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ABSTRACT

In this paper, We established Some Common Fixed Point Theorems for Random Operator in polish spaces, by
using some new type of contractive condition taking concept of 2-metric space motivated by Sharma, Sharma and
Iskey[16]. Our result is generalization of our result for polish space and also various known results.
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1. INTRODUCTION

Probabilistic functional analysis has emerged as one of the important mathematical disciplines in view of its role in
analyzing Probabilistic models in the applied sciences. The study of fixed point of random operator forms a central
topic in this area. Random fixed point theorem for contraction mappings in Polish spaces and random Fixed point
theorems are of fundamental importance in probabilistic functional analysis. There study was initiated by the
Prague school of Probabilistics, in 1950, with their work of Spacek [15] and Hans [5,6]. For example survey are refer
to Bharucha-Reid[4]. Itoh [8] proved several random fixed point theorems and gave their applications to Random
differential equations in Banach spaces. Random coincidence point theorems and random fixed point theorems are
stochastic generalization of classical coincidence point theorems and classical fixed point theorems.

Random fixed point theorems are stochastic generalization of classical fixed point theorems. Itoh [8] extended several
well known fixed point theorems, thereafter; various stochastic aspects of Schauder’s fixed point theorem have been
studied by Sehgal and Singh [14], Papageorgiou [12], Lin [13] and many authors. In a separable metric space, random
fixed point theorems for contractive mappings were proved by Spacek [15], Hans [5, 6]. Afterwards, Beg and Shahzad
[2], Badshah and Sayyad studied the structure of common random fixed points and random coincidence points of a pair
of compatible random operators and proved the random fixed point theorems for contraction random operators in
Polish spaces.

2. PRELIMINARIES
In this section, we give some definitions which are useful to prove our results.

Definition: 2.1: A metric space (X,d) is said to be a Polish Space, if it satisfying following conditions:
(i) X, is complete,
(i) X'is separable,

Definition 2.2: 2-Metric space
(2.2.1) A 2- metric space is a space X in which for each triple of points x, y, z, there exists a real function d (X, y, z)
such that

[M,] to each pair of distinct points X, y, z,d (X, y, z) # 0

[M2] d (X, y, z) = 0 when at lest two of X, y, z are equal
[Ms]d(x,y,2)=d(y, z,x) =d (x,2,Y)

Mgld (X, y,2)<d (X, y,v) +d (X, v,2) +d (v, Yy, 2) forall X, y, z, vin X.

Definition (2.2.2): A sequence {X,} in a 2-metic space (X, d) is said to be convergent at x if limit d (x,, X, z) = 0 for all
zin Xas n 5w

Corresponding author: Richa Gupta**
**Department of Mathematics, RKDF Institute of Science and Technology, Bhopal (M.P.)
International Journal of Mathematical Archive- 3 (6), June — 2012 2395


http://www.ijma.info/�

Rajesh Shrivastava* & Richa Gupta**/ FIXED POINT THEOREMS IN POLISH SPACE TAKING CONCEPT OF 2-METRIC /
IJMA- 3(6), June-2012, Page: 2395-2401

Definition (2.2.3) A sequence {X,} in a 2-metric space, (x, d) is said to be Cauchy sequence if limit d (x,, X, z) = 0 for
allzinXand m,n—>w

Definition (2.2.4) A 2-metic space (X, d) is said to be complete if every Cauchy sequence in X is convergent.

