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ABSTRACT

In this paper Laplace operators are used to solve the Mellin Type Integral Transform which can be a technique for
solving boundary and initial value problems. This Transforms is applicable in finite interval. This work intends to
understand how Laplace operators leads to properties and relations with the Mellin Type Integral Transform. The
main aim of this work is to find the relation between Laplace transform and the Mellin Type Integral Transform in
[0,1/a], the result have been modified by applying suitable functions which leads to the results of Mellin Type Integral
Transform in the interval 0<¢<i/a. We illustrate the advantages and use of this transformation Cauchy’s Differential
Equation have been solved. We have also studied graphical representation of Mellin Type Integral Transform using
MATLAB.
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1. INTRODUCTION

The Laplace Transform is used to study the properties of Mellin Type Integral Transform in the range 0 to 1/a and also
to show the validity of properties like Linear Property, Scaling Property, Power Property, theorems like Inversion
Theorem, Convolution Theorem, Parseval’s Theorem, First and Second Shifting Theorems. We obtain the Mellin Type
Integral Transform of the n™ order derivative of f(t) with respect to t and Cauchy’s Linear Differential equation
Ly(F(®) = t?f"(t) + tf'(t) + f(t) = 0 is solved by using this Integral Transform. The solution of differential
equation is graphically presented by MATLAB.

2. PRELIMINARY RESULTS

Let f(x) be a given function of x which is defined for all x>0 and ‘s’ is parameter,then Laplace

Transform is L[f (x)] = [ e~ f(x)dx (1)
Considring x=log (1/at) then L[f(¢t)] = fol/a a’ts~1 f(t)dt, denoted by M [f (t),s,0,1/a]

MIf(t),5,0,1/al = [ st f(t)dt @
Thus obtained is a The Mellin Type Integral Transform in [0, 1/a], a>0

3. PROPERTIES

3.1 LINEAR PROPERTY

The Mellin Type Integral Transform is a Linear operator, that is for any functions f(t) and g(t), We have

M|af @® +Bg(0),5,0,1] = aM [£@©),5,0,2] + pM [£ (), 5,0, 2] o
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3.2 SCALING PROPERTY

The Mellin Type Integral Transform in [0, 1/a] is

1/a

[f(t)so ] Jo s e (B)dt

Then M[f(bt),s,0,5] = (6) [}/ as e f(0)dt = (b~IM[f (1), 5,0,%] @)

3.3 POWER PROPERTY

The Mellin Type Integral Transform in [0, 1/a] is

1/a

[f(t)so ] Jo s e (B)dt

1

Then M [f(tb),s, Oﬂ = M[f(t)'% 'O'aib] ©)

b

4. MAIN RESULTS
4.1 INVERSION THEOREM

Theorem: The Mellin Type Integral Transform in [0, 1/a] is

1/a

[f(t)so ] Jo s e (B)dt

Then f(t) = —f”“’”s [f(t) 5,0, ]ds

C—1lw

Proof: Assume that M [f(t), 5,0, ﬂ is a regular equation in the strip |[Re(s)| < r (‘r’ to real number) of the s-plane and
that 0 < c<v, c-l oo < s<c + ico, Where ¢ is constant then

l/a

M[f),5,0,] = [} a® 1 f()dt

_ fl/a s ps-1 [ 1 fcc_ti:’x—sM [f(t),s, Oﬂ ds] dt

2mi

= Lfcc_t:f ‘SM[f(t) 5,0, ]ds]fl/aa tsldt

2mi

=Lty [f(t),s, 0, ﬂ ds

2mi YC—lo

fG) == [ M[F©),5,0,2] ds (©)

2mi YC—lo g

4.2 CONVOLUTION THEOREM

Theorem: The Mellin Type Integral Transform in [0, 1/a] is

1/a 1/a

[f(t)sO ] Jo s e (B)dt andM[g(t)sO ] Jy et T g(t)de

Then M~1 [f(t),s, o,ﬂ = f(t) = —f”“"”‘ss [f(t) 5,0, ]d,s

2mi YC—lo

M g(0),5,0,7] = g(8) = o= [ =M [g(0),5,0,7] ds

—io g

M[f(t)g(x— t),s,O,ﬂ ——mexss [ ®),s,0, ]M[g(x— t), s,~ t,t]ds (7

2mi Y C—lo
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4.3 PARSEVALS THOREM

