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ABSTRACT
In this paper, g*SI —closed sets, *s- additive, *S - multiplicative, g*SI - additive and g*SI - multiplicative

spaces are introduced and their properties are investigated. We introduce the notion of ¢ "1 — continuous function
and other related functions. The relationships between them are also studied.

Keywords: Semi local function, g °1 —closedset, g™°1 —open set, g™l —continuous function, weakly
g"° I —continuous function, strongly g | —continuous function, g I - additive space, g”° I - multiplicative

space, g ° | - connected space, g"° | - compact space.

1. Introduction

Ideals in topological spaces have been considered since 1930. In 1990, Jankovic and Hamlett [5] once again
investigated applications of topological ideals. EI — Monsefetal [1] in 1992 and quite recently Khan and Noiri [7] have

studied semi-local functions in ideal topological spaces. 1g —closed sets were first introduced by Dontchev etal [2]
in 1999. gl —closed sets were introduced by M. Khan and T. Noiri [6] in 2010, sgl —closed sets were
introduced by M. Khan and T. Noiri [8] in 2011, and IS*g —closed sets were introduced by M. Khan and M.

Hamza[4] in 2011. In this paper we define g | —closed sets, g"°1 —continuous function, and various other
related properties of these closed sets and the relationship between these functions are obtained.

2. Preliminaries
An ideal 1 on anon empty set X is a collection of subsets of X which satisfies the following properties.

iYAel,Bel = AuBel
(iAel,Bc A= Bel

A topological space (X,7) withanideal I on X is called an ideal topological space and is denoted by (X, 7, 1) .

Let Y be a subset of X . |, ={IAY /Il €l} is an ideal on Y and by (Y,z/Y,l,) we denote the ideal
topological subspace. Let P(X) be the power set of X , then a set operator ( )*: P(X) — P(X) called the local
function [10] of A with respectto 7 and | is defined as follows:

For Ac X, A"(l,7) = {X e X/U N Ag | foreveryopen set U containing X}.
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We simply write A’ instead of A" (I,7) in case there is no confusion. A Kuratowski closure operator ¢l”( ) for a

topology 7 (I,7), called the t*- topology is defined by cl " (A) = AU A'[4] .

A subset A of a space (X, 7) is said to be semi-open[1] if A < cl(int(A)).

A set operator ()™ : P(X) — P(X) called a semi local function and cl™*( ) [1] of A with respectto 7 and |
are defined as follows:

ForAc X, A®(l,7)= {X e XIUNAgl for every semi open set U containing X}. and
CI®(A)=AUA™.

Note: A" defined in [1] and A. defined in [9] are the same. For a subset A of X , cl(A) (resp scl(A)) denotes
the closure (resp semi closure) of A in (X,z). Similarly cl”(A) and int"(A) denote the closure of A and
interior of A in (X,77).

Asubset A of X is called * closed [5] (resp.x s - closed) if A" < A (resp A < A). A is called * - dense [5] in
itself (resp .x s - dense). If Ac A" (resp Ac A™) A is called * - perfect [5] ( resp .+ s - perfect). If A= A"

(resp A= A*S) A subset A of a topological space (X,7)is said to be generalized closed [5] (briefly g-closed) if
cl(A) cU whenever Ac U and U isopenin X . The complement of g — closed set is said to be g — open .

Definition 2.1: A subset A of a space (X, 7, 1) is said to be

(i) gl —closed[6] if A < U wherever Ac U and U —open in X .

(i) I, —closed[2] if A" U wherever AcU and U —open in X .

(iii) sgl —closed[8] if A < U wherever AcU and U —semi open in X .
(iv) 1, —cClosed[4] if A” U wherever AcU and U —semi open in X .

The complements of gl —closed (resp I, —closed, sgl —closed , I.., —closed ) are called gl —open

(resp I, —open, sgl —open, ., —open).

