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ABSTRACT

The object of the present paper is to study the notions of minimal sg-closed set, maximal sg-open set, minimal sg-open
set and maximal sg-closed set and their basic properties are studied.
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1. INTRODUCTION:

Norman Levine introduced the concept of generalized closed sets in topological spaces. After him many authors
concentrated in this direction and defined more than 25 types of generalized closed sets. Nakaoka and Oda have
introduced minimal open sets and maximal open sets, which are subclasses of open sets. A. Vadivel and K.
Vairamanickam introduced minimal rga-open sets and maximal rga-open sets in topological spaces. S.
Balasubramanian and P.A.S. Vyjayanthi introduced minimal v-open sets and maximal v-open sets; minimal v-closed
sets and maximal v-closed sets in topological spaces. Recently S. Balasubramanian introduced minimal vg-open sets
and maximal vg-open sets; minimal vg-closed sets and maximal vg-closed sets in topological spaces. Inspired with
these developments we further study a new type of closed and open sets namely minimal sg-closed sets, maximal sg-
open sets, minimal sg-open sets and maximal sg-closed sets. Throughout the paper a space X means a topological

space (X, 7). The class of sg-closed sets is denoted by SGC(X). For any subset A of X its complement, interior, closure,
sg-interior, sg-closure are denoted respectively by the symbols A%, A°, A™, sg(A)° and sg(A) .

2. PRELIMINARIES:

Definition 2.1: Ac Xis called

(i) closed [resp: semi closed; v-closed] if its complement if open[resp:semi open; v-open].

(ii) ro-open [v-open] if 3 Ue aO(X)[RO(X)] such that Uc Ac acl(U)[ Uc Accl(U)].

(iii) semi-6-open if it is the union of semi-regular sets and its complement is semi-6-closed.

(iv) r-closed[c-closed; pre-closed; B—closed] if A = cl(A°)[(cI(A%))° = A; cl(A°) < A; cl((cl(A))°)< Al
(v) g-closed [rg-closed] if cl Ac U whenever Ac U and U is open[r-open] in X.

(vi) sg-closed [gs-closed] if scl(A) < U whenever Ac U and U is semi-open{open} in X.

(vii) rga-closed if acl(A) < U whenever Ac U and U is ra-open in X.

(viii) vg-closed if vcl(A) < U whenever Ac U and U is v-open in X.

Definition 2.02: Let AcX.

(i) A point xeA is the sg-interior point of A iff 3 GeSGO(X, t) such that xe GcA.

(ii) Apoint X € X is said to be an sg-limit point of A iff for each UeSGO(X), UN(A~{x}) # ¢.
(iii) A point xeA is said to be sg-isolated point of A if 3 UeSGO(X) such that UnA = {x}.

Definition 2.03: Let Ac X.

(i) Then A is said to be sg-discrete if each point of A is sg-isolated point of A. The set of all sg-isolated points of A is
denoted by Is5(A).

(if) For any Ac X, the intersection of all sg-closed sets containing A is called the sg-closure of A and is denoted by
Sg(A)".

(iii) For any Ac X, A ~ sg(A)" is said to be sg-border or sg-boundary of A and is denoted by By(A).

(iv) For any Ac X, sg[sg(X~A) ]’ is said to be the sg-exterior Ac X and is denoted by sg(A)°.
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Definition 2.04: The set of all sg-interior points A is said to be sg-interior of A and is denoted by sg(A)°.

Theorem 2.01: (i) Let AcYcX and Y is regularly open subspace of X then AeSGO(Y, 1) iff Y is sg-open in X
(i) Let YeX and A is a sg-neighborhood of x in Y. Then A is sg-neighborhood of x in Y iff Y is sg-open in X.

Theorem 2.02: Arbitrary intersection of sg-closed sets is sg-closed. More Precisely, Let {A;: i € 1} be a collection of
sg-closed sets, then M A is again sg-closed.

Note 2: Finite union and finite intersection of sg-closed sets is not sg-closed in general.

