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ABSTRACT

LetD = (V, A) be any digraph. A function f: V — [0, 1] is called a twin dominating function (TDF) if the sum of its
function values over any closed out-neighborhood is at least one as well as the sum of its function values over any
closed in-neighborhood is at least one. A TDF f of D is called a minimal TDF if there is no TDF g of D such that
g(v) < f(v)forall v € V and g(vo) # f(vo) for some vy € V. The weight of the function f is | f|=3" f(v).
velV

The fractional twin domination number of D, denoted ~y¢:(D), equals the minimum weight of a TDF of D. In this
research paper, we proved a necessary and sufficient condition for a TDF to be minimal and found fractional twin
domination number for the digraph namely directed cycle. We established some bounds of fractional twin domination
number for any digraph and proved that these bounds were sharp. We also proved a necessary and sufficient condition
for fractional twin domination number to be n, where there are n vertices of either outdegree 0 or indegree 0.

Keywords: Digraphs, out-dominating function, in-dominating function, twin dominating function, minimal twin
dominating function, fractional twin domination number -y (D).
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1. INTRODUCTION

We use [3] for notation and terminology which are not defined here. The concept of dominating function and fractional
domination number have been introduced in [6]. A dominating function (DF) of a graph (< = (V, £ is a function
J V' —][0,1] such that Z f(u,) > 1 forallv € V,
uENx]
where N[v] = {u € V/u is adjacent with v} U {v}. ADF f is called minimal dominating function (MDF)
if there is no DF g of G such that ¢(v) < f(v) forall » € V and g(vs) # f(vy) for some v, € V' . For a real
valued function f : V' — R, the weight of f is|f]| = S flwyand S CV, f(S)= 3 f(v) so |F1=f(V). The
velV vES

boundary set B; and the positive set >, of a DF f are defined by By = {v &€ V/f(N[v]) =1} and

Py={veV/f(v) >0}

Let A and B be the subsets of I/ in which A dominates A and it can be written as A — I3, if every vertex in 3 \ A

is adjacent to some vertex in A. In this connection, the following theorem (Theorem 1.1) provides a necessary and
sufficient condition for a DF to be an MDF.

Theorem 1.1: [2] ADF f of Gisa MDFifand only if By — I’

For any graph G, the fractional domination number ~#(G) is defined by ~v¢(G) = min {|f|// is a MDF of G}.
Although domination and other related concepts have been extensively studied for undirected graphs, the respective
analogue on digraphs have not received much attention. Of course, a survey of results on domination in directed graphs
by Ghoshal, Lasker and Pillone is found in chapter 15 of Haynes et al.[4], but most of the results in this survey chapter
deals with the concepts of kernels and solutions in digraphs and also on dominations in tournaments. For a survey of
dominating functions, we also refer the research reviews by Haynes et al [5]. In [7], we transferred the concept of
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dominating function (DF) and fractional domination number ~;(G) to digraphs, which were called as out-dominating
function and fractional out domination number -, (D), and subsequently initiated a study pertaining to these concepts.

2. TWIN DOMINATING FUNCTION

A directed graph or digraph D consists of a finite nonempty set 1 together with a prescribed collection A of ordered
pairs of distinct elements of V. The elements of 1V are called vertices and the elements of A are called arcs. If
(u,v) € V', we say that u is adjacent to © and v is adjacent from . The outdegree od() of a vertex  is the number
of vertices that are adjacent from it and the indegree id(») is the number of vertices adjacent to it . Let N () denote
the set of all vertices of D which are adjacent from v. Let Nt [v]=NT(v)U{v}. Let N~(v) denote the set of all
vertices of D which are adjacent to ». Let N~ [v]= N~ (v)U{v}. The minimum indegree and the maximum indegree
among the vertices of D are denoted as ¢~ and A~ respectively. Similarly, the minimum outdegree and the maximum
outdegree among the vertices of D are denoted as 4T and A respectively.

Definition 2.1: [7] An out-dominating function (ODF) of a digraph D = (V, A)isa function /' : V' — [0, 1] such that
Z f( ) > 1forallv € V.

weENT[v]

Definition 2.2: An in-dominating function (IDF) of a digraph D = (V. A) is a function f : V' — [0, 1] such that
ST flu) = 1forall v e V.

weEN [

Definition 2.3: A twin dominating function (TDF) of a digraph D = (V, A)isa function f : V' — [0, 1] such that f
is an out-dominating function as well as in-dominating function.

Definition 2.4: A TDF [ is called minimal TDF if there is no TDF g of D such that g(v) < f(v) for all v € V' and
g(vn) # f(vg) for some vy € V.

Definition 2.5:  The fractional twin domination number ~ (D) is defined by ~ (D) = min {| f|/./ is a minimal TDF
of D}.

Definition 2.6: [7] Let A and B be two subsets of 1/. We say that A out-dominates 3 and write A Bt every
vertex 1 € B\ A is adjacent from some vertex in A.