S

Lemma 2.2 [1]: For A, B in (X,7,1) we have

(i) If Ac B then A® cB™®

i) (A)° < A

(i) A® UB™ o (AUB)™®

(iv) (ANB)® c A®NB™

W) If | ={g}, A =scl(A) and cl™ (A) = scl(A)
(i) If I = p(X) then A™ =¢ and cl > (A) = A
(viiy A =scl(A™) < scl(A) and A™ is semi closed.

3. g1 - closed sets

Definition 3.1: A subset A of an ideal space (X,7,1)is said to be g °1 closed, if ¢l (A) cU whenever
AcU andU is g—open in X .

The complement of g | —closed setis saidtobe g™° | ——0pen . The collection of all g > —closed sets
(resp g° | —open sets) is denoted by G °IC(X) (resp G °10(X))
© 2012, IIMA. All Rights Reserved 2403
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Remarks: 3.1

1.1f 1 = p(X) then cI™ (A) = A VY Ac X andhence every subset of X isg > | —closed .
2.Since A" = {p} for every A e I, every member of | is g"°I —closed .

3. Since every open setis g —open, every g ° | —closed setis gl —closed . But the converse is not true in
general as seen from example (3.1).
4. Every 7" —closed set is g "1 —closed . But the converse is not true in general as seen from example (3.3).

5. |, —closed and 9| —closed are independent concepts as seen from example (3.3, 3.2).
6. 1, —closed and g1 —closed are independent concepts as seen from example (3.1, 3.4).

7. sgl —closed and g*S | —closed are independent concepts as seen from example (3.1).

Example 3.1: Let (X, 7) be an indiscrete space, X, € X and | = {¢, {XO }}

Then A = A" =X if A={x,}
—¢ if A={x}.

Any subset A {X,} isgl —closed , I, —closed, sgl —closed, I, —closed butnot 7> —closed and
9”1 —closed .

Example 3.2: Let (X,7) be an indiscrete space pe X and | = {A cXlpg A}.

Then A® =A" =X if peA
=¢ if peA.

— H *S *S
A= {p} isgl —closed , I, —closed, sgl —closed , I., —closed butnot 7> —closed and g ~ | —closed .

Example 3.3: Let X = {a,b,c,d} L T= {¢, {a,b}, X}, and | = {¢{a}} then A= {a,c} is g1 —closed but
not 7° —closed and A= {c}is g"*1 —closed butnot I, —closed .

Example 3.4: Let X = {a,b,c,d} , T = {¢, X,{a}, {b}, {a,b}}, and | = {¢} then A= {a} is g"°1 —closed
but not 1g — closed .

Note: In an ideal space (X, 7,1), (AUB)™ # A™ UB™ in general as seen from example 3.5.
Example 3.5: Let X = {a,b,c,d}, 7 = {¢, X, {a}, {b},{a,b}}, | = {}.

Then{a}”° ={a}, {b}° ={b} and {a,b}° = X .

This shows (AU B)™ = A® UB™.

Definition 3.2: An ideal space (X7, 1) is said to be

n *S n
(i) *S — finitely additive if {U AI} = U(A- )™ for every positive integer N .
i=1 i=1

n *S [o'e}
(i) *S — countably additive if {U A } =Jne.
i=1

i=1
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*S
(i) * S — additive if {U Aa} = U (A,)™ for all indexing sets © where A, ‘s are subsets of X-

aeQ) aeQ)

Similarly we define *s - finitely multiplicative, countably multiplicative ideal spaces by taking intersection in the
place of union.

(iv) g1 - finitely additive (resp g | - countable additive, g ° | - additive) if finite union (resp countable union,

arbitrary union) of g"° 1 —closed setsisg ™| —closed .

Similarly we define "> I - finitely multiplicative (resp g ° | - countably multiplicative, g”° I - multiplicative) if

finite intersection (resp countable intersection, arbitrary intersection) of g "> | —closed setsis g™ | —closed .

Remark 3.2:
1. *s - finitely additive (resp g "1 - countable additive, additive spaces )are g*S | - finitely additive (resp countably
additive, additive) but not conversely.

2. *s - additive spaces are *S countably additive and *S countable additive spaces are * S - finitely additive but not
conversely.