Theorem 2.03: Let X = X;xX,. Let A; € SGC(Xy) and A, € SGC(Xy), then A;xA, € SGC(X xXy).

3. Minimal sg-open Sets and Maximal sg-closed Sets:

We now introduce minimal sg-open sets and maximal sg-closed sets in topological spaces as follows.

Definition 3.1: A proper nonempty sg-open subset U of X is said to be a minimal sg-open set if any sg-open set
contained in U is ¢ or U.

Remark 1: Every Minimal open set is a minimal sg-open set but converse is not true:

Example 1: Let X = {a, b, ¢, d}; = = {¢, {a}, {a, b, c}, X}. {a} is both Minimal open set and Minimal sg-open set but
{b}; {c} and {d} are Minimal sg-open but not Minimal open.

Remark 2: From the above example and known results we have the following implications

Theorem 3.1:
(i) Let U be a minimal sg-open set and W be a sg-open set. ThenU "W =¢orUcC W.
(ii) Let U and V be minimal sg-open sets. ThenUnV =¢or U=V.

Proof:
(i) Let U be a minimal sg-open set and W be a sg-open set. If U n W = ¢, then there is nothing to prove.

IfUW=¢. Then U W cU. Since U is a minimal sg-open set, we have U n W = U. Therefore U < W.
(ii) Let U and V be minimal sg-open sets. If UnV = ¢, then U V and V. U by (i). Therefore U = V.
Theorem 3.2: Let U be a minimal sg-open set. If xeU, then U W for any regular open neighborhood W of x.

Proof: Let U be a minimal sg-open set and x be an element of U. Suppose 3 a regular open neighborhood W of x such
that U ¢ W. Then U n W is a sg-open set such that U nW < U and U n W = ¢. Since U is a minimal sg-open set, we
have Un W = U. That is U < W, which is a contradiction for U ¢ W. Therefore UcC W for any regular open
neighborhood W of x.

Theorem 3.3: Let U be a minimal sg-open set. If xeU, then U W for some sg-open set W containing X.
Theorem 3.4: Let U be a minimal sg-open set. Then U = n{W: WeSGO(X, x)} for any element x of U.
Proof: By theorem[3.3] and U is sg-open set containing x, we have U < n{ W: WeSGO(X, x)} C U.

Theorem 3.5: Let U be a nonempty sg-open set. Then the following three conditions are equivalent.
(i) U is a minimal sg-open set

(i) Ucsg(S) ~ for any nonempty subset S of U

(iii) sg(U) ~ = sg(S) ~ for any nonempty subset S of U.

Proof: (i) = (ii) Let xeU; U be minimal sg-open set and S(= ¢) —U. By theorem[3.3], for any sg-open set W
containing X, SCUCW = ScW. Now S = SNnUCS~W. Since S# ¢, SMW= ¢. Since W is any sg-open set
containing X, by theorem [5.03], xesg(S) ~. That is xeU = xesg(S) ™ = U sg(S) ~ for any nonempty subset S of U.

(if) = (iii) Let S be a nonempty subset of U. That is SC U = sg(S) " sg(U) ~ — (1). Again from (ii) U csg(S) ~ for
any S(= ¢) c U = sg(U) ~sg(sg(S) )™= sg(S) ~. That is sg(U) " sg(S) ~ — (2). From (1) and (2), we have sg(U) "=
sg(S) ~ for any nonempty subset S of U.
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(i) = (i) From (3) we have sg(U) ™= sg(S) ™ for any nonempty subset S of U. Suppose U is not a minimal sg-open set.

Then 3 a nonempty sg-open set V such that V < U and V = U. Now 3 an element a in U such that agV = aeV°®. That
is sg({a}) < sg(VY)™ = V¢ as V° is sg-closed set in X. It follows that sg({a})” # sg(U)". This is a contradiction for
sg({a})” =sg(U)~ for any {a}(= ¢) — U. Therefore U is a minimal sg-open set.

