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ABSTRACT
The aim of present paper is to obtain a common fixed point theorem for two maps and hence for a sequence of

mappings with respect to another two self maps on a probabilistic metric space through DNR-commutativity property,
the property (E.A) and implicit relations.

These results generalize the result of Mukesh Sharma and Dimri [9].

AMS Mathematical subject classification (2000): 47H10, 54H25.
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1. INTRODUCTION AND PRELIMINARIES

In 1942, K. Menger [7] introduced the notion of probabilistic metric space (briefly PM-space) as a generalization of
metric space. The development of fixed point theory in PM- spaces was due to Schweizer and Sklar [11, 12]. Sehgal
[13] initiated study of contraction mapping theorems in PM-spaces. Ciric and Milovanovic - Arandjelovic [2]
introduced the notion of pointwise R-weakly commutativity to PM-spaces. Pant [10] introduced the notion of
reciprocal continuity and obtained common fixed point theorems in metric spaces using R-weak commutativity and
reciprocal continuity of mappings, Kumar and Chugh [4] established common fixed point theorems in metric spaces.

Mihet [8] established a fixed point theorem concerning probabilistic contractions satisfying an implicit relation. S.
Kumar and B.D. Pant [5] established common fixed point theorems in PM- spaces using implicit relations. J.K. Kohli,
S. Vasista and D. Kumar [3] extended the result of [5] to six mappings.

Recently Aamri and Moutanakil [1] and Liu, J. wu and Z. Li [6] defined the property (E.A) and the common property
(E.A) respectively and established some results by using the properties in metric spaces.

Mukesh Sharma and Dimri [9] established a common fixed point theorem for a sequence of self mappings on a
probabilistic metric space satisfying pointwise R-weakly commutativity and property (E.A) and using an implicit
relation.

In this paper, we introduce the notion of DNR-commutativity in PM-spaces, which includes the notion of pointwise R-
weak commutativity. Using this new notion and property (E.A), under certain implicit relation, we establish a common
fixed point theorem for a pair of self maps with respect to another pair of self maps on a probabilistic metric space and
extend it to a sequence of self maps which in turn includes the result of Mukesh Sharma and Dimri [9].

Throughout the paper, R stands for the real line and R* stands for the set of non negative real numbers. We begin with
some definitions.

Definition 1.1: [12] A mapping F: R — R* is called a distribution function if it is non-decreasing and left continuous
with inf, g F(t) = 0and sup,cp F(t) = 1.
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We shall denote by D, the class of all distribution functions.

Definition 1.2: [12] A probabilistic metric space is a pair (X, F) where X is a non-empty set and F is a mapping from
X XX - D. For (u,v) € X x X, the distribution function F(u, v) is denoted by F, ,,. The functions F, , are assumed to
satisfy the following conditions.

(P1) F,,(x) =1forallx > 0ifandonlyifu = v,

(P2) F,,(0) =0forallu,v € X,

(P3) F,,(x) =F,,(x) for every u,v € X,

(Ps) IfE, ,(x) =1andF,,(y) =1thenF, ,(x+y)=1forallu,v,w € Xand x,y > 0.

Definition 1.3: [12] A mapping A: [0,1] x [0,1] — [0,1] is called a triangular norm (briefly t -norm) if the following
conditions are satisfied.

(i) A(a,1)=a Va €[01]

(i) A(a,b) =A(b,a) Va,be[01]

(iii) f c=aandd = bthenA(c,d) = Ala,b)Va,b,c,de[0,1]

(iv) A(A(a,b),c) = A(a,A(b,c)) VY a,b,c €[0,1]

Example 1.4: (i) A(a, b) = min{a, b}
(ii) A(a, b) = ab and (iii) A(a, b) = min{a + b — 1,0} are some t-norms.