3. g"°| additive spaces are g ° | - countably additive and g | - countably additive spaces areg " | - additive
but not conversely.

Example3.3:Let X =R, | = {¢} 7 - cofinite topology.

Then 7 = {(,/5, X, Al Atis finite} . Closed sets are ¢, X and all the finite subsets. A™ = A if Ais finite and X
if A isinfinite.

For every positive integer n,

let A ={-N-N+L..0cccco,....n =10} then A = A Vn.(UA)® =(Z)° =RandU(A)"° =2

let A, B be set of all non negative and non positive integers respectively.

Then A®* =R=B™, A® "B™® =R and (AnB)™ = {O*S }: {O} Therefore this space is

1. not *s - finitely multiplicative, and hence not * S - countably multiplicative, and not * S - multiplicative.

2. * s - finitely additive but not countably * S - additive, and not * S - additive.

3. g I - multiplicative, g”° I - finitely multiplicative and g~ I - countably multiplicative.

4. g ° 1 - finitely additive, butnot g I - countably additive and not g"° I - additive.

Example 3.4: Let (X,z) be indiscrete space X, € X and | ={g,{x,}} . thenGO(X)z{all subsets}.

AS =X, if Az{x,Jand A® =g if A={x,} cI™(A)=X if A={x,}and cl(A)=Aif A={x,}.
G IC(X) =1{$, X, {Xo }}- 1f B={X;, %} and C ={x,,%,} where X,,X, # X, inX,

then B® =X, C™® =X, B®NC™ =X; (BNC)™ ={x,}° = {¢}. Therefore this space is

1. not * s - multiplicative, and not * S - finitely multiplicative, and not * S - countably multiplicative.

2. 9% -additive g | - multiplicative, g~° | - finitely additive , g I - multiplicativeand g > - countably
additive and g*S | -countably multiplicative.

3. *s-additive , * S - finitely additive and * S - countably additive.
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Remark: 3.3: In an ideal topological space (X, 7, 1) whichis *S — finitely additive we have following results:

1. ¢l (¢) = ¢

2.¢I™®(X)=X

3. Accl™(A)

4. ¢l (AUB) =cl™ (A)ucl™(B)
5. ¢l (el (A))= ¢l (A)

for all subsets A, B and X.

Therefore CI*S( ) satisfies Kuratowski Closure axioms [10] and hence it defines a topology 7" whose closure
operation is given as ¢l > (A) = AU A™ . Notethat z = 7" = z™°. ¢I”>(A) and int™> (A) denote the closure

and interior of Ain (X,77°).

Theorem 3.1: A subset of a *S — finitely additive ideal space (X,z,1) is g >l —open if and only if
F c Int™ (A)wherever F — A and Fisa g —closed subset of X .

Proof: Let A be g >l —open and F be a g—closed subset of X contained in A. Then (X —F)is a
g—open set containing X — A which implies X —Int™ (A) =cl™ (X — A) = X — F Conversely, let
F c Int™ (A) whenever F — A and F isa g —closed subset of X .

Let U be g—open and X—-AcU. ThenX -U c Int™®(A)= X —cl™ (X —A). Therefore
cl™ (X = A) cU whichproves X —Ais g1 —closed.So A is g °1 —open.

Theorem 3.2: For each X € (X, 7, |) either {X} is g —closed or {X}° is g1 —closed in X .

Proof: Suppose {X} is not g —closed, then {X}° is not g —open .Therefore the only g —open set containing
*S «

{x}°is X and ({X}C) < X which proves that {x}° is g"°I —closed .

*S I _

Theorem 3.3: In an ideal space (X, 7, 1) whichis *S - finitely additive, if U is semi open and A is ¢

then U N A is g°1 —open.

open,

Proof: Let X —(U " A)c G and G be g —open.