Notation 2.7:

LB ={veV/[(NT[s]) =1}
2.8y = e V/J(N"[¢]) = 1}
3.Pr={veV/[f(v)>0)

out,

Theorem 2.8: [7] An out-dominating function { of D is a minimal out dominating function if and only if B.+ — I

Definition 2.9: Let A, B and ' be three subsets of V. We say that 4 and B twin dominate C and write
(A, B) = Cifeveryvertex u € (' \ (A U B)is either adjacent from a vertex in A or adjacent to a vertex in 3 .

Theorem 2.10: A twin dominating function f of a digraph D is a minimal twin dominating function if and only if
(By.By) = Py

Proof: Assume that f is a minimal twin dominating function of D. If P \ (B;{ u B;) = ¢, there is noting to
prove. If Py \ (B} U B} ) # ¢, let v € Py \ (B U B}).

Therefore, f(v) >0, [(NT[v]) > 1, [(N~[v]) > L

Claim: id (¢) >1and od(v) > 1
Suppose not, then either id(v) = 0 or od(») = 0. Ifid(z ) =0, N~ [v] = {#}.So, f(N~[v]) = f(v) < 1, whichis
a contradiction (since f (N ~[v]) > 1). If od(v) = 0, a similar contradiction is obtained. Hence the claim.
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We have to prove that u is either adjacent from a vertex in B}L or adjacent to a vertex in B;. Suppose not, vertices

adjacent to » are not in B;’ and vertices adjacent from = are not in B;. Let 2, va, ..., v, be the vertices adjacent
to v and wy ., ua. . .., u,, be the vertices adjacent from .

Therefore, [(N1[v1]) > 1, f(NT[wo]) > 1,.... [(NT[v,]) > Land f(N " [ws] > 1,
SINTus] > 1o, fIN T Ju] > 1. Let fINT[0]) =145, [(NT[n]) =1+ s

JINTw]) =14 ss, ..., [(NT[e,]) =14+ s, (N[0]) =1+ (N [w]) =1+ t1.

real numbers. Let . = min (S, S1, S2, -+ -+ 8. by brala, oot f{0)).

flu), uF# v

Define g : V' — [0, 1] by g(u) = {}‘( | .
flv)—a, u=uw

Then, g(NT[v]) = f(NT[v]) —x=1+s—2z > 1(sinces —x > 0)

g(NT[w]) = f(NT[vy]) —z=1+s;, —a > 1(sinces;, —x > 0),i=1,2,...,n
gINT[]) = f(NT[u]) —x=1+t—a > 1(sincet — x > 0)

gNT[w]) = f(NT[w]) —xz =1+t —x > 1(incet, —x >0),i=1.2,....m.

Also, g(Nt[u]) = f(NT[u]) = land g(N"[u]) = f(N"[u]) > 1forall u € V\ v, v v, 000y, tige o tiy |
So ¢ is a twin dominating function of D and, g(u) < f{wu)forallw € V and f(v) # g{v). This is a contradiction
as f isaminimal twin dominating function of D. Therefore, (B}, B} ) — Pj.

Conversely, assume that (B}r B;) — P;. Suppose f is not minimal. So there exists a twin dominating function g
of G such that g(u) < f(u) for all v € V and g(uo) # f(u) for some uy € V. This implies that f(ug) > 0
(since g(uo) < f(ug))and hence ug € 7.

Case (i): [(NT[ug]) =1
Then, g(NT[ug]) < lasg(u) < f(u)forallw € Vand g(uo) # f(10) . Thisis a contradiction.

Case (ii): f{N " [ug]) = 1
This is similar to case (i)

Case (iii): /(N*[ug]) > 1and f(N~[ug]) > 1. Therefore, uy € P \ (B} U B} ). Since (B}, By ) — Fy,
g IS either adjacent from a vertex v in B}L or adjacent to a vertex xq in B;. If ug is adjacent from vy & B‘}L,
then f{ N*[vg]) = 1 and hence g(NF[vg]) < 1 (since g(u) < f(u)forallw € Vand g(uo) # f(ug)). Thisis
a contradiction as ¢ is a twin dominating function. Similarly, if u is adjacent to g € BJ?, we get a contradiction.
Therefore, f is a minimal twin dominating function.

) —oon
Theorem 2.12: For . = 2, v, (C))= =
J,f ‘)

- .
Proof: Let C,=(V, A) where V' = {wv;,va,... v, } and A = {(v(, v}, (2. 03),.... (v, v1)} . Define

) 1
T

— Loon — n )
(@) || = 5 - Toprove v1:(C))> o let f be any twin dominating function of D. Then, [(NT[v;]) > 1

and f{N~[1,]) Zdl a=1,2 ..., n.(i.e) f(vi) + f{va) = 1, fva) + flus) = 1., f{u,) + f() > 1
and f{vi)+ fv,) > 1, flva) + f{vi) > 1,..., flv,) + f{v,_1) > 1. Here, there

o r=1,2...., n. Clearly f is a twin dominating function of D. So,
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. Lon
are only » inequalities that are added up by which we get 2| f| > n. (i.e) | /| = 3 for any twin dominating function