Definition 1.5:[12] A Manger PM-spaceis a triplet(X,F,A), where (X, F) is a PM-space and t is a t-norm
with the following condition:

EFE,(x+y)=A (Fu,W ), Fwyv(y)) vV x,y = 0and u,v,w € X.

Definition 1.6: [2] Two self mappings A and S of a PM-space (X, F) are said to be pointwise R-weakly commuting if
given z € X, there existsR, > 0 such that

t

Fasz sz (€) 2 Fpy s, (E) fort>0.
Definition 1.7: [1] A pair (4,S) of self mappings of a PM space (X, F) is said to satisfy the property (E.A) if there
exists a sequence {x,, } in X such that
lim, ., Ax, = lim,_,, Sx,, = z for some z € X.
Definition 1.8: [6] Two pairs (4,5) and (B, T) of self mappings of a PM-space (X, F) are said to satisfy the common
property (E.A) if there exist two sequences {x,},{v,} € X such that lim,,_ Ax, = lim,_ Sx, =lim,_ Ty, =
lim, ., By, = z for some z € X.
2. IMPLICIT RELATION

Definition 2.1: [9] Let @ be the class of all real valued continuous functions ¢: (R*)* - R, non deceasing in first
argument and satisfying the following conditions:

forall x,y >0, ¢@(x,yxy)=0 (or) o, y,y,x)=0=>x>y (2.1.1)
o(x,x,1,1) =20 forallx=>1 (2.1.2)
Members of @ are called implicit relations.

Definition 2.2: Let X be a non empty set,¥ denote the class of all functions 1: X x Rt —» R* satisfying ¥ (x,t) >
0 forall x€eX and t > 0.

Members of ¥ are called DNR functions with respect to X.

Definition 2.3: Two self mappings A and S of a PM-space (X, F) are said to be DNR-commutating if there exists
Y € ¥ such that

Fpsz 54, (t) 2 Fy,5,(P(2,t)) forallze Xandt > 0.
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We observe that if A and S are point wise R- weakly commuting self maps on a PM- space X, then A and S are DNR-
commuting.

Mukesh Sharma and Dimri [9] proved the following lemma and theorem.

Lemma 2.4: [9] Let {A;};en ugop, S and T be self maps of a Menger space (X, F, A) satisfying the following conditions
A,(X) S T(X), 4,(X) € S(X) (2.4.1)
There exists ¢ € @ and h € (0,1) such that

O (Faagy (W), F 1y (6), Fa 5 (6, Fayy ry (BE)) 2 0 (24.2)
forallx,y € X,t > 0.

Suppose that (4, T) satisfies property (E.A). Then the pairs (4;,5) and (4,4, T) have the common property (E.A).
Theorem 2.5: [9] Let {A;};enugop, S @nd T be self maps of a Menger space (X, F, A) satisfying the conditions (2.4.1)
and (2.4.2) of Lemma 2.4, (A,, T) satisfies the property (E.A) and the pairs (4;,5) and (4,,T) are point wise R-weakly
commuting. If range of one of S and T is a closed subspace of X, then {A;};en ugoy, S and T have a uniqgue common
fixed point.

3. MAIN RESULTS

We prove our main theorem by using DNR commuting property instead of point wise R-weakly commuting property
and our theorem is a generalization of Theorem 2.5. For this first we prove our theorem to four self maps and later
extend to a sequence of self maps.

We also provide an example of a pair of maps which are DNR-commuting.

Theorem 3.1: Let Ay, A4, S and T be self maps of a PM-space satisfying the conditions (2.4.1) and (2.4.2) of Lemma
2.4, (Ay, T) satisfies the property (E.A) and the pairs (4,,S) and (4,,T) are DNR- commuting. If one of S(X) and
T(X) is a closed subspace of X, then Ay, A;,S and T have a unique common fixed point.

Proof: In view of Lemma 2.4 the pairs (4,,S) and (4,, T) have the common property (E.A).