Then (X —A)U (X —U) = G and thisimplies X —Ac G and X —U c G. (X - A) is g"°| —closed and
G is g —open imply ¢I*(X —=A)cG and ¢l ® (X —U) cscl(X -U)=X-U cG

Therefore ¢l *[X — (AnU)]=cl™[(X = A)U(X —U)]cI™ (X = A)ucl™ (X -U) =G
(since the ideal space is * S - finitely additive) Thisimplies ANU isg | —open.

Theorem 3.4: If B isasubset of a *S - finitely additive space (X,z,1) suchthat Ac B <cl™(A) and A is
g1 —closed , then B isalso g °1 —closed in X .

Proof: Let U be g —open and B U . Then AcU implies cl® (A) cU

Therefore ¢l (B) < ¢l (cI™® (A)) = cI™® (A) U which proves B is g”° I —closed .
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Note: In general intersection of g-closed sets need not be g-closed.

Definition 3.3 A topological space (X,7) is said to be a g-multiplicative space if arbitrary intersection of g-closed
sets in X is g-closed.

Remark 3.4
(i) In g-multiplicative spaces, gcl(A) which is the intersection of all g-closed sets in X containing A is also g-closed.

(ii) Any indiscrete topological space (X, 7) is g — multiplicative.
(iii) If X = {a,b,c} and 1= {X, ¢, {a}} then {a,c} and {a,b} are g-closed but {a} is not g-closed and hence (X,7) is
not g-multiplicative.

Theorem 3.5: Let (X,7,1) bea g-multiplicative ideal space and A be g*sl —closed subset of X . Then
(iyscl(A™) c U forall g—open set U containing A.

(i) Forall x e scl(A™), gel({x})n A= ¢

(i) scl(A™)— A contains no non empty g — closed set.

(iv) (A™)— A contains no non empty g — closed set.

Proof:

(i) Since (A™) =scl A, the result follows from definition.

(ii) Let X € SCI(A™) . Suppose gcl({x})n A =g then Ac X —gcl({x}) whichis g —open By (i)
scl(A®)c X — gcl({x}) which is a contradiction to the fact X € SCI(A™).

(iii) Suppose that there exists a non empty g — closed set F such that F < scl(A™) — A.

It xe F, then gcl({x})c gcl(F) = F and Angel({x})=¢.
Since X e sCl(A™), by (ii) gCI({X})m A # ¢ which is a contradiction.
(iv) It follows from (iii) since A™ = scl(A™).

Theorem 3.6: Let (X,7,1) be a g-multiplicative ideal space and let A be g*sl —closed. Then A is
7° —closed <> A™ — A is closed.

Proof:
Necessity: A is 75 —closed = A™ < A= A™ — A= ¢ which is closed.

Sufficiency: Let A" — A be closed. Then itis g —closed By (iv) of theorem (3.5), A — A = ¢ which implies
A® c A.

Theorem 3.7: Let (X,z,1) be a g-multiplicative ideal space and Ac X . If A is gl —closed then
AU(X -—A"®)is g1 —closed .

Proof: Let U be g —open and AU (X —A®)cU.

Then X —U < X ~[AU(X —A™®)] =A™ — Asince Ais g°1 —closed, A™ — A contains no non empty
g —closed set. Therefore X —U = ¢ which implies X =U . Thus X is the only g —open set containing
AU (X —A™) which proves AU (X —A™) is g™ I —closed .
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Theorem 3.8: Let A be a subset of a g-multiplicative ideal space (X,z,1). If A'is g1 —closed then A — A is
g1 —open.

Proof: Since X — (A™ — A) = AU (X — A™), the proof follows from theorem 3.7.

Theorem 3.9: Let (X,7,1) be an ideal space. If every g —opensetis z ° —closed , then every subset of X is
g1 —closed .

Proof: Let AcU and U be a g—open setin X . Then ¢l (A)ccl™(U)=U which proves A is
g1 —closed .

Theorem 3.10: [(6) Theorem 3.20] Let (X,7,1) be an ideal spaceand AcY < X where Y is o —open in X .
Then A (I,,7/Y)= A" (I,7)NY .

Theorem 3.11: Let (X,7,1) be an ideal spaceand AcY < X . If Ais g"°I —closed in(Y,z/Y,1,),Y is
a—open and 75 —closed in X .Then Ais gl —closed in X .