Theorem 3.6: Let V be a nonempty finite sg-open set. Then 3 at least one (finite) minimal sg-open set U such that U
V.

Proof: Let V be a nonempty finite sg-open set. If V is a minimal sg-open set, we may set U = V. If V is not a minimal
sg-open set, then 3 (finite) sg-open set V; such that ¢ # V, C V. If V; is a minimal sg-open set, we may set U = V. If
V, is not a minimal sg-open set, then 3 (finite) sg-open set V, such that ¢ # V, < V;. Continuing this process, we have
a sequence of sg-opensets Vo Vi oV, D Vzo ... DV D .. Since V is a finite set, this process repeats only finitely.
Then finally we get a minimal sg-open set U = V,, for some positive integer n.

[A topological space X is said to be locally finite space if each of its elements is contained in a finite open set.]

Corollary 3.1: Let X be a locally finite space and V be a nonempty sg-open set. Then 3 at least one (finite) minimal sg-
open set U such that U — V.

Proof: Let X be a locally finite space and V be a nonempty sg-open set. Let x in V. Since X is locally finite space, we
have a finite open set V, such that x in V. Then VNV, is a finite sg-open set. By Theorem 3.6 3 at least one (finite)
minimal sg-open set U such that U < VnV,. That is U VNV, C V. Hence 3 at least one (finite) minimal sg-open set
U such that U V.

Corollary 3.2: Let V be a finite minimal open set. Then 3 at least one (finite) minimal sg-open set U such that UcC V.

Proof: Let V be a finite minimal open set. Then V is a nonempty finite sg-open set. By Theorem 3.6, 3 at least one
(finite) minimal sg-open set U such that U V.

Theorem 3.7: Let U; U, be minimal sg-open sets for any element Ael". If UC U, rU,, then 3 an element A €I such
that U = U;.

Proof: Let U cu; rU,. Then U n(u; rU,) = U. That is u; (U n U,) = U. Also by theorem[3.1] (ii), U U, = ¢ or
U = U, for any AeT. It follows that 3 an element AT such that U = U,.

Theorem 3.8: Let U; U, be minimal sg-open sets for any LeT'. If U = U, for any AT, then (U;.crU;,) nU = ¢.

Proof: Suppose that (U;.rU;) m U= ¢. That is Uy cr(U, n U) = ¢. Then 3 an element Ael such that U n U, = ¢. By
theorem 3.1(ii), we have U = U,, which contradicts the fact that U = U, for any LeT". Hence (U;.rU;)nU = ¢.

We now introduce maximal sg-closed sets in topological spaces as follows.

Definition 3.2: A proper nonempty sg-closed F < X is said to be maximal sg-closed set if any sg-closed set containing
F is either X or F.

Remark 3: Every Maximal closed set is maximal sg-closed set but not conversely

Example 2: In Example 1, {b, c, d} is Maximal closed and Maximal sg-closed but {a, b, c}, {a, b, d} and {a, c, d} are
Maximal sg-closed but not Maximal closed.

Remark 4: From the known results and by the above example we have the following implications:
Theorem 3.9: A proper nonempty subset F of X is maximal sg-closed set iff X-F is a minimal sg-open set.

Proof: Let F be a maximal sg-closed set. Suppose X-F is not a minimal sg-open set. Then 3 sg-open set U = X-F such
that == U < X-F. Thatis F < X-U and X-U is a sg-closed set which is a contradiction for F is a minimal sg-open set.

Conversely let X-F be a minimal sg-open set. Suppose F is not a maximal sg-closed set. Then 3 sg-closed set E = F

such that FC E = X. Thatis ¢ # X-E < X-F and X-E is a sg-open set which is a contradiction for X-F is a minimal sg-
open set. Therefore F is a maximal sg-closed set.
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Theorem 3.10:
(i) Let F be a maximal sg-closed set and W be a sg-closed set. Then FUW = X or WCF.
(ii) Let F and S be maximal sg-closed sets. Then Fu S=Xor F=S.