Theorem: The Mellin Type Integral Transform in [0, 1/a] is

M[f(t),s, o,ﬂ = [}""a t7 f(O)de and M [g(t), s, O,ﬂ = [ e g (D)t

Then M~ [£(0),5,0,2] = £(©) = = [ "M [£(2),5,0,%] ds

2mi JYc—io

M [g(t),s, Oﬂ =g() = LfCerx—_SM [g(t),s, Oﬂ ds

2mi Yc—in s

L' fc+iw xS

—M [f(t),s, O,ﬂM [g(t),s,i— t,t] ds 8)

2mi Yc—io s

M[f(©)g(),5,0,%] =
4.4 DEFINITIONS
Heviside Unit Step Function
For U(t-a)=H(t-a) =1, whent>a

=0,whent<a
U(t-a) or H(t-a) is known as the Heviside Unit Step Function.
4.5 FIRST SHIFTING THEOREM

The Mellin Type Integral Transform in [0, 1/a] is
M [f (®),s, O,ﬂ = [/ as U f(e)de
Then M [¢" £(1),5,0,2] = M[£(6),s +n,0,] )

4.6 SECOND SHIFTING THEOREM

The Mellin Type Integral Transform in [0, 1/a] is
M [f (t),s, O,ﬂ = fol/ “as 571 ()dt
Then M [f (¢ — b)U(t — b),,0,%] = MIf (), s,~b, %~ b]

Proof: M [f(t — b)U(t — b),5,0,2| = /" a® t57 £ (¢ = H)U(t — b)dt

1
Let u=t-b then = f_Eb_b a*(u+ b)) f(w)U(w)du
1
If U(t-b)=1, when t>b = [o " a(u+b) f(wdu
=M[f(u),s, —b,i —b] where kernel is (u + b)*1 (10)

5. DERIVATIVES
5.1 The Mellin Type Integral Transforms of first order derivative of f(t) w.r.t. t
Suppose that f(t) is continuous for all t > 0 satisfying (2) for some value y and m and it has derivative f'(t) which is

piecewise continuous on every finite interval in the range of t > 0 . Then the Mellin Type (finite) Integral Transforms of
the derivative of f(t) exists when s > y and |f(t)| < m e* for all t > 0 for some constants.
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Proof: Considering the case when £'(t) is continuous for all t>0, then integrating by parts, we get

M [f'(t), 5,0, %] = fol/aas tSLF(t)dt

1

=af ()= (s — DMIF(t),s — 1,0, ] (11)
5.2 The Mellin Type Integral Transforms of nt* order derivative of f(t) w.r.t. t

M[f(©),5,02] = " a e )t

=af’ (i) — (s = Da?*f (i) + (s —1D(s —2)M[f(t),s — Z,O,i] (12)

similarly, M [£"(£),5,0,2 | = af" (3) = s = Da?f (2) + (s - V(s - 2a*f (3)
—(s = 1)(s = 2)(s = M[f(t),s — 3,0,-] (13)
M[fr(©,50,5] = afm (3) = 5 = D@2 (3) o= (5 = D5 = 2) oo (s = mMIF(),5,0,5]  (14)

6. APPLICATION

Consider Cauchy differential equation L, (F(t)) = t2f"(t) + tf'(t) + £ (¢),
M [tf (t),s,0, ﬂ = fol/ “as 5 f(t)dt
= f(i) —sM[f(t),s, 0,%]

M [thrr(t)’ 5,0, i] = fol/a as t5+1f"(t)dt

=if(i) —(s+ 1)f(%) +s(s + 1)M[f(t),s,0,i]

MLy (F(©)),5,0,2] = MIE2f () + £t (6) + f(£),5,0,]

1

=7 ()= () + 6 + DMIF©,5,0.7

a

If L,(F(t)) = 0 then M[L,(F(t)),s, o,i] =0

o ()= Q)+ &+ ours0] =0

1

Mf@.5,02] =zt () -2 () (15)

a

7. GRAPHICAL REPRESENTATION:

Consider the equation

M@0 = 25057 (7) -2, ()

a a a
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(@) f(x)=x* t

y-axis

y-axis

(©) f(x)=log(1+x)

y-axis
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hen f(a) = aand let a=1

plot for ﬁ[x}=x2
0.5 T T T T T

plot for s=0:1:10

plot for fix)=e™

plot for s=0:1:10

then f(a)=log(1+a) and leta=1

plot for fix)}=log(1+x)
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plot for s=0:1:10
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8. CONCLUSION:

We have been seen how the properties of the Laplace operator holds good for the Mellin Type Integral Transform in
[0,1/a]. The Cauchy Differential Equation is solved and we have given graphical representation of the solution of
differential equation by MATLAB. It is observed that Mellin Type Integral Transform in [0,1/a] gives better results
than other Integral Transforms.
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