[E]cD[E]. Therefore D,[A]= D[A] and D,[B]=D[B]. That is cl(A)= pcl(A) and cl(B) =
pcl(B). Let A UB c U, where U is regular a-open then A c U and BcU. Since A and B are pgra-closed then pcl(A)
cU and pcl(B) cU. Now cl(AuUB) = cl(A) U cl(B)= pcl(A) U pcl(B) cU.

But pcl(AUB) c cl(A UB).Therefore pcl(A U B)c cl(A UB) c U. Hence AUB is pgra- closed set.

Theorem 3.15 Let A be pgro- closed in (X, 7). Then pcl(A)- A does not contain any nonempty regular a- open set in X.
Proof: Suppose that A is pgra- closed set in X. Let U be a nonempty regular a-open set such that Uc pcl(A) — A. Then
UcX- A implies A © X-U. Since A is pgra- closed and X-U is regular a-open then pcl(A)c X-U. That is U c X-
pcl(A). Hence Uc pcl(A)N(X-pcl(A))= @. Hence pcl(A)- A does not contain any nonempty regular a-open set in X.

Corollary 3.16 If a subset A of X is pgro- closed in X then pcl(A)-A does not contain any non empty regular closed set
in X, but not conversely.

Proof: Let F be a regular closed set such that F c pcl(A)- A then FcX-A. Therefore AcX-F. Since A is pgra-closed
and X- F is regular open then pcl(A)c X-F. That is Fc X-pcl(A). Hence Fcpcl(A) N(X- pcl(A)) = @.

This shows that F=@.

Converse implication does not hold.

Example: 3.17 If pcl(A)- A contains no nonempty regular closed set in X, then A need not be pgra- closed set in X.
Let A= {a, b}. Then pcl(A)= {a, b, c}. pcl(A)-A= {c} which does not contain any nonempty regular closed set.
Also A is not pgra- closed.

Theorem: 3.18 For an element xe X, the set X-{x} is pgra- closed or regular a-open.

Proof: Suppose X- {x}is not regular a- open set then X is the only regular a- open set containing X- {x}. This implies
pcl(X- {x}) c X. Hence X- {x}is pgra- closed.

Theorem: 3.19 If A is regular open and pgra- closed then A is pre closed and hence pre- clopen.
Proof: Suppose A is regular open and pgra- closed. As every regular open is regular a-open and ACA.

We have pcl(A) c A . Also Ac pcl(A).Therefore pcl(A)= A, then A is pre closed . Since every pre closed (regular)
open set is (regular) closed. Hence A is pre- clopen

Theorem: 3.20 If A is pgra- closed subset of X such that Ac Bcpcl(A ), then B is pgra- closed.
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Proof: Let BcU, where U is regular a-open. Since AcBcU and A is pgra- closed, pcl(A)cU. Now Bcpcl(A), this
implies pcl(B)cpcl(pcl(A)) = pcl(A) cU. That is pcl(B)cU. Hence B is pgra- closed set in X.

Theorem: 3.21 Let A be pgra- closed in X then A is pre closed if and only if pcl(A)- A is a regular a- open.
Proof: Suppose A is pre closed in X then pcl(A)= A and so pcl(A) —A = @, which is regular a-open in X.

Conversely, suppose pcl(A)-A is a regular a- open in X. Since A is pgra-closed and by Theorem 3.15, pcl(A)-A does
not contain any nonempty regular a-open set in X. Then pcl(A)-A =@. Therefore pcl(A)= A. Hence A is pre closed.

Theorem: 3.22 If A is regular open and rg- closed, then A is pgra- closed set in X.

Proof: Let U be any regular a-open set in X such that AcU. Since A is regular open and rg-closed then cl(A)SAcU
whenever AcU and U is regular a-open. Therefore pcl(A)ccl(A)cU. Hence A is pgra-closed set in X.

Theorem: 3.23 If a subset A of topological space X is both regular a-open and pgra- closed, then it is pre closed.