Before we describe our next hierarchy of set of reals of ever increasing complexity, we would like to consider a class of
metric spaces under which we can unify 2%, ®®, R and there products. This will be helpful in formulating this
hierarchy. (as well as future ones) Recall that a metric space (X,d) is complete if whenever (x,:n € ®) is a
sequence of member of X, such that for every € > 0 there is an N, such that m,n = N implies d(x,,x,) <¢, there
is asingle x in X such that lim,.,x, = x. Itis easy to see that 2°, ®® are polish space, So in fact is ®
under the discrete topology, whose metric is given by letting d(x,y) =1 when x # y and d(x,y) = 0 when
x = y.Let(X,d) be a Polish space that is a separable complete metric space and (Q,q) be Measurable space.
Let 2* be a family of all subsets of X and CB(X) denote the family of all nonempty bounded closed subsets of
X. A mapping T:Q — 2 is called measurable if for any open subset C of X, T™}(C) ={w e Q:f(w)Nn C#
¢ €q. A mapping &Q—X is said to be measurable selector of a measurable mapping T:Q—2X,if & is
measurable and for anyw € Q, &(ow) € T(w). A mapping f:Q x X - X is called random operator, if for any
x € X, f(:,x) is measurable. A Mapping T:Q x X - CB(X) is a random multivalued operator, if for every x € X,
T(-,x) is measurable. A measurable mapping & Q — X is called random fixed point of a random multivalued
operator T: Q x X - CB(X) (f: Q x X - X)if for every o € Q, &(o) € T(0,&(0)),f(0),&(0) = &®)). Let T:Qx
X - CB(X) be a random operator And {& } a sequence of measurable mappings,& :Q —X. The sequence

{&,} is said to be asymptotically T-regular if d(§ (), T (u), £, (w)) - 0.

3. MAIN RESULTS

Theorem 3.1 Let X be a Polish space associated with 2-metric. Let T,S: Q x X - CB(X) be two continuous random
multivalued operators. If there exists measurable mappings o,f,vy,8: Q — (0,1) and a(w) is also a measurable
function greater than zero such that,

d (x,S (w,x),a (w))d (y,T (0y),a (w))d (x,T (m,y))

+d(x(0),y (©),aW) (1.5 (03),2w) ) A T(wy)aw))
H(S(@%), T(0,y),aw)) < a(0) 1+d(y (0),5 (@x),aw))d(y (@), T(@y),aw) )

+ B(@)[d(x S(w,x),a(w) ) + d(y, T(w,y),a(w) )]
+ y(@)[d(y, S(0,x),a(w) ) + d(x T(w,y),a(w))] +3(w) dx(w),y(w),a(w)) 3.1(a)
For eachx,y € X,0 € Q and o, B,y,8 € R with

0 < a(w) + 2B(w) + 2y(w) +8(w) <1, and 1 —a(w) — pBlw) —y(w) # 0,a(w) >0 there exists a common
random fixed point of Sand T.

(hence H represents the Hausdroff 2 — metric on CB(X) induced by the 2 — metric d)

Proof: Let&, : Q — X be an arbitrary measurable mapping and choose a measurable mapping &, : Q — X such that
€, (@) € S(0,&,(w),a(w) ) for each w € Q. then for each w € Q.

[4(50(@.5(0£9 @) ).atw) )d(& @), T(0.8, @) aw) )d(5y (@), (0 @) aw))|
I +d(Eg(@),&; (@),a(W))d(&; (@),5(0,5 (@) ) aw) ),d(&y @), T(0.&, @) ).aw)) I
[ 1+d (&g (@).5(0Ey@) )a(w) )d(&; (@), T(0&; (@).a(w)) J

H(S(0.8@), T(0.&©®),aw)) < a)

+ B(w) [d (50 (w),S (0), &, (m)) , a(w)) +d (él (), T (0), & (m)) , a(w)) ]
+ v (w) [d (él (),S (m, &, (m)) , a(w)) +d (50 (), T (0), & (m)) , a(w))]
+3(@)d(&, (), &, (w),a(w))