Proof: Let AcU and U be g —open in X . Then A*S(IY,%): AS(l,r)nY cUNY .

ThenY cU U (X —A®(l,7)).Since Y is ™ —closed , Y > <Y . Therefore A° cY™ cY cU u(X -A®(z,1).
This implies A U and hence ¢l (A)cU .So Ais gl —closed in X .

Definition 3.4: {Aa la e Q} is said to be a locally finite (resp. locally countable) family of sets in (X, z, 1) if for
every X € X, there exists an open set U in X containing X that intersects only a finite (resp. countable) number of
members Aal yerearaes , Aan (resp AO!i d=1......... 00) of {Aa la e Q}_

Theorem 3.13: Let (X, 7,1) be an ideal space which is * S - finitely additive, and let {Aa la e Q} be a locally

*S
finite family of sets in (X, 7, 1) . Then(UAa] = U(Aa )*S .

aeQ aeQ)

*S
Proof: A, UAa implies A(:S g( A, )*S.Therefore U(Am)*S - {UA{X} (1)

aeQ) aeQ)

*S
On the otherhand, if X € (U AaJ then there exists an open set U containing X, that intersects only finite number
aeQ)

of members Aal preeanas ) Aan .Let V' be a semi-open set containing X. Then U NV is a semi-open set containing
X.
which |mpI|es U mV (UA ]e .

aeQ)

ie. | (UnV) LLJIA ] {U ﬁV)ﬂ[QAai ﬂg

ie. {¢}U{ Unv)N (UA ﬂ and this implies V ﬂ[o A, J |
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*

Therefore X € (U A, ] = LnJ (A" < U (A)°

i=1 aeQ)
*S
Therefore ( U A, } c U (A)® ()
aeQ) aeQ)
*S
From 1 and 2 the result follows: (U Aa] = U (Aa )*S
aecQ) acQ)

Theorem 3.14: Let (X,7,1) bea *S - countably additive ideal space which is, and let {Aa la e Q} be a locally

*S
countable family of sets in (X, 7, 1) . Then (UAa] = U(Aa )*S .

aeQ) aeQ)

Proof: Similar to proof of Theorem 3.13.

Theorem 3.15: Let the ideal space (X,z,1) be *S - finitely additive, and {Aa la e Q} be a locally finite family
of setsin (X,7,1). Ifeach A, is g"°I —closed then | JA, is g™°I —closed in X .

aeQ)

Proof: Let UAa cU andUbeg-openin X .Then A, cU Va eQ implies ¢l ®(A,) cU Va e Q By

aeQ)

theorem (3.13) CI*S(U Aaj = Jel®(A,)cU.

aeQ) ae)

Therefore U A, isg™1 —closed .

aeQ)

Theorem 3.16: Let the ideal space (X,7,1) be *S - countably additive. If {Aa la e Q} is a locally countable
family of setsin (X,7,1) andeach A_is g "1 —closed then UAa is g1 —closed .

aeQ)

Proof: Similar to proof of Theorem 3.15.

4.- g"°1 —continuous functions

Definition 4.1: A function f : (X,7,1) — (Y,Q,J) is said to be weakly 1™ —continuous if for each X € X
and for every V in Q containing f (X) , there exists an open set U containing X such that f (U) < cl™ (V).

Definition 4.2: A function f :(X,z,1)— (Y,o) is said to be g ° | —continuous if for everyU € Q |,
f () is g"° 1 —open in X . Equivalently for every closed set V in Y, f (V) isg I —closed in X .

Definition 4.3: A function f :(X,z,1)— (Y,Q,J) is said to be strongly g °l —continuous if for
g1 —open (resp g1 —closed)set V inY, f (V) isopen (resp closed) in X .