- . L . . ) > . n
f of C,,. Taking minimum over f on both sides of this inequality, we get ~ s,(C.,)> 5

1 n
Theorem 2.13: For a digraph D = (V, A1) with n vertices, max \ <~ (D). Also the bound is
graph D = (V. A) (A+1.A++l)_ﬂ()
sharp.
Proof: Let f be any twin dominating function of D. So Z FINT [-U]) = Z f(q_;)(:jd(@) + ]) (since f{v) repeats
vel veEY
id(w) + Ltimesin > f(NT[o])- (&) V] <3 f(w)id(v) + |f] Gince fF(NT[v]) > 1).
vEV oeV

Therefore, n. < Z f'(f(:)A— + |f| (since id(v)< A7)

veV
(i.e) Y ®
i.e. —

AT+1—©
Also, Z f(j\-’_[ru]) = Z f(g)) (()(j}'(@;) —+ 1) . Therefore, |V| < Z f("!})()(li('l.’) + |f|

veV veV velV

Ge) Ly g @
i.e. —

A-+1 7"
From (1) and (2), we get maX(AT:— T A+n+ 1) <| f]. Taking minimum over f on both sides of this inequality,
we get max i " <~y (D)

J A F 1A y1) ="
—
For the directed cycle C,,, AT = A~ =1,
Therefore, max i i =2 Also by theorem 2,12 (C%’ )= " 'S0 the bound is shar
f A7+1~A++l _2' Yy EE ST '11._2- p
Theorem 2.14: For a digraph D = (V, A) with = vertices, 7y (D) < 5 ?_:_ lwhere 8'=min (&1, 47). Also the bound is
sharp.
. . ] . 1
Proof: Define f:V —[0,1] by fl{v)= —  for all v E€V. Now, |INTlo]| =
5+ 1
. . N+
od(v)+1> 06T+ 1>+ 1foralle € V. Therefore, f{N*1[v]) = | 5’ _’_[11] > lforallv € V.
C
. e - : . N[
Similarly, [N~ [v]|=id(v) +1 > 6~ + 1 > & + 1forallv € V. Therefore, f(N [v]) = 1 > 1 for
. . o ) . ) n —

allz € V. Hence f is atwin dominating function of D. (i.e.) v (D)< | f| = Tk By theorem 2.12, ~ ,(C',,)=

n — ]
3.Also inC,ét=46"=1.

) n n
Therefore, &' = min(d*,57) = 1.. (i.e) —— = —. So the bound is sharp.
a+1 2

Theorem 2.15: Let D = (V, /) be a digraph in which there are n vertices of either outdegree 0 or indegree 0. Any

vertex with an outdegree of at least 1 and indegree of at least 1 is adjacent to a vertex of outdegree 0 and adjacent from
a vertex of indegree O if and only if ~ ¢, (D) = n.
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Proof: Let vy, va, ..., v,, be the vertices with either outdegree 0 or indegree 0. Let &/ = V' \ {wq, 09, ... .0, }

Then any vertex in {7 has an outdegree of at least 1 and an indegree of at least 1.

Assume that any vertex with an outdegree of at least 1 and indegree of at least 1 is adjacent to a vertex of outdegree 0
and adjacent from a vertex of indegree 0. Let f be any twin dominating function of D. Since either od(v;)= 0 or

72
id(v;)=0f{v;) = 1,i =1,2...,n . Therefore, 1= > flu)+ > flu)= > flu) +n (e), |f] = n
wels =1 wel’
for any twin dominating function f of D (since > f{u) > 0). So, v#(D) = 1. To prove (D) < 1, define
weld
SV =0 1]by f(v,)=1,i=1,2,..., nand f(u) =0 forall w e /. Clearly, /(N*[¢]) > land
SIN~[v]) > 1 for all v & V. Therefore, f is a twin dominating function of D. Hence, (D)<

lfl= > flu)+ ?_lef(?*t) =n.

wels

Conversely, assume that (D) =n. Let / be any twin dominating function of D. Since od(v;) = 0 or id(v;) = 0,

KL

So. | f| = 3 flu) + X flw)

uels =1
Therefore, | f| = > f(u) +n )
ucl’
Suppose that some vertex in V', say, g, is not adjacent to any of the vertices ©y, vs....,u,. Therefore,
N7T[ug] € U. So, S f(u) > 1. Taking minimum over fon both side of (3), let min { 3~ f(w)/f is a twin
uell uell

dominating function of D} = 1 + x, where & > 0. So (3) becomes ¥4 (D) =l + 7z +n. (le)n=1+x+n .
This implies that 1 + = (). This is a contradiction. Hence, every w, &€ U is adjacent to a vertex of either outdegree 0
or indegree 0. A vertex can not be adjacent to a vertex of indegree 0. So every « & I/ is adjacent to a vertex of
outdegree 0. Similarly, we can prove that every . € I is adjacent from a vertex of indegree 0. Hence, any vertex with
an outdegree of at least one and indegree of at least one is adjacent to a vertex of outdegree 0 and adjacent from a
vertex of indegree 0.
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