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ABSTRACT

In this paper we prove some fixed point theorems for compatible mapping satisfying a contractive condition of
integral type in complete metric spaces. Our results are version of some known results.
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INTRODUCTION

In 1976, Jungck [5] proved a common fixed point theorem for commuting maps generalizing the Banach’s fixed point
theorem, which states that, “let (X,d) be a complete metric space. If T satisfies d(Tx, Ty) < kd(x,y) for each
x,y € Xwhere 0 <k <1, then T has a unique fixed point in X”. This result was further generalized and extended
in various ways by many authors. On the other hand Sessa [13] defined weak commutativity as follows: The
mappings f and gare said to be weakly commuting if d(fgx, gfx) < d(gx,fx) for all x € X. further, Jungck [6]
introduced more generalized commutativity, so called compatibility, which is more general than that of weak
commutativity. Let f and g be self mappings of a metric space(X, d). The mapping f and g are said to be compatible if
lim, ., d(fgx,,gfx,) = 0, whenever {x,}r-, is a sequence in X such thatlim,_, fx, = lim,_. gx, = tfor some
t € X. Clearly commuting, weakly commuting mappings are compatible but neither implication is reversible .Many
authors have obtained a lot of fixed point theorems for compatible mappings satisfying contractive type conditions
and assuming continuity of at least one of mappings.

In 2002, A. Branciari [1] analyzed the existence of fixed point for mapping f defined on a complete metric space
(X, d) satisfying a general contractive condition of integral type.

Theorem 1.1: (Branciari[1])

Let (X, d) be a complete metric space, ¢ € (0,1) and let f: X — X be a mapping such that for each x,y € X,

[ ey de<c [ dt (1.2)

Where &: [0, +00) — [0,+) isa Lesbesgue integrable mapping which is summable on each compact subset of
[0, +0), non negative, and such that for each € > o, fOEE(t) dt , then fhas a unique fixed pointa € X such that for
eachx € X, lim, . f"x = a.

After the paper of Branciari, a lot of a research works have been carried out on generalizing contractive conditions of
integral type for a different contractive mapping satisfying various known properties. A fine work has been done by
Rhoades [9] extending the result of Branciari by replacing the condition [1.2] by the following

d(x,fy)+d (y.fx)

fod (fx,fy) E(t) dt < J«Omax {d x,y),d(x,x),d (y,fy), 2 } E(t) dt (13)

MAIN RESULTS

The purpose of this paper is to prove fixed point theorems by using rational contraction, Rhoades fixed point theorem
[9], and Branciari result [1] to compatible maps.

*Corresponding author: Ramakant Bhardwaj*,
Department of Mathematics, Truba Instt. Of Engineering & Information Technology Bhopal, India

International Journal of Mathematical Archive- 3 (5), May — 2012 2157


http://www.ijma.info/�

Ramakant Bhardwaj*/ FIXED POINT THEOREMS FOR COMPATIBLE MAPPING..../ IMA- 3(5), May-2012, 2157-2162

Theorem 2.1: Let fand g be compatible self maps of a complete metric space (X, d) satisfying the following
conditions:

f(X) c g(X), gis continuous,
d (gx fy )+d (gy fx) [d(gx.fx).d(gy fy) ]
d(fx,f d(gx,gy),d(gx,fx),d (gy fy), "B T8 0
fo (x Y)E(t) dt <a fomaX{ (gx.8y).d (gx,fx),d(gy fy) 2 }E(t) dt +b fo dew) g dt
[d (gx.fy )d (gy .fx)]

+cf, TR gD de + dffE g de 2.1)

For each x,y € X with non negative reals o,B,y,8 such that 0 < a+b+c+d < 1, where§: Rt - R* is a
lesbesgue- integrable mapping which is summable on each compact subset of R*, non negative, and such that

for each € > 0, [ &(t) dt (2.2)

Then f and g have a unique common fixed point € X .