Proof: Suppose a subset A of topological space X is both regular a- open and pgro- closed. Now ACA then pcl(A)cA.
Hence A is pre closed.

Theorem: 3.24 If A is both open and g-closed set in X then it is pgra-closed set in X.

Proof: Let A be an open and g-closed set in X. Let AcU andU be regudr a-open set in X. By hypothesis
pcl(A)ccl(A)cAcU, then A is pgra- closed in X.

Remark: 3.25 If A is both open and pgra- closed in X then A need not be g-closed.

Example: 3.26 Let X= {a, b, ¢, d, e} and == {@, X,{a},{d}.{e}.{a, d}.{a, e}.{d, €},{a, d, e}}. Consider {a, d, e}which
is both open and pgra-closed in X. But {a, d, e}<={a,d,e}then cl({a,d,e})= X &{a,d,e}. Therefore {a, d, e} is not g-
closed.

Theorem: 3.27 In a topological space X, if RaO(X) = {X,@}, then every subset of X is a pgra-closed set.

Proof: Let X be a topological space and RaO(X) = {X,0}. Let A be any subset of X. Suppose A =@, then @ is pgro-
closed set in X. Suppose A+ @, then X is the only regular a-open set containing A and so pcl(A)cX. Hence A is pgra-
closed set in X.

Converse of the theorem need not be true.

Example: 3.28 Let X= {a, b, ¢, d} and = {@, X, {a,b},{c,d}}.Every subset of (X,t) is pgro- closed set in X. But
RaO(X, 1)= {@,X,{a,b}.{c,d}}

4. pgra- open set

We introduce and study pgra-open sets in topological space and obtain some of their properties.
Definition: 4.1 A subset A of X is called pgra- open in X if A is pgro- closed in X.

We denote the family of pgra- open sets in X by PGRaO(X).

Theorem: 4.2 If a subset A of a space X is w- open then it is pgra- open but not conversely.

Proof: Let A be a w-open set in a space X then A® is w-closed set. By theorem 3.2 A° is pgra- closed set. That is A is
pgro- open setin X.

The converse of the above theorem need not be true.
Corollary: 4.3Every open set is pgro- open set but not conversely.
Corollary: 4.4 Every regular open set is pgra-open set but not conversely.

Theorem: 4.5 Assume if PO(X,7) is closed under finite intersection, A and B are pgra- open sets in a space X then
AnNB is also pgra- open set in X.

© 2012, IIMA. All Rights Reserved 2117



K. Binoy Balan* & C. Janaki **/ On pgra- closed sets in topological spaces/ IIMA- 3(5), May-2012, Page: 2114-2121

Proof: Let X-(ANB)= (X-A)U(X-B)CF, where F is regular a-open. Then X-AcF and X-BcF. Since A and B are pgra-
open then pcl(X-A)cF and pcl(X-B)cF. By hypothesis pcl((X-A)U(X-B))cpcl(X-A)upcl(X-B)cF.

That is pcl(X-(ANB))cF. This shows that ANB is pgra- open.
Theorem 4.6 If a set A is pgra- open in a space X then G=X, whenever G is regular a- open and int(A)UA°cG.

Proof: Suppose that A is pgra- open in X. Let G be regular a- open and int(A)UACG then G°ccl(A%)-A°. Now G° is
also regular a- open and A° is pgra- closed. By theorem 3.15, it follows that G° =@. Hence G= X.

The converse of the above theorem is not true.

Example: 4.7 Let X={a, b, ¢, d) and = {X, @,{a},{b},{ab},{b,c},{ab,c},{a,b,d}}. Then PGRaO(X) =
{0,X,{a},{b.c}.{a,d},{c,d},{ac,d},{b,c,d}}.Take A={ab,c}, then A is not pgra- open. However int(A)UA’= {a, b, c,
d} cG. This implies G= X. But A is not pgra-open.

Theorem: 4.8 Every singleton point set in a space is either pgro- open or ro-open.

