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ABSTRACT

In this paper we introduce and study three different notions via ideals namely b-local function, the set operator ¥b
and b-compatibility of z with I. We characterize these new sorts. Several properties of them have been studied and their
relationships with other types of similar operators are also investigated.

Keywords: b-open set,*b-additive space, *b- finitely additive space,b-local function,( ) ™ operator, ¥, operator,b-
compatibility of z with |

1. INTRODUCTION

Ideals topological spaces have been first introduced by K. Kuratowski [4] in 1930.Vaidyanathaswamy [9]introduced
local function in 1945 and defined a topology . M.E. Abd EI Monsef , E.F. Lashien and A.a Nasef [1] introduced semi
local function in 1992 and defined a topology t*° In 2012 Sukalyan Mistry and Shyamapada Modak [8] defined Pre
local function and ‘¥, operator. In this paper we introduce and study three different notions via ideals namely b-local
function, the set operator ¥}, , and b-compatibility of T with | and investigate their relationships with other types of
similar operators .

2. PRELIMINARIES

Let (X,7) be a topological space and A < X . We denote closure of A and interior of A by CIA and int A
respectively.

Definition 2.1: A set A in a topological space (X, 7) is called
(a) semi open [3] if A < cl(int(A))

(b) pre open [5] if A < int(cl(A))

(c) b-open [2] if A < cl(int(A)) U int(cl(A))

The class of all semi open, pre open and b-open sets in X will be denoted by SO(X,7), PO(X,7)and BO(X,7)
respectively. The complements of these open sets are called corresponding closed sets.

Definition 2.2: [2] The intersection of all b-closed sets containing A is called b-closure of A and is denoted by
bcl(A) . The union of all b-open sets contained in A is called b-interior of A and is denoted by bint(A) . Itis easy to

prove that bint(A) = X —bcl(X — A), A is b-closed if and only if A =Dbcl(A)and A is b-open if and only if
A=bint(A). Asubset N, < X is called a b-neighbourhood of X if there exists a b-open set A = X such that
Xe Ac N,. The family of all b-neighbourhoods of X will be denoted by BN(X). It is seen that

bel(A)={xe X /UNA=#¢ forevery U e BN(x)}

Definition 2.3: [4] An ideal | on a non empty set X is a collection of subsets of X which satisfies the following
properties:

YAel,Bel = AuBel

(i'Ael, Bc A= Bel

A topological space (X,7) withanideal 1 on X is called an ideal topological space and is denoted by (X,7,1).
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Let Y be a subset of X . I, :{I NY/l e I} is an ideal on Y and by (Y,T/Y, IY) we denote the ideal
topological subspace. Let P(X) be the power set of X , then a set operator ( )*: P(X) — P(X) called the local

function [7] of A with respectto 7 and | is defined as follows:For A<= X , A"(l,7) = {X eX/UNnAgl for

every open set U containing X}.

We simply write A’ instead of A*(I ,T) in case there is no confusion. A Kuratowski closure operator CI*( ) fora

topology 7 (l,7), called the 7*- topology is defined by cl'(A)=AUA". A set operator
w(l,7): P(X) > P(X)is defined as follows: For any Ac X ,w(I,7)(A) ={x € X such that there exists

open set U such that U — Ae | } | is said to be compatible with 7, denoted by | ~«r if the following holds: for
A c X ,ifforevery X € Athere exists open set U suchthat U N Ae | then Ael .

Definition 2.4 [1] A set operator ( )™ : P(X) — P(X) called a semi local function with respect to 7 and | is
defined as follows: For A= X , A (l,7) = {X e X/UNAg]l for every semi open set U containing X} A

Kuratowski closure operator ¢l™( ) for a topology 7 °(l,7) is defined by CI™ (A) = AU A™ . A set operator
v (1,7): P(X) —> P(X)is defined as follows: For any Ac X,y (I,7)(A) ={x € X such that there exists

S

U e SN(x) suchthat U — A e I}. | is said to be s-compatible with 7, denoted by | ~7 if the following holds:
for Ac X, if forevery X € Athere exists U € SN(X)suchthat U " Ae lthen Ael.