Further there exists a measurable mapping &, : Q — X such that for all o € Q,&,(w) € T (m, & (m)) ,a(w) and
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[ (8 (@) @.aw))d(&; (@8, (@).aw) )d (& @).& @.aw)) |
) [ +d(gy ()&, @),aw))d (g ()&, (@),aw)),d(E (@), @) aw) |
1+d (&) (@).8; (@),a(W))d (&, (0).&,(@),a(w))

d(g, (@), &, (), aw)) < a(o

+ B(@)[d(&, (@), & (@), aw)) + d(§, (), &, (w),aw)) ]
+ v (@[d(&, (@), (@),aw)) + d(&,(@),&,(®),aw))] + 3(0)d(&,(©),&, (@),a(w))

a(0)+ B(w)+ y(w)+ §(w)
(& @&, (0),a(w) = TEEERImTE (6 @), @), aw))
() + (@) + y(w)+ 5(w)

Letk = = o P

This gives

d(&, (@), &, (0),aw)) < kd(&,(w),&, (w),a(w))
By Beg and Shahzad [2,lemma 2.3],, we obtain a measurable mapping &, : © — X such that for all o € Q, &, () €
S(@,&,(®),a(w)) and
d (&, (@),5(0),aw)) < d (& @), &,(0),aW))

[ d(& @).6,(@),a(w))d (& @) & @).aw) )d(& ©).& @)aw)) |
< o(e) [+ (5, (@), (@),a(w))d (£, (@) & (@),a(W)) d (& (@) &5 (@) ,a(w)) |
- 1+ (& (@), (@) )d (& (). (0),a(w))

+B(@)[d(E, (0), &, (@), aW)) + d(&, (), &, (w),a(w)) ]
+ v (@)[d(E,(0),&,(®),aw)) + d(g, (®),&, (@), a(w))]

+8(@)d(&, (0),&,(©),aw))D (&, (@), & (),aw))

< kd (&, (0),¢,(0),aw)) k2d(g ©),£, (©),aw))

Similarly, proceeding the same way, by induction, we get a sequence of measurable mapping & :Q — X suct that for
n > 0 and forany o € Q,

&y (@) €S(0,8,, (0),aw)) ,and &, (o) € T(0,&, ,,(@),aWw))
This gives,
d(g, (@), ,,(@),aw)) <kd(& _, (0),& (0),a(w)) < - ... < k(& (0), &, (0),a(w),a(w))
For any m,n € N such that m > n, also by using triangular inequality we have
d(&, (0),&, (©),aW)) < -—d(& (@),& (©),aw))

Which tends to zero as n — oo. It follows that {én (m)} is a Cauchy sequence and there exists a measurable mapping
£:Q - Xsuchthaté (o) —» E(w) foreachw € Q. Itimplies that§, . (o) = &(w). Thus we have for any o € Q,

d(5(0),S(0,5()),aw)) < d(§(@). &, ,,(@),aw)) + d(&@),5 (&, ,,@),aw))

d(E(0), S(0,&®)),aW)) < (£(0),&,, ,,(©),awW)) + H(T(0,,,,, @),a(w)),5(,&,,,,©),aw)))

© 2012, IMA. All Rights Reserved 2397



Rajesh Shrivastava* & Richa Gupta**/ FIXED POINT THEOREMS IN POLISH SPACE TAKING CONCEPT OF 2-METRIC /
IIMA- 3(6), June-2012, Page: 2395-2401
Therefore,

d (&), 5(0, &), a(w)) < d (5(0), &,y ,, (@), a(w),a(w))

(2@ 1 @) (201 @5 (0 1) ) 4 (G (@ T0)

[d(ézmz(“’)'S(“"ézmz(“’))'a(w))d(ézm1(‘*’)'T(“"§2n+1(“’))'a(w))d(‘izmz (@)'T(“'§2n+1(“’))'a(w))]
| |
| 14d(Ep41 (©),3(06p420)) aW) )& 11 (@), T(0.8 41 @) 2(W)) Jl

+o(m)

+ B(@) [d (&, @).5 (0.8,,,,@),aw) + d(&,,, @), T (0,8, ©)),aW))]
1) [4 (500, @5 (0.8, ),awW) + d (&, @, T(0.8,,,,©@))]

+3(w) d(&,, ,,(®),&,, ,,(@)),a(w))

Taking asn — oo, we have

d(§(@),5(w, &), aw)) < (a(w) + W) + y(w) + 6()) d(§(),S(w, (), aw))
Which contradiction, hence ¢é(w) = S(w, é(w),a(w)) forallw € Q.
Similarly, for any w € 12,

d(§(@), $(w,¢()), aWw)) < dE(®), &2 (@), aW)) + H(S(@, 82, (), T(@, E3n41 (@), a(W))
Hence ¢ (w) = T(w, ¢ (w),a(w)) forall w € 0.
It is easy to see that, £ (w) is common fixed point for S and T in X.

