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ABSTRACT

The notion of a bitopological space as a triple (X, 31, 3,), where X is a set and J;and J,are topologies on X, was
first formulated by J.C.Kelly [5]. In this paper our aim is to introduce and study the notion of an N-topological
space (X, 31,32, v vee o Jn). We first generalize the notion of an ordinary metric to n variables. This metric will be
called K-metric. Then the notion of a quasi-pseudo-K-metric will be introduced. We then follow the approach of Kelly
to introduce and study the notion of an N-topological space. An example for such a space is produced using chain
topology. And finally we define and study some of the possible separation properties for N-topological spaces.
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1. INTRODUCTION

Let (X,d) be a metric space. The open d-spheres form a base for a topology  for X. When we omit the condition of
symmetry from the definition of a metric, we call it a quasi-metric. Such metrics have been studied by Wilson [11],
Ribeiro [9] and others. J.C. Kelly [5] noticed the fact that if we study the two topologies J; and J, determined for X by
quasi-metric p and its conjugate g, some of the symmetry of the classical metric situation is regained and we can obtain
systematic generalizations of standard results such as Urysohn’s lemma, Urysohn’s metrization theorem, Tietze’s
extension theorem and the Baire category theorem. He then generalized this structure by defining a bitopological space,
i.e. a space with two arbitrary topologies.

1.1 Definition ([5]): A space X on which are defined two (arbitrary) topologies J; and J, is called a bitopological
space and denoted by (X, 34, J5).

If we follow this approach to define an N-topological space, i.e. a space with N arbitrary topologies, we need to
generalize the concept of a metric (quasi-metric) to n variables such that N < n!.

K. Menger [6] introduced the notion of a generalized metric. He discussed the logical generalization of metric spaces;
viz. n-metric spaces. But a new development began with the work of Gahler ([2], [3]) who introduced the concept of 2-
metric space. Gahler claimed that 2-metric function is a generalization of an ordinary metric function, but different
authors proved that there is no relation between these two functions. Ha et al. [4] showed that a 2-metric is not a
continuous function of its variables, whereas an ordinary metric is. It was mentioned by Géahler [2] that the notion of a
2-metric is an extension of an idea of ordinary metric and geometrically d(x,y, z) represents the area of a triangle
formed by the points x, y and z in X as its vertices. But this is not always true. Sharma [10] showed that d(x,y,z) = 0
for any three distinct points x,y, z € R2.

All these considerations and natural generalization of an ordinary metric led B. C. Dhage to introduce a new structure
of a generalized metric space called D-metric space in his Ph.D. thesis [1].

In a subsequent series of papers, Dhage attempted to develop topological structures in such spaces. He claimed that D-
metrics provide a generalization of ordinary metric functions and went on to present several fixed point results.

In 2003, Mustafa and Sims [7] demonstrated that most of the claims concerning the fundamental topological properties
of D-metrics are incorrect. For instance, a D-metric need not be a continuous function of its variables and despite
Dhage’s attempts to construct, such a topology, D-convergence of a sequence {x,} to x, in the sense that
D (%, x,,x) = 0 asn,m — oo, need not correspond to convergence in any topology. These considerations lead
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Mustafa and Sims [8] to seek a more appropriate notion of generalized metric space. They introduced the notion of G-
metric space [11], in which the tetrahedral inequality is replaced by an inequality involving repetition of indices.

Now we propose a generalization of G-metric space with G-metric as a function of n variables.
This metric will be called as K-metric.
2. MAIN RESULTS

2.1 Definition: Let X be a non-empty set, and R* denote the set of non-negative real numbers. Let K: X™® —» R* be a
function satisfying the following properties:

[K1]: Ky, x5, ) =0if x4 =%, = =x,
K2]: K(xy,%1, 0o X1,%5) > 0 for all x;,x, € X withx; # x
1,41 1,42 1,42 1 2

[K3]: Ky, 215 e v X1, %) S K(xp, %5, e e xy) forall xq,xy, ... ... ,X, € X with the condition that any two of the
points x, ... ... , X, are distinct.

[KA4]: K(x1,%2, e e Xp) = K(Xﬂr(l),xnr(z) . ....xnr(n)) forall xq, x5, ... ... , X, € X and every permutation 7 of
{1,2,....,n}suchthat(s) = s+ 1 foralll <s <n,n(n) =1andforallr € N

[K5]: KQep, %5, e, %) S K(Xq, Xppg1 s eoe e e X)) F K(Xpy1, X2, e e, ) TOrall g, 20, v, %, %041 €X

then the function K is called a K-metric on X, and the pair (X, K) a K-metric space.