Proof: Follows from Theorem 3.18.

Theorem: 4.9 AcX is pgra- open if and only if Fcpint(A), whenever F is regular a- closed and FCA.

Proof: Let A be pgra-open. Let F be regular a- closed and FCA then X- A cX-F, where X- F is regular a- open. Since
A is pgra- open implies pcl(X-A) cX-F. This implies X- pint(A)cX-F. Hence FcpintA.

Conversely, suppose F is regular a- closed and FCA. Let X-AcU, where U is regular a-open then X-UcA and X-U is
regular a- closed. By hypothesis, X- Uc pint(A) , this implies pcl(X-A) cU. Then X-A is pgra- closed. Hence A is
pgra- open.

Theorem: 4.10 If pint(A) cBcA and A is pgra- open then B is pgra- open.

Proof: pint(A) cBcA implies (X-A)c(X-B)c(X-pint(A)). That is (X-A) c(X-B)cpcl(X-A). Since (X-A) is pgra-
closed then by Theorem3.20 , (X-B)is pgra- closed and B is pgra- open.

Remark: 4.11 For any AcX, pint(pcl(A)-A) =@.
Theorem: 4.12 If AcX is pgra- closed then pcl(A)- A is pgra- open.

Proof: Let A be pgro- closed. Let F be a regular a- closed set such that Fc(pcl(A)-A). By theorem 3.15, F=@. So
Fcpint(pcl(A)-A).This shows (pcl(A)-A) is pgra- open.

The converse implication does not hold.

Example: 4.13 Let X={a, b, ¢} and 1= {X, @{a},{b},{a,b}}. Then PGRaO(X) = {X,0, {b,c},{a,c},{c}.{a}.{b}}.
Consider A= {c} then pcl(A)= {c}, (pcl(A)-A)= @, which is pgra-open in (X,t). But A={c}is not pgra-closed in (X, 1).
Definition: 4.14 A space (X, 1) is called pgra- Ty, space if every pgra-closed set is pre closed.

Remark: 4.15 Any set with indiscrete topology is an example for a pgra- Ty, space. The notion pgra- Ty, and Ty, are
independent of each other.

Example: 4.16 Let X= {a, b, c},== {@,X,{a},{b},{a,b}}. Then (X, 1) is a Ty, space but it is not a pgra-T1, Space.
Example: 4.17 Let X={a, b, ¢}, = {0, X, {c}, {a, b}}. Then (X, 1) is a pgra- Ty, Space but it is not T,,, space.

Theorem: 4.18 For a space (X, 1) the following are equivalent.
(1) X isapgro- Ty Space.
(2) Every singleton is either regular closed or pre- open.

Proof: Suppose {x} is not a regular a-closed subset for some xeX. Then X- {x} is not regular a- open and hence X is
the only regular a- open set containing X- {x}. Therefore X- {x} is pgra- closed. Since (X, 7) is pgra- Ty , X-{x} is
pre closed and then {x}is pre- open. Hence (1) implies (2).
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Let A be a pgra- closed subset of (X, 1) and xepcl(A). We will show that x€A. If {x} is regular a-closed and x¢A, then
{x}e(pcl(A)-A). Thus (pcl(A)-A) contains a nonempty regular a- closed set {x}, a contradiction to Theorem 3.15. So
XEA.

IT{x} is pre- open, since xepcl(A) then for every pre -open set U containing x. We have UnA+ @.But {x} is pre open
then {x}nA=+ @. Hence x€A, so in both cases we have XxeA. Therefore A is pre- closed set. Hence (2) implies (1).

5. pgra- continous and pgra- irresolute functions

Definition: 5.1 A map f:(X, T)= (Y, o) is called pgro- continous if f* (V) is pgro- closed in (X, 1) for every closed set
V of (Y, o).

Example: 5.2 Let X= {a, b}, == {X,0, {a},{b}} and Y= {a, b, c},c= {Y, @,{a}}. Define f:(X,7) =(Y,0), by f(a) = a,
and f(b)=c. Since every subset of (X, 1) is pgra- closed. Hence f'is pgra- continous.