Uniqueness: Let us assume that, £*(w) is another fixed point of S and T in X, different from & (w), then we have

d(£(w), & (w),aWw)) < d(§(w), S(w, &2, (@), aw)) + H(S(w, &2, (@), a(W)), T(w, &3p 11 (@), a(w))
+d(T(w, 041 (@), € (0), a(W))

By using 3.1(a) and n — oo we have,
d(§(w),$"(w), a(w)) <0
Which contradiction,
So we have, &(w) is unique common fixed point of Sand T in X.

Corollary 3.2 Let X be a Polish space associated with 2-metric. Let S?,T? : 2 x X - CB(X) be two continuous
random multivalued operators. If there exists measurable mappings «, 8,v,6 : 2 — (0,1) such that,

d(x,Sp (w,x),a(w))d(y,Tq (w,y),a(w))d(x,Tq (w,y),a(w))

) ; +d (2(0),y(@),aW)d (5P (0,),aw). AT (@,y),a(w))
H(SP (@, 2), T (w,y),aw)) < alw) 14d (y (0),57 (0,0),aw)d (y (@), 77 (@,),aw))

+ flw)[d(x, SP(w,x),aw)) + d(y, T (w,y),a(w))]
+ y(@)[dy,SP (w,x),a(w)) + d(x, T (w,y),aWw))] + 6(w) d(x(w),y(w), a(‘EV)))
3.2(a
Foreachx,y € X,w € 2 anda,pB,y,6 € R* with0 < a(w) + 28(w) + 2y(w) + 6(w) < l,and 1 — a(w) —

B(w) —y(w) #0,p,q > 1 there exists a common random fixed point of S and T.

(hence H represents the Hausdrof f2 — metric on CB(X) induced by the 2 — metric d)
© 2012, IMA. All Rights Reserved 2398
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Proof: From the theorem 3.1 and on taking p = g = 1 it is immediate to see that, the corollary is true. If not then we
choose a &, : 2 = X be an arbitrary measurable mapping and choose a measurable mapping &; : 2 — X such that
&1 (w) € S(w, éy(w)) for each w € 1. then for each w € 2, and by using 3.2(a) the result is follows.

Theorem 3.3 Let X be a Polish space associated with2-metrc. Let T, S: 2 X X — CB(X) be two continuous random
multivalued operators. If there exists measurable mappings , 8,v,6 : 2 — (0,1) such that,

d (x,S(w,x),a(w))d (y,T(w ,y),a(w))d (x,T(w ,y),a(w))

+d (2(0),y(@),aW)d (.S (@ 1),aw)).d (T (wy),aw))
H(S(w, ), T(w,y),aw)) < a(w) 1+d(y (),5 (@, 0),aW)d(y (@) T,y),aw))

+ B(w) max[ d(x, S(w,x),aw)), d(y, T(w,y), aw)), d(y, S(w, x), a(w)), d(x, T (w, y), a(w)), d(x(w), y (@), a(w))]

Foreachx,y € X,w € 2 anda,B,y,6 € R* with0 < a(w) + 28(w) + 2y(w) + §(w) < 1,
and 1 — a(w) — B(w) # 0,a(w) > 0 there exists a common random fixed point of Sand T.