Definition 4.4: A function f :(X,7,1) — (Y,€,J) is said to be weakly g °1 —continuous if for every
X e X and for every V € Q containing f(x), there exists g >l —open set U in X such that xeU and

fU)ccl™ V).
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Definition 4.5: A function f : (X,7,1) — (Y,Q,J) issaidtobe g ° 1 —irresolute if for every g ° | —open
(resp g °1 —closed set)set V inY, f (V) is g1 —open (resp g °1 —closed)in X .

Remarks: 4.1:

1. Every continuous function is g*s | — continuous (since every open set is - open) but the converse is not
true as seen from example 4.1.

2. Every strongly g*sl — continuous function is continuous and hence it is g*sl — continuous but the converse

is
not true as seen from example (4.2).

3. Every g*s | —continuous function is weakly g*s | —continuous but the converse is not true as seen from
example (4.2).
4. Every weakly 1™ — continuous function is weakly g | —continuous

5. Every strongly g > | —continuous functionis g "> | —irresolute and g | —irresolute function is
g”° | —continuous

Example 4.1: Let X = {a,b,c}, T= {¢, X,{a}}, | = {¢, {a}} Y=X,Q=r1.
Let f:(X,7,1)—> (Y,Q,J) bedefinedby f(a)=c, f(b)=f(c)=a.
Then fis g ° | —continuous but not continuous.

Example 4.2: Let X =Y be indiscrete space and | = {g, X, } = J where X, € X .

Let f:(X,7,1)— (Y,Q,J) be identity map. Y, ¢, X—{XO} are the only g °1 —open sets in Y .
f’l(X —{x0 }): X —{XO} is not open in X . Therefore f is not strongly g° | —continuous but f is both

continuous and g”° | — continuous.
Example 4.3: Let (X, 7) be an indiscrete space, X, € X and | = {g, X0}= J.

LetY =X, Q=7,J=9g and f:(X,7,1) > (Y,Q,J) be identity function. Then f is an irresolute function.
A= {XO} is "1 —closed in Y, but f *(A)={x,} isnotclosedin X .

Therefore f isnot strongly g*sl —continuous .

Let X, # X, be a point of X and f :(X,z,1)—> (Y,Q,J) be defined by f(xo ) = x;, f(x; ) = %o and

f(X) = XVX#X,,X. Then f isg™1 —continuous. A={x,}is g"I —closed in Y and f*(A)={x}
isnot g"° | —closed in X . Therefore f isnot g ° 1 —irresolute .

Definition 4.6: Let N be a subset of (X, 7,1) and X € X . The subset N of X calleda g | —open neighbourhood
of X if there exists g | —open set U containing X suchthat U < N .

Theorem 4.1: Let (X, 7, 1) be an ideal space which is g~° | — multiplicative . Then the following are equivalent.
1. f is g"°1 —continuous

2. Foreach X € X andeach openset V in Y with f(x) eV , thereexistsan g > | —open set U containing X
suchthat f(U) V.
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3. Foreach X € X andeach openset V in Y with f(x) eV, f (V) isa g™ | —open neighbourhood of X.

*SI_ *SI_

Proof: Since X is g open setsis g | —open.
1 = 2: Let Xe Xand V be open in Y containing f (x). Then U = f (V) isg™1 —open, x €U and

fU)cV.

multiplicative , arbitrary union of g

2 = 3:Letxe X,V openinY containing f (x). By (2), there exists an g > 1 —open set U containing X such

that f(U)<V.So xeU c f (V) whichproves f (V) isan g > 1 —open neighbourhood of X .
3= 1:LetV beopeninVY and xe f (V). Then f (V) isa g > —open neighbourhood of X .

Thus for each x € f *(V), there existsan g"°1 —open set U, containing X such that x €U V).

Therefore (V)= U U, isa g"°1 —open which proves that f isg ™| —continuous.

xef (V)

Theorem 4.2: Let (X,z,1) bea g™°I —

Then a function f : (X, 7,1) — (Y,Q) isweakly g° I —continuous ifand only if itis g "> | —continuous.

multiplicative ideal space in which every open set is *S —closed .