Hence there exist sequences {x,,} and {y, } in X such that

lim, ., Agx, =lim, _, Tx, = lim,_, Ay, =lim,_ Sy, = z for some z € X.

Suppose S(X) is a closed subspace of X. Then there exists u € X such that Su = z.

Now we claim that A;u = z.

Putting x = uand y = x,, in (2.4.2), we get

(p(FA1u,A0xn (ht), Fsy rx, (£, Fayu,su (), Fa x, (ht)) =0

On letting n — oo, we have

O (Fpyuz (ht), E,, (), Fpy, (0), F, . (h1)) 2 0

i.e. (Fy, (ht),1,Fy,, ,(6),1) =0

Since ¢ is non decreasing, (2.1.1) gives Fy,, ,(ht) = 1

Hence A,u = z.

Thus we have z = Su = A;u.

Since 4, (X) € T(X), there exists v € X such that z = A;u = Tv.
© 2012, IIMA. All Rights Reserved 2206
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We claim that Ayv = z.

Putting x = y,, and y = v in (2.4.2), we get

(Fayynagw (), Fsy, 1 (8), Fayy, sy, (), Fa 1o (RE)) = 0

On letting n — oo, we have

(Fgu(h8), E,,(0), F, , (6), Fa, . (h1)) 2 0

i.e. (F, 4., (h), L1,F, , ,(h)) > 0.

Therefore (2.1.1) gives that F, ,,,(ht) = 1.

Hence A,v = z.

Thus we have z = Su = A;u = Tv = Ayv.

Since A4,, S are DNR-commuting, there exists 1 € ¥ such that
Fyysusagu () = Fypusu (Y@ n)=1

i.e. A;Su= SA;u and hence A;Su = SA;u=A4;A,u = SSu.

Also A, and T are DNR-commuting. Hence there exists i € ¥ such that

Fpororag(®) 2 Fappre (0, 0)) = 1
i.e. AgTv =TAyv and AyTv = TAyv = AyAyv = TTv.
Now putting x = A;uand y = v in (2.4.2), we get
(p(FA1A1u,A0v(ht)'FSA1u,Tv (@), Fayayusayu ) Fa v o (ht)) =0
.8 @(Faiayua00 (M), Fayayape (0, 1,1) = 0.
Since ¢ is non decreasing (2.1.2) gives Fy, 4,4, (t) = 1
i.e. AjAju=Au > Az=z andA;z=z = Sz.
Now putting x = uand y = Ayv in (2.4.2), we get
(p(FA1u,A0A0v(ht)' Fourayo () Fayusu (t)'FAaAOV,TAOV(ht)) =0
i.8. @(Fagva9a00 (A, Fagpagapw(t), 1,1) = 0
i.e. Agv = AyAyv  (using (2.1.2), since ¢ is non deceasing)
sz=Apzand z=Ayz=Tz
which givesz = A;z=Sz=Ayz=Tz.
Hence z is a common fixed point for Ay, 4;,S and T.
Let if possible p be another fixed point of Ay, 4;,S and T.

Then Ayp = A1p=Sp =Tp =p.
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Now putting x = zand y = p in (2.4.2), we get

(p(FA1z,A0p (ht), Fs, 1 (£), Fa, 1.5, (), Fap 1 (ht)) = 0

ie. ¢(F,, (he), F,, (0),F, (), F, , (ht)) = 0

i.e. o(E,,(ht),F,,(),1,1) > 0

i.e. F,,,(t) = 1(~ by (2.1.2) and ¢ is non deceasing)

nZ=Dp

Hence z is the unique common fixed point of Ay, A;,Sand T.

Now, we prove a common fixed point theorem for a sequence of self maps which are DNR commuting in pairs.

Theorem 3.2: Let {A;};en u(op, S @and T be self maps of a PM space (X, F) satisfying the conditions (2.4.1) and (2.4.2)

of Lemma 2.4, (A,,T) satisfies the property (E.A) and the pairs (4;,5) and (4,,T) are DNR commuting. If range of
one of S and T is a closed subspace of X, then {4;};cy u(o}, S and T have a unigue common fixed point.

