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ABSTRACT

The main purpose of this paper is to introduce the concept of Fuzzy Anti- n Normed Linear Space. Standard results in
Fuzzy n-normed linear spaces are extended to fuzzy anti n- normed spaces.
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1. INTRODUCTION

The concept of fuzzy set was introduced by Zadeh in 1965 and thereafter several authors applied it different branches
of pure and applied mathematics. The concept of fuzzy norms was introduced by katsaras in 1984. In 1992 Felbin
introduced the concept of Fuzzy normed linear space. A satisfactory theory of 2 norms of a linear space has been
introduced and developed by the Gahler. The concept of Fuzzy 2 normed linear space introduced by A.R. Meenakshi
and R. Gokilavani in 2001 and Fuzzy 2 linear operators by R.M. Somasundaram and Thangaraj Beaula. Jebril and
Samanta gave the definition of Fuzzy anti normed linear space in 2011 .B. Sundander reddy introduced the idea of
Fuzzy anti 2-normed linear spaces. Parijat Sinha, Divya Mishra, Ghanshyam lal have introduced the concept of Fuzzy
anti 2-continuous linear operator. AL. Narayanan and S. Vijaya Balaji have introduced the notion of Fuzzy n- normed
linear space. In this paper we introduce the concept of Fuzzy anti n- normed linear spaces.

2. PRELIMINARIES

For the sack of completeness, we reproduce the following definitions

Definition 2.1: Fuzzy normed space.

Let X be a vector space over the field K ( K = Real or Complex). Le{|.||: X — (0, ) be a function which assigns to
each point x in X, x € (0,1) , a non negative real number ||x || such that

(FN1) ||x||=0ifand onlyifx=0

(FN2) |Iax [|= | 2] |Ix]| forallxeK

FN3) [ty I < Il + Dyl

(FN4) If || x,]| <t where > 0 then there exists 0< o < 1 such that || x,|| <r
Then ||.|| is called Fuzzy norm and (x, ||.||) is called Fuzzy normed space.
Definition 2.2: 2-normed linear space.

Let X be a real vector space of dimension greater than 1 and let ||. , . || be a real valued function on X x X satisfying
the following conditions.
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(2N1) ||x vy [|=0ifand only if x and y are linearly dependent.

(N2) [y | =1y x|

@N3) ||x,ay | =] a|[x,y ]| where o isreal

@) xyrzl <yl +xz]

Then ||., . || is called norms on X and the pair (X, ||., . ||) is called 2-normed linear space
Definition 2.3: Fuzzy normed linear space.

Let X be a linear space over the field F. A fuzzy subset N of XxR (R is the set of all real numbers) is called a fuzzy
normon X ifand only if forall x,uE Xand cE K

(FN1) for all t= Rwitht<0,N (x,t) =0
(FN2) forallt= Rwitht>0, N (x,t)=1ifandonly ifx=0

(FN3) for all tE Rwith t >0, N (€ x, ) = N (x , —) ifc # 0
C

(FN4) forall s, t=R,x,us X,N(x+u,s+t)=min{N(x,s) ,N(x, t)}
(FN5) N (x, *) is non decreasing function of Rand lim, .. N { x,t) =1
The pair (X, N) will be referred as a fuzzy normed linear space

Definition 2.4: Fuzzy 2 - normed linear space.

Let X be a linear space over the field F. A fuzzy subset N of XxXxR (R is the set of real numbers) is called a fuzzy 2-
norm on X if and only if

(F2N1) forallt = Rwith t <0, N (Xg X, 1) =0
(F2N2) for allt € Rwitht>0, N (X1 Xo, t) = 1ifand only if x; and x, are linearly dependent
(F2N3) N (Xg Xo, t) is invariant under any permutation of Xy , X,

(F2N4) forall t€ R, witht>0, N (X Cxs,t) = N (X X, —)isc#=0,cEF
C

(F2N5) for all s, t £ R, N (X, X+ %5 , s +t) = min {N ( Xy %2,8) , N (%, %5, )}
(F2N6) N (X1 X, *) isnon decreasing function of Rand lim, .. N{x,,x,.t)=1
Then (X, N) is called fuzzy 2-normed linear space

Definition 2.5: Fuzzy anti 2-normed linear space.