Proof: (i) Let F be a maximal sg-closed set and W be a sg-closed set. If FU W = X, then there is nothing to prove.
Suppose F U W= X. Then F < FuU W. Therefore FOW = F = W CF.
(ii) Let F and S be maximal sg-closed sets. If FUS = X, then we have FC S and SCF by (i). Therefore F = S.

Theorem 3.11: Let F be a maximal sg-closed set. If x is an element of F, then for any sg-closed set S containing x, F L
S=XorScF

Proof: Let F be a maximal sg-closed set and x is an element of F. Suppose 3 sg-closed set S containing x such that F U
S#X. ThenF ¢ FuSandF u Sisa sg-closed set, as the finite union of sg-closed sets is a sg-closed set. Since F is a
sg-closed set, we have F U S=F. Therefore S < F.

Theorem 3.12: Let F,, Fg, Fs be maximal sg-closed sets such that F, # Fg. If F, n Fg < Fs, then either F, = Fs or Fg =
Fs

Proof: Given that F, N Fg < Fs. If F, = Fs then there is nothing to prove.

If F,, # Fs then we have to prove Fg = Fs. Now Fg N Fs = Fg N (Fs n X) = Fg N (Fs N (Fo U Fg)(by thm. 3.10 (ii)) = Fg
M ((Fé M Fa) Y (Fé M FB)) = (FB M F5 M Fa) Y (FB M F5 M FB) = (Fa M FB) ) (Fé M FB) (by Fa M FB () Fé) = (Fa |\ Fé)
M Fg = X m Fg (Since F, and Fs are maximal sg-closed sets by theorem[3.10](ii), F, W Fs = X) = Fg. Thatis Fg N Fs =
Fs = Fg < F;s Since Fg and F; are maximal sg-closed sets, we have Fg = F5 Therefore Fg = F;

Theorem 3.13: Let F,, Fg and F; be different maximal sg-closed sets to each other. Then (F, N Fg) & (Fo N Fs).

Proof: Let (Fo.nFg) € (FunFs) = (FunFg) U (FsnFp) € (FunFs) U (FsnFg) = (Fa U Fs) nFg < Fsn (Fa
U Fg). Since by theorem 3.10(ii), Fo W Fs = Xand F, UFg = X = X nFg € Fsn X = Fg C Fs From the definition
of maximal sg-closed set it follows that Fg = Fs, which is a contradiction to the fact that F,,, Fs and F; are different to
each other. Therefore (F, N Fg)  (Fo N Fs).

Theorem 3.14: Let F be a maximal sg-closed set and x be an element of F. Then F = U {S: S is a sg-closed set
containing x such that F u S = X}.

Proof: By theorem 3.12 and fact that F is a sg-closed set containing X, we have FCU{S: S is a sg-closed set
containing x such that F U S # X} — F. Therefore we have the result.

Theorem 3.15: Let F be a proper nonempty cofinite sg-closed set. Then 3 (cofinite) maximal sg-closed set E such that
F C E

Proof: If F is maximal sg-closed set, we may set E = F. If F is not a maximal sg-closed set, then 3 (cofinite) sg-closed
set F, such that FC F; # X. If F; is a maximal sg-closed set, we may set E = F,. If F; is not a maximal sg-closed set,
then 3 a (cofinite) sg-closed set F, such that F  F;  F, # X. Continuing this process, we have a sequence of sg-closed,
F ¢ FRckc .. ckc ... Since F is a cofinite set, this process repeats only finitely. Then, finally we get a
maximal sg-closed set E = E, for some positive integer n.

Theorem 3.16: Let F be a maximal sg-closed set. If x is an element of X-F. Then X-F < E for any sg-closed set E
containing x.

Proof: Let F be a maximal sg-closed set and x in X-F. E & F for any sg-closed set E containing X. Then E U F = X by
theorem 3.10(ii). Therefore X-F — E.

4. Minimal sg-Closed set and Maximal sg-open set:
We now introduce minimal sg-closed sets and maximal sg-open sets in topological spaces as follows.