Definition 2.5[6] A set operator ( )" : P(X) — P(X), called the pre-local function of | with respect to 7 is
defined as follows. For Ac X, A™(l,7) = {X e X /U N Ag| forevery pre open set U containing X} when
there is no ambiguity, we will simply writt A" (1)or (A)Pinstead of A™P(l,7).cl"™(A)is defined as
AU(A)™ (1)

A set operator ,(1,7) 1 P(X) — P(X)is defined as follows: For any A< X, w, (I,7)(A) ={x e X such
that there exists U € PN (X) suchthat U — A e I}.

3. b-LOCAL FUNCTION

In this section we introduce new class of the set operator ( )*IO using b-neighbourhood and discuss various properties.

Definition 3.1: Given an ideal space (X,7,1),asetoperator ( )™ : P(X) — P(X), called the b-local function of
I with respectto 7 is defined as follows.

For Ac X,A"(l,7) :{Xe X /U, NAgl for every U, € BN (X)} when there is no ambiguity, we will
simply write. A™ (1) or (A) ™ instead of A™(I,7).cl™ (A)is definedas AU (A)™ (1)

Remark 3.2: Since 7 < PO(X) < BO(X) and 7 < SO(X) < BO(X) we have the following.

(a) Every b-local function is a semi local function
(b) Every b-local function is a pre local function.

Theorem 3.3: Let (X, 7, |) be an ideal topological space and A, B < X . Then the following statements hold.
1.6 =¢, ACB=>A"cB and E® =g if Ec

2. For another ideal J,1 = J = A (J) < A™ (1)

3.AT C AP C AT ccl(A)
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4. A® c A" c A" ccl(A)

5. A® cbel(A) c cl(A)

(A®) < ()

(AnB)® = (A" N (B)”

(AUB)* o A®UB™

(A =bcl(A)™® ccl(A)

10.1f Eel then (AUE)® = A® = (A\E)™
1m1fUerthenUN(A)*=UNUNA cUnA)”®

© ©® N o

Proof:
(1) and (2) are obvious by definition of b-local function.

(3) Obvious since 7 < Po(X) c Bo(X) and g | .
(4) Obvious since 7 < SO(X) < Bo(X) and g I .
5) xe A™ implies AU g1 for every U € BN(x) implies AnU #= ¢ for every U e BN(x) implies
X € bcl(A) .
(6) (A*b )*b = {X e X/U N(A)® ¢ forevery U, e BN(x)}
c{xeX/U,NAgl forevery U, € BN(x)}

=(A)" .
(7) Follows from (1)
(8) Follows from (1)

@) If x e X \ (A)™ then there exists M e BN (x) suchthat A~ M e I . Therefore there exists
U e Bo(X) suchthat xeU = M .So AnU e | and this implies U < X \ (A)™. Therefore
X — (A)™is the union of b-open sets and hence it is b-open. So (A)™ is b-closed. Therefore
(A)™ =bcl(A)™ < bel(bel(A)) = bel(A) < cl(A) . Hence A™ is b-closed sub set of cl(A).
(10) A—E c A implies (A—E)™® c A™ (A)

Let x € A™ . Suppose X & (A\E)™, then there exists U, € BN (x)suchthat U, n(A\E) eI .

Then EU[U, n(A\E)] e l. This implies that E U[U, " Alel.So, U, nAe | which is a contradiction
to the fact that x € A™. S0, A® < (A\E)™ (B)

From (A) and (B) we get (A\E)™ = A™ when E e I.
(11) Let Uer, xeU N (A)and U, be a b-open set containing X. Then U NU, € BO(X) and hence
(U, nU) N Ag | whichproves X € (U N A)™ Therefore U N (A)® < (U N A)™.

SoUN(A®=UnUn(A)")cUnUnNA® A)
On the otherhand, U n A< A implies (U " A)™® < A®

Therefore U n(U N A®) cU N (A)™ (B)
From (A) and (B) it follows that U N (A)® =U n(U " A)™

Remark 3.4: In general (AUB)™® = A® UB™ and (AN B)™ = A™ nB™as seen from examples (3.5) and
(3.6).
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Example 3.5: Let Z be the set of integers, 7 be the cofinite topology in X and | = {¢}
Then BO(X) = {w,all infinite subsets of X } and BC(X) = {X , A/ AC is infinite }

Let A=Z"and B=Z".Then AUB=Z—{O}.