Example 2.1: Let R denote the set of all real numbers. Define a function p: RX RX R X ...... X R—- R by
p(xll' '"!xn) = max{lxl - le,-- |xn—1 - xnl' |xn - xll}

forall x;,x,,....,x, € X. Then(RR, p) is a K-metric space.

Example 2.2: For any metric space(X, d), the following metrics define K-metrics on X:

1 —
Q) K(@Cry,xz, %) == [Zrctd(x,,x01) +d(x 1))
Ky () (1, wory %) = max{d(x 1,x2), - d(xn_l,xn), d(xn,xl)}
2.2 Definition: Let (X, K) be a K-metric space then for x, € X,r > 0, the K-ball with centre x, and radius  is
Bg(xg,7) ={y € X: K(xo, ¥, 5, ....,¥) <1}
Proposition 2.1 Let (X, K) be a K-metric space, then for x, € X, and r > 0 the K-ball By (x,, ) is open in X.
Proof: Using the definition 2.1 it is easy to show that to each point y € B (x,, ) there exists a K-ball centered at y
and contained in By (x,, ). It follows that the K-ball B (x,, ) is openin X.
Hence the collection {Bx(x,r):x € X} of all such balls in X is closed under arbitrary union and finite intersection.
Hence the collection {Bx(x,r):x € X} of all open balls induces a topology on X called the K-metric topology

generated by the K-metric on X.

2.3 Definition: Let X be a non-empty set, and R* denote the set of non-negative real numbers. Let p: X™ - R* be a
function satisfying the following properties:

[P1]: p(xy, x5, e y) =0if x4 =% = =2,
[P5]: p(x1, %0, ey X)) S P(X1, X g1y von wee - Xpg1) F P(Xng1 X2y e e, X)) fOrall g, 2y, v, %, %41 €X

then p is called a quasi-pseudo-K-metric on the non-empty set X.
2.4 Definition: Let p be a quasi-pseudo-K-metric on a non-empty set X, and let p, be defined by

Pre (X1, %2, e e X)) = p(xnk(l) s Xy (2) e ....xnk(n))

Where m;, is some permutation of {1,2, ...., n}.
Then it is trivial matter to verify that p, is a quasi-pseudo-K-metric on X.
If p,is a quasi-pseudo-K-metric on a set X, then{y € X: p,(x,y,¥,....,¥) < r}, the open p,-ball with centre x and

radius 7 > 0, is denoted by B,, (x, 7). Just as in the classical case, the collection of all open p-balls forms a base for a
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topology. The topology determined in this way by p, will be denoted by J, and will be called the quasi-pseudo-K-
metric topology of py,.

Let pq,pz, .. ... py be the quasi-pseudo-K-metrics defined on any non-empty set X and 3,35, ... ... ... Sybe the
corresponding topologies induced by pq, py, ... ..... py respectively. Then the natural topological structure associated
these quasi-pseudo-K-metrics is that of the set X with N topologies.

2.5 Definition: A non-empty set X equipped with N arbitrary topologies 3,35, ... ... Jy is called an N-topological
space and denoted by (X, 31,33, -+ e . ).

Now we give an interesting example of an N-topological space:

Let X ={a;,a,,.....a,} be any finite set and I;" (a, € X) be a coIIection{AZj(: a, € A} of subsets of X including
the void set ¢ and the set X such that

¢ =Ay c Ay CAY ....CA =X
Where a, € Ay, and |4y | = kfor 1 <k <n.

Then obviouslyS7"will be a chain topology on X. We shall call it special finite generalized Sierpinski topology on X
with nucleusAfffl(= {a,.}).For a given singleton nucleus, a total of(n — 1)! special finite generalized Sierpifiski
topologies can be defined on any n-element finite set. Since X contains ‘n’ elements, hence total number of special

finite generalized Sierpinski topologies which can be defined on X will be equal ton x (n — 1)1, i.e. nl.

Let31, g, e ven o Jn(2 < N < nl) be the special finite generalized Sierpifiski topologies defined on X then obviously
(X, 31,35, - ... ... Iy) Will be an N-topological space. These types of special N-topological spaces will be called as N-
topological finite generalized Sierpifski spaces.

Now we shall define and study the separation properties of N-topological spaces.

2.6 Definition: An N-topological space (X, 31,33, ... ... ... Jy) is said to be N-wise Ty, if for every pair of distinct points
of X there exists a J;-open set (i € {1,2, ..., N}) containing one of the points and not the other.

2.7 Definition: An N-topological space (X,31,35, ... ... ... 3y) i said to be N-wise T; if for every pair of distinct points
x,y € X there exist U; € 3, U; € J;forsome i,j € {1,2,...,N},i # j,suchthatx € U;,y € U;andy € U; ,x & U;.