(hence H represents the Hausdrof f2 — metric on CB(X) induced by the 2 — metric d)

Proof: Let &, : 2 = X be an arbitrary measurable mapping and choose a measurable mapping &; : 2 — X such that
&1 (w) € S(w, éy(w)) for each w € . then for each w € .

d(£0(@)S(w,E0(@)aw))aw))d(£1(@).T (w1 @))aw))d( @).T (w1 (@))aw))
+d (£ ()61 (@) aW))d (§1(@),5(w,£0 @) aw)) d(Eo )T (w,£1 @) .aw))
1+d(£0(@),5 (@80 @).aw))d (€1 @),T(w £1(@))a(w))

H(S(w,& (@), T(w, & (@), aw)) < a(w)

d(& (), S(w, & (@), aWw)), d(&; (w), T(w, & (@), a(w))

FRImax] e (@), 5(w, 6 (@), aw)), (& @), T(w, & @), a(w)), d(Eo (@), & (), a(w))

Further there exists a measurable mapping &, : 2 — X such that for all w € 2,¢,(w) € T(w, & (w), a(w)) and
d($0(@).81(@)aw))d(§1(w).62(w).aw))d (§o(@)£2(w).aw))

+d (o (@)1 (w).aw))d (§1(0),1 (w),a(w)),d(o(w)fz(w)aw))
1+d (§o(@)&1(@)a(w))d (€1 (w).82(w).aw))

d(§; (@), & (@), aw) < a(w)

A (& (@), &1 (), aw)), d(& (), & (@), a(w)),
FR@IMAx] e (@), ), a@w)), d(E (@), & (@), aw)) , d(E (@), & @), a(w))

d(§ (), (@), aw)) < 2SS d (6 (@), &1 (@), a(w))
a(w)+p(w)

Letk = s

This gives

d(§1(w), &2 (w), a(w)) < k d(§p(w), &1 (w), aw))

By Beg and Shahzad [2, lemma 2.3],we obtain a measurable mapping &; : 2 — X such that for all w € 2,
§3(w) € S(w, &, (w),a(w)) and
d(&1(w),&2(w)aw))d (2(w).é3(w)aw))d(§1(w)E3(w)aw))

+d(§1(w),2 (w), )d(¢2(w),é2(w), ),d (€1 (w),é3(w), )
d(é,(w), & (w), aw)) < d(é(w), & (w), a(w)) < a(w) $1(0)f 1‘: d‘zg'()w);ZZ(::’))ZZ(;Z"J)(;;(&))Zl(w“;) fa(w)a(w)

d(§1(w), §2(w), a(w)), d(§2(w), §3(w), a(w)),
d(§z (@), &2 (w), a(w)), d(§; (w), §3(w), aw), d(§; (@), &2 (w), a(w))

d(§2(w), §3(w), a(w)) < k d(§; (W), 2 (w), a(w)) < k2d(§o(w), &1 (), a(w))

+ B(w) max

Similarly, proceeding the same way, by induction, we get a sequence of measurable mapping ¢,,: 2 — X suct that for
n > 0 andforany w € 0,

© 2012, IMA. All Rights Reserved 2399
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§2n+1 (w) S S((,(), EZn ((1))’ a(w)) ) and EZn+2 (w) S T(w’ §2n+1 ((U)' a(w))

This gives,

d(§, (@), $n11 (@), a(w)) < kd(§, 1 (@), 8, (@), aWw)) < -+ ... £ k"d(§(w), §; (w), a(w))
For any m,n € N such that m > n, also by using triangular inequality we have
d(&, (@), & (@), aW)) < 2 d (& (w), & (@), a(w))

Which tends to zero asn — oo, It follows that {&, (w)} is a Cauchy sequence and there exists a measurable mapping
& : 0 - X such that &, (w) - é(w) for each w € 0. It implies that &,,,,; (w) = &(w).