In this space, for asubset K < Z, K™ =bcl(K) = K if K€ is infinite
=2Z if K is finite.

so A®=A,B®=B, A" UB™ =Z — {0} whereas (AUB)" =Z.

Therefore (AUB)™® = A® UB™ and cI™®(AUB) = cl™(A)ucl™(B).

Remark 3.7: In the ideal space (X, 7, |) because ¢l™ (AU B) = cl™ (A) U cl™ (B) in general, we are not able to

define a topology using the operator Cl ® (') . To define a topology we need the following definitions.

Definition 3.8: An ideal space (X,7,1) said to be

n *b n
1.*b — finitely additive if {U A } = U (A )™ for every finite positive integer n.
i=1

i=1 i=

*b
2. *b — additive if {UAQ} = LJ(A&)*b for every indexing set €.

aeQ) ae)

n b n
3. *b — finitely multiplicative if {ﬂ A,} = ﬁ[AI 1™ for every finite positive integer n.

i=1 i=1

*B
4. *b — multiplicative if [ﬂ Aa} = ﬂ [A,T" for every indexing set Q.

aeQ) aeQ)

Remark 3.9:

1. Every *b— additive (resp *b— multiplicative) space is *b— finitely additive (resp *b— finitely
multiplicative).

2. Accl™(A)

3.1fF (X, 7, 1) is *b — finitely additive then

@ cI™®(AuB)=cl™(A)ucl™(B) and

() cI™®(clI™(A) =cl™(A).

Therefore ina *b — finitely additive space, ¢l™( ) satisfies Kuratowski closure axioms.

Definition 3.10: Let (X, 7, 1) be a *b — finitely additive space. If a * b —closed set A is defined to be one for which
Cl*b(A) = A, then the class of all complements of such sets is a topology on X denoted by 7™, whose closure

operation is given as ¢l (A) = AU (A)™.

Example 3.11: The ideal space given in example (3.5) is not *b — finitely additive, not *b — finitely multiplicative
and hence not *b — additive and *b — multiplicative.
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Example 3.12: Let (X, 7) be an indiscrete space, X, € X and | = {¢, {XO }} In this space all subsets are b-open
and b-closed. A™® = A—{x,} if X, € A
=A if X, &A

This space is both *b — additive and *b — multiplicative.

Example 3.13: Let (X, 7) be an indiscrete space, pe X and | = {Ag Xlpe A}.
In this space A™ = {p} if pe A

=¢ if pgA
This space is both *b — additive and *b — multiplicative.

These examples show that spaces which are *b — additive, *b — multiplicative and spaces which are not *b —
additive, not *b — multiplicative do exist.

Remark 3.14: Ina *b — finitely additive space, (X,z,1),
W ={Ac X /eI (X = A)= X — Al
@) cI™®(A)ccl™(A)ccl (A ccl(A) andhence rc7 ct 7.

Thus a new topology 7™ is defined ina *b — finitely additive ideal space (X,z, 1), with the

help of b-local function and this topology is finer than T - topology.

Theorem 3.15: Let (X, 7, 1) be an ideal space. For A < X, we have the following results.
11f | = {¢} then A™ = bcl(A) and Cl*b(A) = bcl(A).
21f 1 =P(X) then A® =¢ and cI™(A) = A.

Proof: Obvious from the definition of (A)™

Remark 3.16: Ina *b — finitely additive space (X, 7, 1) with | = P(X), 7™ is the discrete topology since every
subset is * b —open and *b —closed.

Theorem 3.17: If | and J are two ideals in a *b — finitely additive space suchthat | < J . Then 7 (1) = 7 (J).

Proof: Let A be closed in 7 (1) topology
lcd = A"J)c A®(I).

Therefore cl,”(A)  cl,” (A)
Then A cl”(A) < cl®(A) = A. which proves A < cl}* (A) and so A is closed in 7™ (J).

Definition 3.18: A subset A in an ideal space (X, 7, ) is said to be
1. *b —dense subset in X if ¢l (A) = X

2. * —perfect if A® = A.