Proof: Let x, € X. since f(X) c g(X), choose x; € X such that gx, = fx,. In general, we construct a sequence x, 4
of element of X such thaty, = gx,,; = fx, forn=10,1,2,3,.....

For each integer n > 1 from 2.1

d(anYn+1) d(fxnrfxn+1)
[T wa= | £ de
0

0

d(gxn.fxp41)+d(gxy +1.an)}
2

&(t) dt

d(fxp,fxn+1) max {d (gxn,8Xn+1),d(gxn,fxn),d(gxn+1,fXn+1)5
J‘O n.&n E(t)dtsafo { n n n.&n n n

[d(gxnfxn)d(@xn+1.fxn4+1)1 [d(gxn.fxn+1)d(8Xn+1.fxn)l

+b fO d(gxn.gxn+1) E(t) dt +Cf0 d(gxn.8xn+1) E(t) dt + dfod(anran+1)E(t) dt

d(Yn—l'Yn)"'d(Yn'Yn)} [dOn—1Yyn)d@nyn+1)]

fd(anYn+1)E(t) dt <a fmax{d(YD—1VYD)rd(YD—1VYD)rd(ynVYI))V E(t) dt+b fO dyn-1yn) E(t) dt

0 0
[d0n—1Yn+1)d@nynll

+cfy O E(t) dt + dfod(y“‘l'y“)z(t) dt

fod(anYn+1)E(t) dt S(g) J‘Od(Yn—ern)E(t) dt (23)

In this way we can write,

dnyn+1) d\" d(yo.y1)

[ e ae < (22) [0 g) de (2.4)
a+d

letq = (§)<1 ,and as n — oo, we have

limy ., 3 " VE(®) dt = 0 (2.5)

We now show that {y,}isa Cauchy sequence. Suppose that it is not. Then there exists an e > 0 and subsequence
{m(p)} and {n(p)} such that m(p) < n(p) < m(p + 1) with

AVme» Vo) 2 € d(VmepyYagy1) < € (2.6)

Now

AVme)-1Yam-1) < dVme)-1Yme)) + AVmey Yner-1)

AYm@)-1Ynw)-1) < AVme-1,Yme) + € (2.7)
Hence
lim, ., [{Om @D ey ae = [FE(e) de (2.8)
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Using (2.3), (2.6),and (2.8) we get

€ AWm p)Yn@)) AWm@p)-1Yn@)-1) €
f £(t) dt < f () dt < qf () dt < qf (6 dt
0 0 0 0

Which is contradiction, since g € (0,1). therefore {y, } is a Cauchy, hence converges to z € X from 2.1, we get

4l fxn)+d(grn [2) ldGzf2).d(gxn.fxn)]
2

fd(fz,fxn)g(t) it <a fmax{d(gz,gxn),d(gz,fZ),d(gxn,fxn), E) dt+b f, dozgxm) g (1) dt

0 0
[d(gz.fxn)d(gxn.f2)]

+cf, e g dt + dfod(gz'gx”)e(t) dt

Taking limit as n — oo, we get

d(gz,z)+d(z,fz)} ld@zf2)dz2)]
2

fd(fz,z)g(t) dt <a fomax {d(gz,z),d(gz,z),d(z,z), g(t) dt + b fo d(gz,2) {(t) dt

0
ld(gz.2)d(z.f2)]

+of, P E@) de+ dfod(gz'”g(t) dt

Which implies fz =z and gz = z.

Now we show that z is a common fixed point of f and g. since f and g are compatible, therefore,
lim, ,d(fgx,, gfx,) = 0,whichsincelim,_,, gfx, = gz implies that lim,,_,, fgx,, = gz.
Now from 2.1,

4(99xn,9xn)+d(gxnfgxn)

d(fgxn.gxn) max {d (99%n,9%n).d(gg%xn.fgxn).d(gxn,gxn); 2 }
f Eit)dt <a f E(t) dt
0

0
[dggxn.fgxn)d(gy.gxn)] [d(ggxn.fy)d(gy .fgxn)]

+ b j‘O d(ggxn.gxn) g(t) dt + Cfo d(ggxn.gxn) g(t) dt + dfod(ggxn'gxn)g(t) dt

Taking limas n — o« we obtain z = gz.