Definition 4.1: A proper nonempty sg-closed subset F of X is said to be a minimal sg-closed set if any sg-closed set
contained in Fis ¢ or F.
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Remark 5: Every Minimal closed set is minimal sg-closed set but not conversely:

Example 3: Let X = {a, b, ¢, d}; = = {¢, {b}, {a, b}, {b, c}, {a, b, c}, X}. {d} is both Minimal closed set and Minimal
sg-closed set but {a}, {b} and {c} are Minimal sg-closed but not Minimal closed.

Definition 4.2: A proper nonempty sg-open U — X is said to be a maximal sg-open set if any sg-open set containing U
is either X or U.

Remark 6: Every Maximal open set is maximal sg-open set but not conversely.

Example 4: In Example 3. {a, b, c} is Maximal open set and maximal sg-open set but {a, b, d}, {a, ¢, d} and {b, c, d}
are Maximal sg-open but not maximal open.

Theorem 4.1: A proper nonempty subset U of X is maximal sg-open set iff X-U is a minimal sg-closed set.

Proof: Let U be a maximal sg-open set. Suppose X-U is not a minimal sg-closed set. Then 3 sg-closed set V = X-U
such that ¢ # V < X-U. That is Uc X-V and X-V is a sg-open set which is a contradiction for U is a minimal sg-
closed set. Conversely let X-U be a minimal sg-closed set. Suppose U is not a maximal sg-open set. Then 3 sg-open set
E#Usuchthat U c E= X Thatis ¢ # X-E < X-U and X-E is a sg-closed set which is a contradiction for X-U is a
minimal sg-closed set. Therefore U is a maximal sg-closed set.

Lemma 4.1:
(i) Let U be a minimal sg-closed set and W be a sg- closed set. Then U n W = ¢ or U subset W.
(i) Let U and V be minimal sg- closed sets. ThenUNV =¢orU=V.

Proof: (i) Let U be a minimal sg-closed set and W be a sg-closed set. If U n W = ¢, then there is nothing to prove.
IfU~W=¢. Then U W cU. Since U is a minimal sg-closed set, we have U n W = U. Therefore U < W.
(ii) Let U and V be minimal sg-closed sets. If UnV = ¢, then U V and V< U by (i). Therefore U = V.
Theorem 4.2: Let U be a minimal sg-closed set. If xeU, then U W for any regular open neighborhood W of x.

Proof: Let U be a minimal sg-closed set and x be an element of U. Suppose 3 an regular open neighborhood W of x
such that U ¢ W. Then U n W is a sg-closed set such that U n W < U and U n W = ¢. Since U is a minimal sg-
closed set, we have Un' W = U. That is U < W, which is a contradiction for U ¢ W. Therefore U W for any regular
open neighborhood W of x.

Theorem 4.3: Let U be a minimal sg-closed set. If xeU, then U W for some sg-closed set W containing x.
Theorem 4.4: Let U be a minimal sg-closed set. Then U = n{W: WeSGO(X, x)} for any element x of U.
Proof: By theorem[4.3] and U is sg-closed set containing x, we have U n{ W: WeSGO(X, x)} C U.

Theorem 4.5: Let U be a nonempty sg-closed set. Then the following three conditions are equivalent.
(i) U is a minimal sg-closed set

(i) Ucsg(S) ~ for any nonempty subset S of U

(iii) sg(U) ~ = sg(S) ~ for any nonempty subset S of U.

Proof: (i) = (ii) Let xeU; U be minimal sg-closed set and S(z ¢) —U. By theorem[4.3], for any sg-closed set W
containing x, SCUCW = SCW. Now S = SnUC SNW. Since S# ¢, SNW = ¢. Since W is any sg-closed set
containing X, by theorem [4.3], xesg(S) ~. That is xeU = xe sg(S) " = U < sg(S) ~ for any nonempty subset S of U.