3. *b —closed in X if cI™(A) = A
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Theorem 3.19: Ina *b — finitely additive ideal space (X,7,1) the following are equivalent

1L.Wer™®

2. X =W is ™ -closed
3. (X =W)™® < (X -W)
4 W X —(X\W)™®

Proof: Obvious.

4. THE SET OPERATORY, (1,7).
Definition 4.1: Let (X, 7, 1) be an ideal space. A set operator y° (1,7) : P(X) — P(X) is defined as follows.

Forany Ac X ,l//b(l,r)(A)z{Xe X [ there exists U € BN (x) suchthat U — A e I}.

Remark 4.2:
1. Obviously X €y, (I,7)(A) ifand only if X & (A°)™. Therefore w, (I,7)(A) = X \ (X \ A)™ .

2. We denote i/, (I,7) simply by ¥, when no ambiguity is present.
3y (A cy’ (A cy,(B)
JV(A) cy, (A) cw,(B)

Theorem 4.3: For a subset A in an ideal space (X, 7, 1) the following results are true.
1.1f 1 = {p} then w, (A) = bint(A).
2.1f 1 =P(X) then w, (A) = X.

Proof:
Ly, (A) = X \(X\A)® = X \bcl(X \ A) =bint(A)
2., (A)=X\(X\A)® =X -¢g=X

The following theorem gives many basic and useful facts for the operator v/, .

Theorem 4.4: Let A and B subsets in an ideal space (X,7,1).
1.1f Ac B then y, (A) cw,(B).

2.y, (ANB) cyw, (A Ny, (B) .

Proof:
LACB=X\Bc X\A= (X\B)® c (X\A)® = X\ (X\A)® = X\(X\B)” =y, (A) cv,(B)

2. Follows from 1.

Theorem 4.5: Let (X, 7, 1) bea *b — finitely additive space. Then
LIfUer® thenU cy,(U) .

2.Forevery Ac X ,then i, (A) e7.

3.Forevery Ac X, then w, (A) c v, (v, (A)).

4.Forevery Ac X and E €| then v, (A\E) =y, (A) =y, (AUE).
5.1f Ae Bo(X) then Ac i, (A).

6.1f Ae 7 then Ac iy, (A).
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7.1f Ais semi open then Ay, (A).
8. If Ais pre open, then Ay, (A).
9.1f Aez” then Ac iy, (A).
10.1f (A\B)U (B\ A) e | then v, (A) =y, (B).

Proof:
LUer®=(X\U)® < X\U.Theny, (U)= X \(X\U)® oU.
2. By theorem 3.3, (X — A)™ isb-closed.  Therefore ¢l [(X \ A)®] < bcl(X V A)™® = (X \ A)™.

Therefore (X \ A)™ is *b — closed and hence 1, (A) = X \ (X \ A)® e ™.

3.By(2) w,(A)er™ andhence , (A) Cw, (v, A)) by (1).

4., (AVE) = X \[(X V(AVE)]™ = X \[(X VA)UE]™ = X \[X \ A]” =y, (A) .(by thm (4.3))
w, (AUE) = X \[X\(AUE)]® = X\[(X\A)\E]® = X \[X\A]® =y, (A).

5.1f Ae Bo(X) then X \ A is b-closed. Therefore (X \ A)™® < bcl(X \ A) = (X \ A) and this
implies Ais *b — open. Soby (1) Ac w, (A).

6. Follows from 5 since 7 < Bo(X).

7. Follows from 5 since So(X) < Bo(X).
8. Follows from 5 since Po(X) < Bo(X).

9. Follows from 5since 7% = So(X, 7)1 Po(X,7).
10. Let AAB=E and B\A=H .Then EUH el implies EandHarein I.

By (4)B =(A\E) UH implies /, (A) =y, (A\E) .=y, [(A\E) UH] (sinceH €1) =w,(B).

Definition 4.6:In an ideal space (X,z,1) , we say two subsets A and B are congruent modulo | (in notation
A=Bmodl)if (A\B)uU(B\A) el .Obviously“ =mod| isan equivalence relation.

Theorem 4.7 Let A and B are two subsets in *b — finitely additive ideal space (X,z,1).1f A=Bmod| then
v, (A) =y, (B).

Proof: It follows from definition of A= B(mod 1) and by (10) of theorem (4.5).