Again from 2.1, we can show that, z = fz and hence z is common fixed point of f and g in X.
UNIQUENESS

Let us w is another fixed point of f and g in X different from zi.e. z # w, then from 2.1 we have,

d(gw ,fz)+d(gz,fw)} ldgw.fw)d(gz.fz) ]
2

fd(fw,m £ dt <a fomax{d(gw,gz>,d(gw,fw),d(gz,fz>, §O) dt+b [, 10 @) de

0
ld(gw.fz)d(gz.fw)]

+cf, e g de + dfod(“"w“"”{(t) dt

e dr < @+ay [ g0 at

Which contradiction,
So that, z is unique common fixed point of f and g.
REMARKS

i. Every contractive condition of integral type automatically includes a corresponding contractive condition not
involving integrals, by setting é(t) = 1 over R*.

ii. Onsettingé(t) = 1 anda=b=c=0, in 2.1, then the result can be significantly improved Jungck’s fixed
point theorem [5] by employing compatible maps instead on commutativity of maps.

iii. Onsettingé(t) = 1and b=c=d =0, f=g in2.1, then the result can be significantly improved Rhoades
fixed point theorem [9].
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iv.On settingé(t) = 1 and a=c=d =0, f =g in 21, then the result can be significantly improved Jaggi
fixed point theorem.

We also extend and generalize the theorem of Branciari for a pair of compatible mappings. In a similar we can
generalize order results related to contractive conditions of same kind.

We prove our next theorem by using rational contraction in integral type mapping. In fact our next result is as
follows,

Theorem 2.2: Let f and g be compatible self maps of a complete metric space (X, d)satisfying the following
conditions:

f(X) c g(X), gis continuous,

(ld(gx.fx).d(gy.fy)1[d(gx.fy)d(gy.fx)] \
| d(gx.gy) ! d(gx.gy) 3
max | [ fr)d(gr fy) ] [dGy.frd gy fy)] b
dfx.f) I\ d(gx.gy) ’ d(gx.gy) J|
x.fy d(gx.gy)
Jy &) dt <a fo &) dt (2.9)

For each x,y € X with non negative reals a,8,y,6 such that 0 < a< 1, where § : R - R* is a leshesgue-
integrable mapping which is summable on each compact subset of R*, non negative, and such that

foreach € >0, [ &(t) dt (2.10)

Then f and g have a unique common fixed point € X .

Proof: Let x, € X. since f(X) c g(X),choose x; € X such that gx; = fx, . In general, we construct a
sequencex,,,, of element of X such thaty, = gx,,1 = fx, forn=20,1,23,.....

For each integer n > 1 from 2.9

d(}’nr}’n+1) d(fxnrfxn+1)
[ TTewa= | £©) dt
0

0

(ld(gxn.fxn)d@xn+1.fxn+1) 1[d(@xn.fxn+1)d@Gxn+1.fxn)] )
| d(gxn.gxn+1) ! d(gxn.gxn+1) "
max | 4Gy frn)d@xn fn +1)1[d@xn 1 Fxn)d(orn 11Fxn D] |
( ) |\ d(gxn.gxn+1) ! d(gxn.gxn+1) 'J
d ,
fO fxn.fxn+1 g(t) dt < a j‘o d(gxn,9%n+1) g(t) dt
([dOn—1yn)d0nyn+D1[d0n-1Yn+1d@nynll
! dn-1n) ’ dOn—1.yn) g
max { [40n 15 A0y 19+ D [4Ony Oy sD] b
( ) |\ dyn-1.yn) ! dyn—-1.yn) J
d , _
fo Yn.f Xn+1 f(t) dt < a fo dn-1.9n) f(t) dt
J‘Od(}’nrfxn+1) g(t) dt < fomax {d(}’nr}’n+1)r0rd(}’n—1r}’n+1)r0yd(}’n—1r}’n)}g(t) dt
d(yn, d(yn-1,
fO (n fxn+1)€(t) dt < a j‘o n 1}’n)€(t) dt (211)
In this way we can write,
d(yn, d(yo,
fO nyn+1) g(t) dt < a® fO o Y1)€(t) dt (212)
as n — oo, we have
lim, ., ["O"" ey dt = 0 (2.13)
Nn —0o0 0 .