(if) = (iii) Let S be a nonempty subset of U. That is SC U = sg(S) " sg(U) ~ — (1). Again from (ii) U csg(S) ~ for
any S(= ¢) U = sg(U) “sg(sg(S) )" =sg(S) . That is sg(U) “sg(S) ~ — (2). From (1) and (2), we have sg(U) "=
sg(S) ~ for any nonempty subset S of U.

(iii) = (i) From (3) we have sg(U) ~ = sg(S) ~ for any nonempty subset S of U. Suppose U is not a minimal sg-closed
set. Then 3 a nonempty sg-closed set V such that V < U and V = U. Now 3 an element a in U such that agV => aeV".
That is sg({a})” < sg(V®)™ = V¢, as V° is sg-closed set in X. It follows that sg({a})” = sg(U)". This is a contradiction for
sg({a})” = sg(U)~ for any {a}(= ¢) < U. Therefore U is a minimal sg-closed set.
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Theorem 4.6: Let V be a nonempty finite sg-closed set. Then 3 at least one (finite) minimal sg-closed set U such that
ucV.

Proof: Let V be a nonempty finite sg-closed set. If VV is a minimal sg-closed set, we may set U = V. If V is not a
minimal sg-closed set, then 3 (finite) sg-closed set V; such that ¢ # V; C V. If V; is a minimal sg-closed set, we may
set U = V. If Vy is not a minimal sg-closed set, then 3 (finite) sg-closed set V, such that ¢ = V, < V;. Continuing this
process, we have a sequence of sg-closed sets V > V; >V, o V3o ... S>Vio..... Since V is a finite set, this process
repeats only finitely. Then finally we get a minimal sg-closed set U = V/,, for some positive integer n.

Corollary 4.1: Let X be a locally finite space and V be a nonempty sg-closed set. Then 3 at least one (finite) minimal
sg-closed set U such that U c V.

Proof: Let X be a locally finite space and V be a nonempty sg-closed set. Let x in V. Since X is locally finite space, we
have a finite open set V, such that x in V,. Then VNV is a finite sg-closed set. By Theorem 4.6 3 at least one (finite)

minimal sg-closed set U such that U < VnV,. That is U VnV, C V. Hence 3 at least one (finite) minimal sg-closed
set U such that UcC V.

Corollary 4.2: Let V be a finite minimal open set. Then 3 at least one (finite) minimal sg-closed set U such that U V.

Proof: Let V be a finite minimal open set. Then V is a nonempty finite sg-closed set. By Theorem 4.6, 3 at least one
(finite) minimal sg-closed set U such that U V.

Theorem 4.7: Let U; U, be minimal sg-closed sets for any element L<T". If UC U, .rU,, then 3 an element A eI” such
that U = U;.

Proof: Let U C U, .rU;. Then U n(u; rU,) = U. That is U, (U n U,) = U. Also by lemma[4.1] (ii), U U, = ¢ or
U = U, for any AeT. It follows that 3 an element AT such that U = U,.

Theorem 4.8: Let U; U, be minimal sg-closed sets for any LeI. If U = U, for any AeT, then (U, fU)) nU = ¢.

Proof: Suppose that (U;.rU;) m U= ¢. That is Uy cr(U, N U) # ¢. Then 3 an element Ael such that U n U, = ¢. By
lemma [4.1](ii), we have U = U,, which contradicts the fact that U = U, for any AeT". Hence (U rU)NU = ¢.

Theorem 4.9: A proper nonempty subset F of X is maximal sg-open set iff X-F is a minimal sg-closed set.

Proof: Let F be a maximal sg-open set. Suppose X-F is not a minimal sg-open set. Then 3 sg-open set U = X-F such
that == U < X-F. Thatis F < X-U and X-U is a sg-open set which is a contradiction for F is a minimal sg-closed set.

Conversely let X-F be a minimal sg-open set. Suppose F is not a maximal sg-open set. Then 3 sg-open set E # F such
that F < E = X. Thatis ¢ # X-E < X-F and X-E is a sg-open set which is a contradiction for X-F is a minimal sg-
closed set. Therefore F is a maximal sg-open set.