2.8 Definition: An N-topological space (X, 31,3, . vor oot Jy) is said to be N-wise T, if for every pair of distinct points
x,y € X there exist U; € 3;,U; € 3;forsome i,j € {1,2,...,N}, i # j, such that

xEUl-,yEUj,Ul-ﬂUj :¢
Example: 2.3: An N-topological special finite generalized Sierpinski space is N-wiseTy.
Example: 2.4: Let X = {a;,ay, .......a, } and I7%, 357, ... 3" be the special finite generalized Sierpifiski topologies
with nucleiaq,a;, .......a, respectively. Then the n-topological special finite generalized Sierpinski space

(X, 371,352, ... 3" ) is an n-wise T, space.

Proposition 2.2: An N-topological space (X, 31,32, - wor - Jy) is N-wise T, if any one of the topological spaces
X,3),(€{1,2,..,N})isT,.

Proof: Suppose there exists i € {1,2, ..., N} such that (X, ;) isT,. Let x,y be two distinct points of X. Then there is a
J;-open set containing one of the points and not the other. Thus (X, 31, 32, ...« ... Jy) is N-wise Tj.

Proposition 2.3: An N-topological space (X, 31,35, - ... ... Iy) IS N-wise T, if and only if given two distinct points of
x,y € X there exists i € {1,2, ..., N} such that 3; — Cl{x} and J; — Cl{y} are distinct.

Proof: Let x,y be two distinct points of X. Suppose there exists i € {1,2, ..., N} such that §; — Cl{x} # J; — Cl{y} .

Hence there is a point z of Xsuch that z € J; — Cl{y} andz ¢ 3, — Cl{x}. If y € J; — Cl{x} thenJ; — Cl{y} c J; —
Cl{x}, sothatz € 3; — Cl{y} c J; — Cl{x}. Which contradicts the fact that z ¢ J; — Cl{x}.
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Hence we have y ¢ 3; — Cl{x}. Thus U = X — [J; — Cl{x}] is a J;-open set containing y and not containing x so that
there is a J;-open set containing one of the points and not the other. Thus (X, 31,35, ... Jy) is N-wise Tj.

Conversely, let (X,31,3,, .- ..3y) be N-wise T;. Let x,y be two distinct points of X. Then there exists i €
{1,2, ..., N} such that there is a J;-open set U containing x and noty. Then X — U is a J;-closed set containing y but
not x. Therefore,y € 3, —Cl{y} c X —Uandsox ¢ J; — Cl{y},since x ¢ X — U. Hence J; — Cl{x} = J; — Cl{y}.

2.9 Definition: An N-topological space (X,31,35, v oo .. Iy), [X| = k, is said to be N-wise k-point Hausdorff
(2 <k < N) if for given any k-tuple of distinct points xy,x,,....x, of X there existU; €3J;,,U;, €J;,, ...y,
i1,i9, o iy €{1,2...,N},i; # iy #..... # [} such that

X1 € Uy,x% € Upyy oo € Uy,
and l]l'1 n Uiz n.....N Uik = ¢
Example: 2.5: Let X = {a;,a;, ... ....a,} and I7*, 352, .... 3" be special finite generalized Sierpinski topologies with
nucleia,,a,, .......a, respectively. Then the n-topological special finite generalized Sierpinski space

(X, 301,352, ...y ) is an n-wise k-point Hausdorff space for all 2 < k < n.

Proposition 2.4: A k-topological space (X, 31,32, ... - ... i) IS k-wise k-point Hausdorff (|X| = k) if the diagonal
A= {(x1, X, . X )i Xq, X2, ... X € X and x; = x, = --- = X} IS closed in the product space
X XXX oo XX, F1 X Ty X v e e X Jp)

Proof: Let x4, x5, ... x;, are distinct points of the space X, (|X| = k). Then

’

(1, X9, X)) EXX XXX ... XX —A=A

Since A is closed in X X X X .....x X(k times), hence A'is open in (X X X X .....X X, J; X Jp X oo vuv . X Jy). Thus
there exist J;-open set Uy, 3,-open set Us ... ... 3-open set U, such that (x1, x5, ....x,) € Uy X Uy X ... ... XU, cA .

But U; X Uy X ... ... X U, c A" implies that U; X Uy X ... X U, contains no element of the form (x,x,.....x) and so
WehaVeUanzn ...... ﬂUk=¢

Again (x1,xy,...x,) EUy XUy X .. X U, = x4 EUp, x5 EU; ... , X, € Uy
Thus to every k-tuple of distinct points x;, x5, .... x;, of X there exist J;-open set U;, J,-open set U, ... ... ... J,-open set
U, such that such that x; € U;,x, € U, ... ... , X, €U, suchthatU; nU, N ... ... N U, = ¢. It follows that X is k-wise k-

point Hausdorff.
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