Proof: Let z;.i > 1 be the common fixed point of Ay, 4;,S and T.

In (2.4.2), putx = z,,y = z, and i = 1, we get

(p(FA1zz,Aozz (ht), Fsyy 72, (), Fay 2y 52, ), Fay 2y 72, (ht)) =0

= @(Fayzy.2 (), By 1, (0, Fi 1, 2, (0, By 1y () 2 0

= @(Faysp (W), LEy ,, ,, (0),1) = 0

= Az, =z, (¢ isnon decreasing, by (2.1.2))

~ z, is fixed point of 4;.

Thus z, is a fixed point of Ay, A;,S and T, so that z; = z,, by uniqueness of common fixed point.
In a similar manner, puttingx = z;,,y = z; and 4; = A, in (2.4.2), we get A, z; = z; and hence z; = z; for alli > 1.
Thus z; is a common fixed point of Ay, A4,4,, ..., 4;,... ,SandT.

Note: Theorem 2.5 is a simple corollary of Theorem 3.2.

Now, we give an example to illustrate DNR commuting mappings.

Example 3.3: Let X = {2,3, 4, ...} with the metric d(x,y) = |x — y| and define

0 if t<x
1if t>
Fx,y(t)z t—x ! Y
[ <t<
y_xlfx <y

for x < y.
Clearly (X, F) is a PM-space.

x if t<x

ift>x

X

for x € [2,0)

Define Y(x, t) = {

Then ¢ is a DNR function.

Define 4,5:X - X by Ax = x + 1,5x = x°.
© 2012, IIMA. All Rights Reserved 2208
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Then for z € X, ASz = z? + 1 and SAz = (z + 1)°.
Clearlyz2 +1 < (z + 1)? forz € X.

Claim F 2,4 ,412(t) 2 F 41 2 (z,t)) forallt >0
Casel:t<zZ+1

Then L.H.S of (1) is0 and

t<z 29z t)=z> F, 2z 1)=0

t>z = Y(zt) = % <z = FZ+1,Zz(lp(z,t)) =0
Case Il: t > (z + 1)?

Then L.H.Sof (3.3.1) is1 > F,,,,2(¢(z,t) =0

Case lll:z2+1<t<(z+1)2

t—(z2+41) _ t—(z%+1)
(z+1)2—(z2+1) 2z

L.H.S of (3.3.1) =

From (3.32),z<z2 +1<t = ¥(zt) =—and
z<%=z,b(z,t)<z+2('-'zz+1<t<(z+1)2)

Ifz+1>"—= y(z1), then RH.S of (3.3.1) is ‘0"
Suppose z + 1 <§<z+2 <z?

t;—l—(z+1) _ t—(2%+z+1)
22—(z+1)  z(z2—(z+1))

Then R.H.S of (3.3.1) =

t—(z%+1) > t—(z%+z+1)

Claim: 2z = 2(z2-(z+1))

t—(z%+1) > t—(z%+z+1)

1.6 2 = (22-(z+1))

For z =2, (3.3.3) holds since t < (z+ 1)2 =9
Now for z > 3
We have 2 < z2 — (z + 1) so that

t—(z%+1) t—(z%+1) t—(z%+z+1)
2 T z22—(z41) T z2—(z+1)

Hence (3.3.3) holds

Thus Fys, sa, (t) = Fy, 5, (W (2,1)).

Hence the pair (4, S) is DNR commuting.

(3.3.1)

(3.3.2)

(3.3.3)

Note: The maps A ans S of the above example do not have a common fixed point and do not have property (E.A). Thus
Example 3.3 shows that in the absence of property (E.A), DNR commutativity alone may not guarantee the existence

of a common fixed point.
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