Remark: 5.3 The composition of two pgrao- continous functions need not be pgra- continous.

Example: 5.4 Let X={a, b, c},== {0,X,{a},{b},{a,b}},0= {0,X,{c},{b,c}} and n={0,X, {b,c}}. Define f:(X,1)—=(X,0)
by f(a)=b, f(b)=c, f(c)=a ,and define g: (X, 6)—=(X,n) by g(a)=b,g(b)=a,g(c)=c then f and g are pgra- continous. {a} is
closed in (X, 1), then (gof)*({a})= f'(g'({a}))= f'({b})= {a}, which is not pgro- closed. Hence gof is not p ga-
continous.

Definition: 5.5 A function : (X, 1)—=(Y,0) is called pgra- irresolute if £1(V) is pgra- closed in (X, 1) for every pgra-
closed set V of (Y, o).

Example: 5.6 Let X={a, b, ¢}, = {0, X, {a, b} }and o= {@,X,{a,b},{c}}. Define f(X, 1)—=(X,0) by f(a)=c, f(c)=a, f(b)=
b.

The inverse image of every pgra- closed set is pgra- closed under f. Hence f'is pgra- irresolute.

Remark: 5.7 Every pgra- irresolute function is pgra- continous.

Example: 5.8 Converse of the above need not be true.

Consider X={a, b, c},7== {0,X,{a},{b},{a,b}},0= {@,X,{c},{b,c}}. Define f:(X, 1)=(X,0) by f(a)= b, f(b)= c,f(c)=a.
Here inverse image of all pgra- closed sets are not pgra-closed set.

Definition: 5.9 A map f:X-Y is called pre- regular a- open if f(U) is regular a- open in Y for every regular a- open set
Uin X.

Definition: 5.10 A map f: X-Y is called pre- irresolute if f*(V) is pre- closed in (X, 1) for every pre closed set V of
(Y. 0)

Theorem: 5.11 If f: XY is a pre- irresolute, pre- regular a- open and bijective then f is pgra- irresolute.
Proof: Let F be pgra- closed in Y. Let f'(F) cU where U is regular a- open in X.

Since f is pre-regular o- open and Fcf(U) ,we have pcl(F) -cf(U). This implies f*(pcl(F))cU.

Since f is pre- irresolute, £*(pcl(F)) is pre- closed in X, then pcl(f*(pcl(F))= f* (pcl(F))c U.

This implies f*(F) is pgro- closed in X. Therefore f is pgra- irresolute.

Theorem: 5.12 Let f:(X, 1)=(Y,0) and g:(Y,0)—(Z,n) be any two functions , then

(i) gefiis pgra- continous if g is continous and f'is pgra- continous.

(if) gefiis pgra-irresolute, if g is pgra-irresolute and f'is pgra- irresolute.

(iii) gef'is pgra- continous , if g is pgra- continous and f is pgra- irresolute.

Proof: (i) Let V be closed in (Z, n). Then g™ (V) is closed in (Y, o), since g is continuous.

Since fis pgra- continous, f1(g*(V)) is pgra- closed in (X,7). That is (gof)™ (V) is pgra- closed in (X, t). Hence gof is
pgra- continous.
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(ii) Let V be pgra- closed in (Z, 1)). Since g is pgro- irresolute, g™ (V) is pgra-closed in (Y, o).Since fis pgro- irresolute,
then £1(g™(V)) is pgra- closed in (X, ). That is (gof) (V) is pgra- closed in (X, ). Hence gof is pgro- irresolute.

(iii)Let V be closed in (Z, n). Since g is pgra- continous then g*(V) is pgra- closed in (Y, o).Since f is pgra- irresolute
then £1(g™(V)) is pgra- closed in (X, ). That is (gof)™ (V) is pgra- closed in (X, 7). Hence gof is pgra- continous.
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