Proof: Obviously g °l —continuity =  weaklyg ™| —continuity. Conversely, let f be weakly
9”1 —continuous. Then for each X € X and open set V containing f (X), there exists g ° 1 —open set U
suchthat X €U and f (U) < cl” (V) =V . Therefore by theorem 4.1, f isg”> | —continuous.

Theorem4.3: Let f :(X,7,1) > (Y,Q,J) and g :(Y,0,7) = (Z,Q, K) be functions between ideal spaces.

1.1f f isstrongly g °1 —continuous and g is g ° | —continuous then gof is continuous.

2.1f f is g°1 —continuous and g is continuous then gof is g"° | —continuous.

3.1f f isstrongly g° | —continuous and g is g"° | —irresolute then gof isstrongly g”° | —continuous
and g ° | —irresolute.

4.1f f and g are g ° | —irresolute then gof isg "1 —irresolute.

Proof: Obvious from definition.

Theorem 4.4: Let (X,7,1) be *s— finitely additive. Let f :(X,z,1) — (Y,Q) be g"°I —continuous
and U be g1 —open in X . Then /U :(U,z,,1,)— (Y,Q)is g™ —continuous.

Proof: Since (X,z,1) is *s — finitely additive, finite intersection g | —open setsis g °1 —open. Let V
be openin (Y,€2).Then f (V) is g"°1 —open in X .

Therefore (f /U)™ (V)= f (V)NU is g"°I —open.Therefore (f /U) is g ° 1 —continuous.
Note: The result is true if g > | —continuous is replaced by g”° I —irresolute.

Theorem 4.5: Let (X,z,l) be an ideal space which is *S —multiplicative finitely additive and

9"l —multiplicative .
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Then f :(X,z,1) — (Y,Q) is g ° | —continuous if and only if the graph function g : X — X xY defined
by g(x) = (x, f (X)) foreach x € X is g"°| —continuous.

Proof:
Necessity: Let X € X and W be any open setin X xY containing g(x) = (X, f(X)). Then there exists basic open

set U xV suchthatg(x) e U xV < W . Therefore f (X) eV .

Since f is g °I —continuous, there exists g °1 —open set U, containing X such that xeU, and
f(U,) <V (by theorem 4.1) and By theorem 3.3 U, "V is g1 —open in X . Then xeU, nU and
gU, nU)cU NV cW . Therefore g is g | —continuous.

Sufficiency: Let g: X — X xY be g*sl —continuous. Let Xxe€ X and V be an open set in Y containing

f(X). Then X xV isanopensetin X xY . Sincegis g ° | —continuous, there exists g > | —open set U in
X such that XeU and g(U)c X xV. Hence XxeU and f(U)<V which proves that f is

g”° I —continuous.

Theorem 4.6: Let {Xa/aeV} be any family of topological spaces. If f :(X,z,1) —)HXQ is a

aeV

g"°1 —continuous, function, then P, o f : X — X_ is g"°1 —continuous for each a € Vwhere P, is
projection of H X, onto X .

Proof: Consider a fixed ¢, €V .Let G, be an open set in X .Then Pa_ol(G%) is open in X, . (P, is
continuous). Therefore f [(Pao )_I(G% )]: (P% of )_l(G%) is g1 —open in X.

Therefore P, 0 f is g™°1 —continuous.

Theorem 4.7: For any bijection f : (X,z,1) — (Y,Q,J) the following are equivalent.
G f*:(X,7,1) > (Y,Q,J) isg™ 1 —continuous.

(i) f(U) is g"°1 —open inY for every open set U in X.

(iii) (i) f(U) is g"°1 —closed in Y for every closed set U in X.

Proof: Obvious.

*SI _

59 compact spaces and g °1 - connected spaces

Definition 5.1: A collection {Aa/aeQ} of g*sl —open set in an ideal topological space X is called
g1 —open cover of a subset B of X if B cU {Aa la e Q}.

Definition 5.2: An ideal topological space (X, 7, 1) is called g*S | - compact modules |, if for every g*S | —open
cover {A, /o € Q} of (X,7,1), there exists a finite subset (2, and Q suchthat X —U{A /o e A, }el.