Let X be a linear space over the field F. A fuzzy subset iV ™ of XxXxR (R is the set of real numbers) is called a fuzzy
anti 2- norm on X if and only if

(FA2N1) forallt E Rwitht <0, N "(xy xp, t) =1
(FA2N2) for all t € Rwitht>0, N "(xy x,, t) = 0 if and only if x; and x, are linearly dependent

(FA2N3) N ™ (xy %o, t) is invariant under any permutation of Xy , X,
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(FA2N4) forall tE R, witht>0, N “(x.cX,t) = N (X %,—)isc=0,cEF
C

(FA2N5) for all s, t = R with t > 0,

N ™ (X, %:+X5,s+t) Zmax {N " (xy%,8) ,N* (x,%,t)}
(FA2NG) N ™ (X, %o, * ) isnon increasing function oft ER and lim, _,_. N "(x,.,x,,t) =0
Then (X, N) is called fuzzy anti 2-normed linear space
3. FUZZY N-NORMED LINEAR SPACE AND FUZZY ANTI N-NORMED LINEAR SPACE
Definition 3.1: Fuzzy n-normed linear space.

Let X be a linear space over the field F. A fuzzy subset N of XxX,..., XxXxR

(R is the set of real numbers) is called a fuzzy n-norm on X if and only if

(FnN1) for all t £ Rwith t <0, N (X, X2, ... , X, t)= 0
(FnN2) for all t= Rwitht >0, N (X X, ..., X t)=1lifandonly if Xxi X, ..., X, are linearly independent

(FNN3) N (X, X2, ..., Xy, t) isinvariant under any permutation of Xy, X2, ... , Xy,

(FnN4) for all teR, witht >0,
N (X1 X2 ... ,CXp, t)= N(Xy, X, ..., Xn,—) iS ¢c*=0,cEF
C

(FnN5) for all s, t = R,
N (Xt Xz, cor s Xna X, S+ Z=min{N (Xy X2, ..., Xn,8) , N (X X, ..., Xy 1)}
(FNN6) N (Xg X3, ..., X, ®) isnon decreasing function of R and
lim, . N {x,%,,..,x,,t) =1
Then (X, N) is called fuzzy n-normed linear space
Definition 3.2: Fuzzy anti n-normed linear space
Let X be a linear space over the field F. A fuzzy subset N ™ of XxX,..., XxXxR
(R is the set of real numbers) is called a fuzzy anti n—norm on X if and only if
(FANN1) forall t E Rwitht <O, N ™ (Xg X2, .., X, t)= 1

(FANN2) for all t ERwitht>0, N ™ (X X5, ... , X, t)= 0ifand only if x; X, ..., X, are linearly independent

(FANN3) N 7 (Xy Xy, ..., X, t) is invariant under any permutation of X3 Xy, ..., X,

(FAnN4) for all teR, witht> 0,

N (X Xo ooy CXp, t)= N 7 (X, X2 oo , X, —) IS ¢*=0,cEF
c

(FANNS) for all s, t = R, witht >0

N “(Xy Xz ooy XnaXy , S+t)<max {N "(Xy Xz oo, X0,8) N "(Xg, X2y oo, Xpy 1) }
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(FANNG) IV ™ (xy, X2, ..., X, ® ) isnon increasing function of t £ R and
lim, ... N"(x, x5 .,x,,t)=0
Then (X, ¥ ™) is called fuzzy anti n-normed linear space

Example: Let (X, || *,%, ..., * || be an n- normed linear space . define

P
t+ |31, % x|

N7 (X Xg, ooy X, 1) = whent>0,tE R

=1, whent=0
Proof:
(N1) foralltE R witht = 0, we have

|21, %5 ,eee 0 |
t+ 2, % % |

N7 (X Xgy oo X 1) = =1
If and only if, ||X1,X2,...,Xn||=t+||Xl,X2,...,Xn||

Ifand only if, X, X,,..., X[ =0

If and only if X;, Xy, ... ,X  are linearly dependent

Xy, Ky e X
(N2) If t >0, we have 'V ™ (X X5, ..., X, t)= | i a | =0
t+ |}<:1_,x2,...,}<::1|