Thus we have for any w € 0,
(¢ (@), (0, £ (W), aW)) < d(E (@), E2n42(@), aW)) + d(§(@), S(@, E3n42(@)), a(w))
(¢ (@),S(0,§(@)), aw)) < dE (W), Eani2(@), aW)) + H(T(, 2541 (@), S(@, E3n42 (@), aW))
Therefore,

d (£(@), $(w,§(@)), aW)) < d(£(®), E2ns2(), a(w))

d(&2p 42 (@).S(w.E2042(@)).aW))d (€27 41 (@), T(w,E2n4+1(@)).aw))d (E2n +2 (@), T (@620 11 (@)).aw))
+d (E2n42(@)E2n 11 (@).aW))d (Ean+1(@).S(w,E2n+2(@)).aW)).d Ean 42 (@), (w,y).a(w))

+a(w) 14d (27 41(@),5(w €25 42(@)),aW))d (§2n 41 (), T (@ ,E2n 41 (@)).a(w))

A(E2n42(@), S(@, 3042 (@), aW)), d (€241 (@), T((@, E2p41 (@), a(W)),
+ Blw)max|d(&,,41(w), S(w, &2 (@), aW)), d(E2n 12 (@), T(w, &2 41 (@), a(W)),
d(&on2(W), Enrq (), a(w))

Taking asn — oo, we have

d(£(), S(w, &), aw)) < (a() + Bw)) d(§(w),S(w, E(w)),a(w))

Which contradiction, hence
é(w) = S(w, é(w),a(w)) forallw € 0.

Similarly, for any w € 12,

d(§(@), $(w,¢ (@), aw)) < dE (), &2ps1 (@), aW)) + H(S(@, 82, (@), T(@, E3n41 (@), a(W))
Hence ¢ (w) = T(w, ¢ (w),a(w) ) forall w € 0.
It is easy to see that, £ (w) is common fixed point for Sand T in X.

Uniqueness: Let us assume that, £*(w) is another fixed point of S and T in X, different fromé(w), then we have

dE (), & (w), aw)) < d(§(w), S(w, &2n (@), a(w)) + H(S(w, &3, (@), aW)), T(w, & 41 (@), a(w))
+d(T(w, &041(@)), € (0), a(W))

By using 3.1(a) and n — o« we have,

d((w), & (w),a(w)) <0
Which contradiction,
So we have, ¢(w) is unique common fixed point of Sand T in X.

Corollary 3.2 Let X be a Polish space associated with 2-metric. Let S?,T? : 2 x X - CB(X) be two continuous
random multivalued operators. If there exists measurable mappings «, 8,v,6 : 2 = (0,1) ,a(w) > 0 such that,

© 2012, IMA. All Rights Reserved 2400



Rajesh Shrivastava* & Richa Gupta**/ FIXED POINT THEOREMS IN POLISH SPACE TAKING CONCEPT OF 2-METRIC /
IJMA- 3(6), June-2012, Page: 2395-2401

d(x,SP (w,x),aw))d(y,T? (w,y),aw))d(x,T9(w,y).aw))

» q +d (2 (), (@),aW)d (7,5P (0,),a(w)),d (0T (w,y),a(w))
H(SP (w,x), T (w,y),a(w)) < a(w) 1440 ()5 @)l @)@ )

d(x, 87 (w, x),a(w)),d(y, T (w,y), a(w)),
+ B(w)max| d(y,SP(w,x),a(w)),dx, T (o,y),a(w)), 3.2(a)
d(x(»), y(®),a(w))

Foreachx,y € X, € Q anda,B,y,6 € Rt with0 < a(w) +B(w) <1,and 1 — a(w) —pB(w) # 0,p,q > 1 there
exists a common random fixed point of S and T.

(hence H represents the Hausdroff metric on CB(X) induced by the metric d)

Proof: From the theorem 3.1 and on taking p = q = 1 it is immediate to see that, the corollary is true. If not then we
choose a &, : Q2 — X be an arbitrary measurable mapping and choose a measurable mapping &, : Q — X such that
€, (@) € S(0,&,(w)) for each » € Q. then for each » € Q, and by using 3.2(a) the result is follows.
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