Theorem 4.10:
(i) Let F be a maximal sg-open set and W be a sg-open set. Then FOUW = X or WCF.
(ii) Let F and S be maximal sg-open sets. Then Fu S=Xor F=S.

Proof: (i) Let F be a maximal sg-open set and W be a sg-open set. If Fu W = X, then there is nothing to prove.
Suppose F U W= X. Then F < FuU W. Therefore FOW = F = W CF.
(ii) Let F and S be maximal sg-open sets. If FUS = X, then we have F— S and SCF by (i). Therefore F = S.

Theorem 4.11: Let F be a maximal sg-open set. If x is an element of F, then for any sg-open set S containing X, F U S
=XorS c F.

Proof: Let F be a maximal sg-open set and x is an element of F. Suppose 3 sg-open set S containing x such that F U S
# X. Then F < Fu Sand Fu S is a sg-open set, as the finite union of sg-open sets is a sg-open set. Since F is a sg-
open set, we have F U S =F. Therefore S < F.

Theorem 4.12: Let F,, Fg, Fs be maximal sg-open sets such that F, # Fg. If F, N Fg < Fs, then either F, = Fs or Fg =
Fs

Proof: Given that F, n Fg C Fs. If F, = F;s then there is nothing to prove.
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If F, # Fs then we have to prove Fg = Fs. Now Fg n Fs = Fg N (Fs n X) = Fg N (Fs N (Fo U Fg)(by thm. 4.10 (ii)) = Fg
N((FsNF) U FsnF)=(FgnFsnFy) U (FgnFs nFg)=(FanFg) U (FsnFg) (by Fu nFg < Fs) = (Fu W Fs) M
Fg = X Fg (Since F, and Fs are maximal sg-open sets by theorem[4.10](ii), F, W Fs = X) = Fg. ThatisFg " Fs = Fg =
Fg < Fs Since Fg and Fs are maximal sg-open sets, we have Fg = Fs Therefore Fg = Fs

Theorem 4.13: Let F,, Fg and F; be different maximal sg-open sets to each other. Then (F, N Fg) & (Fo N Fs).

Proof: Let (Fu. nFg) € (FunFs) = (FunFg) U (FsnFg) < (FunFs) u (FsnFp) = (Fo WFs) nFg < Fs (Fy
U Fg). Since by theorem 4.10(ii), Fo W Fs = Xand F, UFg = X = X nFg € Fs n X = Fg C Fs From the definition

of maximal sg-open set it follows that Fg = Fs, which is a contradiction to the fact that F,, Fg and F;s are different to
each other. Therefore (F, N Fg) & (Fo N Fs).

Theorem 4.14: Let F be a maximal sg-open set and x be an element of F. Then F = U {S: S is a sg-open set containing
x such that F U S# X}.

Proof: By theorem 4.12 and fact that F is a sg-open set containing x, we have F —U{S: S is a sg-open set containing x
such that F U S# X} — F. Therefore we have the result.

Theorem 4.15: Let F be a proper nonempty cofinite sg-open set. Then 3 (cofinite) maximal sg-open set E such that F
C E.

Proof: If F is maximal sg-open set, we may set E = F. If F is not a maximal sg-open set, then 3 (cofinite) sg-open set F;
such that FC Fy = X. If Fy is a maximal sg-open set, we may set E = F;. If F; is not a maximal sg-open set, then 3 a
(cofinite) sg-open set F, such that F— F; C F, # X. Continuing this process, we have a sequence of sg-open, F C F, C
F,c ... cFcC .... Since F is a cofinite set, this process repeats only finitely. Then, finally we get a maximal sg-open
set E = E, for some positive integer n.

Theorem 4.16: Let F be a maximal sg-open set. If x is an element of X-F. Then X-F — E for any sg-open set E
containing x.

Proof: Let F be a maximal sg-open set and x in X-F. E ¢ F for any sg-open set E containing x. Then E U F = X by
theorem 4.10(ii). Therefore X-F — E.

Conclusion
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