We now show that {y,}isa Cauchy sequence. Suppose that it is not. Then there exists an e > 0 and subsequence
{m()} and {n(p)} such thatm(p) < n(p) < m(p + 1) with

AVmey ne) Z€ AVmey Ynpr-1) < € (2.14)
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Now

AVme-1Yam-1) < AVme1-1Yme) + AVme) Yaer-1)

d(ym(p)—lﬂyn(p)—l) < d(ym(p)—lﬂy"L(p)) + € (215)
Hence
lim, ., [{Om @m0V e @y qe = [ &) de (2.16)

Using (2.9), (2.13), and (2.15) we get

€ AWm p)Yn@)) AYm @)-1Yn@p)-1) €
f £(t) dt < f () dt < af () dt < af £(¢) dt
0 0 0

0

Which is contradiction, since a € (0,1). therefore {y, } is a Cauchy, hence converges to z € X from 2.9, we get

([dgz,fz).d(gxn.fxn) ] [d(gz.fxn)d(gxy fZ)] \

d(gz,9xn) ’ d(gz,gxn)
max { [d(gx,fx).d(gx fxn)] [d(gxn.fz).d(gxn.fxn) ]
d(fz,fxn) | d(gz,gxn) d(gz,gxn) g
J &) dt <a J \ d(gz.gxn) )f(t) dt
0 0

Taking limitasn — o, we get, fz =z and gz = z.
Now we show that z is a common fixed point of f and g. since f and g are compatible, therefore,

lim, ,d(fgx,, gfx,) = 0,whichsincelim,_,, gfx, = gz implies that lim,,_,, fgx,, = gz.

Now from 2.9,
[d(ggxn.fgxn)-d(gxn.gxn)]1[d(gx.fy)d(gy.fx)] )
d(ggxn.gxn) * d(ggxn.gxn)
max < [d@gxn.f9xn)-d(99xn.9xn)]1d(Gxn.f9xn)-d(gxn.9%n) ]
( ) t d(ggxn.gxn) ’ d(ggxn.gxn) 'J
d(fgxn.gx d(ggxn.gxy)
Jo e dt < a nf%n £(t) dt

Taking limit as n — oo, we get

(ld(gz,fz).d(z,2)][d(gz2)d(z,fz)] \
d(gz,z) ’ d(gz,z)

maXJ [d(gz.fz).d(gz,z) ] [d(z,fz).d(z,z) ]

d(fz,z) | d(gz,z) ’ d(gz,z) 7|
J (&) dt <a J \ d(gz,2) J &(t) dt
0 0

Taking limas n — o« we obtain z = gz.

Again from 2.1, we can show that, z= fz and hence z is common fixed point of f and g in X.
UNIQUENESS

Let us w is another fixed point of f and g in X different from zi.e. z # w, then from 2.1 we have,

(ld(gw,fw).d(gy.fz)][d(gw.fz)d(gz,fw)] \
d(gw,gz) ’ d(gw,gz) ’
max { [d(gw,fw).d(gw.fz)][d(gzfw).d(gz,fz) ]

d(fw.fz) | d(gw,gz) ’ d(gw,gz)
J &) dt <a J \ d(gw,.g2) )E(t) dt
0 0

d(w,z)

d(w,z)
f E(t) dt Saf E(t) dt
0

0
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Which contradiction,
So that, z is unique common fixed point of f and g.
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