This implies ||X1,X2,...,Xn|| =0

(N3) for all t £ R with t =0

ESTEoP Y | %1, %5 X, Xn_q |
t+ % % ¥ | t+ %0, %2 %0, Xn_ 1 |l

N (X X evny X, 1) =

— _l"lnr i (_\-1 . _Y: Fovwn g xn.l xn—'_l,t)

(N4) foralltE R witht>0andcEF,c=0

. : | %1 %5 o %p |
N7 (%, X2y ovny X, ’F)

:::t flc :'+ |X11K2 J---anl

i

i

Lot llxa %, xn)/Ce)
C

ot xy %o eexp ]l Te )/ (

| %1 %5 3 |

=t+ |x1,x2 poen s CEp | )

Ny, %, 0, t)

(N5) we have to prove

N “(Xy Xy ooy XnaXy ,S+t) <max IV “(Xy X, oo, X008 )N “(Xe X2, .o, %0 1) }
If
(@). s+t<0
(b).s=t=0

(c).s+t>0,s>0,t<0;s<0,t>0 then the above relation is obvious
(d).S+t>0,s>0,t>0, then

© 2012, IIMA. All Rights Reserved

2154



N. SAIVARAJU & V. TAMILSELVAN*/ Fuzzy Anti n-Normed Linear Spaces/ IIMA- 3(5), May-2012, Page: 2151-2156

| X102 e gt 5 |

N "Xy X, oo, X sy, S+E) = .
h s+t+ |x1,x2,...,xn,:v_ |

%1, %9 oy |+ 155, Xp ot 2 ||

T ostt |xyxo x| Ry % e x|

LR [0 X%,
S+ X X[t [X XX,

||X1'X2""!Xn|| _ ‘lexz,...,xr’]
SH[X X X X0 Xy X, |

|SO

Which implies
(e 5+ X5 1) = (X 2 )5 0 e ) <0

t(||x1,xz,...,xn||)—s(||x1,x2,...,xn||)£ 0

N U Y L PRy I Eovr yes ) I
0, - =40,
s+t + |x1,x2,..,xn |+|5<1,:%c2,...,+:»:’;,t | t+ |x1,x2,..u+ x;t|
Using (1),
%1, %0 o n [ #1151, %5 ot 27 | [%1,% et 2n |
s+tt+ sy %0 x|l %oty || Tt %y %0 et x|
Similarly,
| %1, %0 e [+ %1 %0 ot 2 | | %1, %g 00t % |
stt+ || xg %0 Xp [ F %0 %0 vt 2l | 7 s+ %y %0t xy ||
Then,

N "(Xy Xy oy Xns%g o S+1) <max IV "(Xy X, o, Xn0S) NV “(Xe X2y oo, %y, 1) 3
(N6) for all t,,t, £ R, ifty t,> 0, then by definition

N (X, X2y ooy Xnott) =N T(Xg, Xa, ooy X, 1)
Suppose t; < t, = 0, this implies

| %1, %p ot | %1, X9 ot X |

to + %0 %0 etxn |t + %1, %0 sty |
| %1, %0 eotxy | (t1—t2)

|

- 0
J

(2 + Ixe % ety [t + %1, %0 003y

Forall [ %y, X, ,...F%,) € Xx XX ... x X, implies

e R Y

ta + [ xg xg bz | 7t + | xq %0 sty |
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Which is implies
N (X1VX2, vy X, t2)£ N- (X1VX2, oy X, tl)
Thus ¥ ™ (X, X3, ..., X4, t)isanon increasing function

Kl 3 Ea padip
t+ ¥y L ¥ reenTXEn

Alsolim, , . N ™ (=, %5, .0,x,, t)=lim _

Thus (X, 7) is an fuzzy anti n — normed linear space
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