5. B-COMPATABILITY OF 7 WITH |

b
Definition 5.1 Given aspace (X, 7, 1), is said to be b-compatible with 7, denoted by | ~7 if the following holds:

for Ac X, ifforevery X € Athere exists U € BN (x) suchthat U " Ae I then Ael .
Remark 5.2

b s
Since 7< SO(X)cBO(X), |~t=l~t=Il~7

The following example shows the existence of this compatibility.

b
Example 5.3 Let (X, 7)be an indiscrete space, pe X and | ={A < X/ p ¢ A}. Inthisspace | ~7.

Theorem 5.4 If (X, 7, 1) is a *b-finitely additive ideal space then the following are equivalent.

b
Ql~7
(2) If Ahas a cover of b-open set each of whose intersections with Aisin | then Aisin | .
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@) Forevery Ac X,AnA® =¢= Acl

(@) Forevery Ac X, A\A™ e

(5) For every 7"® -closed subset A, A— A™ € |

(6) Forevery A< X , if A contains no non-empty subset B < B™then A e l.

b
Proof: (1) = (2) Let | ~zand A= UA, whereeach A isb-openand AN A, €| . Then by definition Ae I,

(2) = (3)for Ac X .Let ANA™® =¢ .Soif X € Athen x ¢ A™

Therefore there exists U, € BN(X) suchhat U, " Ae | . Then {U, / x € A}is an open cover for Aand
U, "Aelhence Ael.

(3) = (4) Let x € A= A™ . Suppose X € (A— A™)™® then for every U € BN (x),U n(A—A®) ¢ 1.
This implies U N A ¢ | which implies X € A™ which is a contradiction.

S (A=APYN(A-A®)® =gand hence A— A™ e | by (3).

(4) = (5) Proof is obvious.

(5) = (@) Let A< X and for every X € Athere exists U € BN(X)suchthat U nAel.

Then AN A™ = ¢ Since (X, 7, 1) is *b-finitely additive
(AUA®)? = AP U(A®)P c AP UA" = A" c AUA"
5. AN A" is *b-closed. By (5), (AU A®)— (AU A™)™® e 1.

But (AUA®)—(AUA®)® =(AUA®)-A" =A - Ael
(4) = (6).Let Ac X.By(d) A—A® el .Let xe ANA™.

suppose X & (AN A™)™ then there exists U € BN (x) such that U m (A A™) e | . This implies that
U N A e | which is a contradiction. Therefore AN A™ < (AN A™)™.
By (6) AN A™ = ¢ and this implies A= A— A™ e | .(Since (4) = (5).)

(6) = (4).Let Ac X since (A—A®) N (A—A®)® =¢ wehave (A—A™) e | by (6).
b
Theorem 5.5 Let (X, 7, ) be an ideal space. Then | ~7 ifand only if y, (A)—Ae | forall Ac X.

b
Proof: Necessity: Assume that | ~7 .Let Ac X Xew,(A)— A .Then X ¢ A and there exists U, € BN (X)
such that U, — A€ | .Therefore for each X € y, (A) — Athere exists U, € BN(X) such that

U, N (w, (A)—A) e l.Thisimplies , (A)—Ael.
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Sufficiency: Let A< X and for each X € Athere exists U, € BN(X) 3U, m A € | .By definition of

v, (A), s (X —A)={xe A/FU, e BN(x)5U, nAe I}

CACy (X —A)-(X-Ael

b
Theorem 5.6 Let (X, 7, I) be *b-finitely additive ideal space with | ~7. Then y, (v, (A)) =y, (A)VAC X .
Proof: From theorem (4.1) ¥, (A) < v, (v, (A)) .By theorem (5.5) i, (A) — A= E forsome E e | .

Therefore i, (A) = AUE.

S0, ¥, (¥, (A)) = ¥, (AU E) = 7, (A) , by theorem (4.5).

b
Theorem 5.7 let (X, 7, I) be a*b-finitely additive ideal space with | ~7.If U,V € BO(x),andy, (U) =y, (V)
then U =V modI .

Proof: By theorem (4.5) U c w,, (U)
~UWcecy,U)-V=y,(V)-Vel

Therefore U =V mod |
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