Theorem 5.1: The image of g*SI - compact modulo I space (X,z,1) under a g*sl —continuous  subjective
function fis f (1)- compact.
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Proof: Let (X,z,1) be a g °l- compact modulo | space and f :(X,z,1)— (Y,n)be a subjective
g1 —continuous function. Then f (1) isan ideal in (Y, 7).

Let {Aa la e Q} be an open cover for (Y, 7, (1))

Then f(A,)is g °I —open in X for every a € Q so {f (A ae Q} isa g | —open cover for X.
since  (X,z,1) is gl
X - U{f _l(Aa)}e |. Therefore Y — U{Aa}e f (1) which proves that (Y,#, f(l)) is compact modulo

aeQ) aeQ),

f(1).

- compact modulo |, there exists a finite subset €, of € such that

The following examples prove that there exist spaces which are g*S | - compact and spaces which are not g*SI -
compact.

Example 5.1: Consider the space in example (3.1) Here the only g | —open covers are {X } and {X X = {XO }}

Hence the space is g*S | - compact modulo I.

Example 5.2: Let X = Z, 7 - cofinite topology and | = {¢}

i=1

Therefore this space is not g*S | - compact modulo I.

Definition 5.3: An ideal topological space (X,7, 1) is said to be g*S | —connected if X cannot be written as the
disjoint union of two non-empty g*sl —open sets. A subset of X is said to be g*sl connected if it is

g1 —connected as a subspace A space which isnot g”° | —connected is said to be g ° | — disconnected .

Remark 5.1: An ideal space (X,7,1)is g ° 1 —disconnected if and only if there exists a proper subset which is
both g™ | —open and g™°1 —closed .

Theorem 5.2: Let f : (X,z,1) > (Y,o,J) be an onto function.

1. If f is continuous and X is g*S | —connected then Y is connected.

2.1ffis g | —irresoluteand X is g~ | —connected then Yisalsog | —connected .
3. If fis strongly g*S | —continuous and X is connected then Y is g*S I — connected

Proof:
1. Suppose Y is disconnected the Y can be written as disjoint union of open sets A and B.

Then X = f (Y) = f H(A)Uf (B) which is a disjoint union of g"°1 —open sets. This is a contradiction to

the fact that X is g | —connected . Therefore Y is connected.
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2. Similar to the proof of 1.
3. Similar to the proof of 1.

Definition 5.4: An ideal topological space (X, 7, 1) is called g*S | —normal if for every pair of disjoint closed sets
A and B of subset of (X, 7, 1) there exists disjoint g*sl —open setsU, V < X suchthat AcU and B V.

We now give examples of spaces which are g*S | —normal andnot g "1 —normal .

Example 5.3: Let X be an finite set 7 - cofinite topology and | = {¢} Here G SIO(X) = {(b, X, Al A® is finite.
Suppose U and V are two disjoint g >l —open sets thenU NV = ¢. Therefore U° UV °® = X which is a

contradiction since U ¢ and V © are finite.
Hence (X,7,1)isnotg ™l —normal .

In the above example, if I = P (X) then (X,z,1)is g °1 —normal .

Theorem5.3: Let f : (X,7,1) —> (Y,0,J) be a closed, injective function.

1. 1ffis g °1 — continuous then Y is normal = Xis g"*| —normal .

2.1ffis g °1 —irresolutethen Y is g"°1 —normal = Xis g °1 —normal .
3. If fisstrongly g"° | —continuous then Yis g™ I —normal = X isnormal.

Proof:
(i) Let F;, and F, be two disjoint closed sets in X. Since f is closed and injective, f(F,) and f (F,) are disjoint

closed sets in Y. Then there exists open sets V; and V, in Y such that f(F,) <V, and f(F,) <V,. Then
F,cf*(V,), F,cf™*(V,) whre f*(V,) and f "(V,)aretwodisjoint g | —open sets in X. Hence
Xisg 1 —normal .

(ii) Similar to the proof of (i).

(iii) Similar to the proof of (i).
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