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ABSTRACT

In this paper we have studied two subclasses S, (a, s, t)and T, (a, s, t)concerning with generalized Sakaguchi type
functions in the open unit disc U, further by using the coefficient inequalities for the classes S, (a, s, t) and T, (a, s, t),
two subclasses Sg(a, s,t) and Tpo(a, s, t)are defined. Some properties of functions belonging to the class Sg(a, s, t)
and Tp0 (a, s, t) are also discussed.
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1. INTRODUCTION

Let A, be the class of the form
f(2) =2° + X5 apn 2P ™" (1.1)

that are analytic in the open unit disc U={z € C: [z|<1}. A function f(z) € A, is said to be in the class S,(a,s,t)
defined by Frasin [1] if it satisfies

(s—)zf ()
Re {f(sz)—f(tz)} > a (12)

for some o(& o < 1), s,t €C,s#tand for all z € U. For p = lands = 1, the class S;(a,1,t) = S(a, 1,t)was
introduced and studied by Owa et al.[4], and by takingt = —1, the class S;(a,1,—1) = S;(a)was introduced by
Sakaguchi [3] and is called Sakaguchi function of order a (see [1],[5]), where S,(0) = S, is the class of starlike
functions with respect to symmetrical points in U. We also denote by T, (a, s, t) the subclass of 4, consisting of all

functions f(z) such that zf'(z) € S, (a,s,t). Also, we note that S; (,1,0) = S*(a) and T;(a, 1,0) = T*(a) which
are, respectively, the familiar classes of starlike functions of order a(0< a <1) and convex functions of order a(0< o
<1).

2. COEFFICINT INEQUALITIES FOR SUBCLASSES S)(a,s,t) AND Tp(a, s, t)

We first prove the following two theorems which are similar to the result of Cho et al.[3] and Owa et al.[4]

Theorem 2.1: If f(z) € A, satisfies

Z%:l“p +n— up+n| + (1 - a)|up+n|] |ap+n| =p- a|up| (21)

for some a (0 < a <1), then f(2) € S, (a,s,t) where

w, = Y  sPI Ut (2.2)

Corresponding author: Ruchi Mathur®
1Jaipur Engineering College and Research Centre, Jaipur, India

International Journal of Mathematical Archive- 3 (7), July — 2012 2558


http://www.ijma.info/�

Ruchi Mathur'” & Deepa Sinhd® /Coefficient inequalities for generalized Sakaguchi type multivalent functions / IIMA- 3(7),

July-2012, Page: 2558-2562

Proof: To prove Theorem 2.1, we show that if f(z) satisfies (2.1) then

(s — )zf (2)

G —f |1
Evidently, since
-0zf @ (s = Ofpz? + i1 (0 + W)y 10 2P ™)

fG2) = ft)  ~ {(52)P + Dot Apan (520} — {(t2)P + Ty @pyn (t2)PH1} 1

_ (p - up)zp + Zﬁ:l(p +tn— up+n)ap+nzp+n

o +
u,z? + Y q Uppn Ap 4 2P

We see that
s-02f @ | _Ip—wl+Zicilp + 1= wprallapel
fGs2)—f(tz) |~ [t | + 2ot ||t 4|

Therefore, if f(z) satisfies (2.1), then we have

|p - up| + er:1|p +n— up+n||ap+nlzp+n

<l—-a«a
|up| + z:;'?=1|u;a+n||a;a+n|

This completes the proof of Theorem 2.1.

Theorem 2.2: If f(z) € A, satisfies

er:l(p + n)[lp +n-— up+n| + (1 - a)|up+n||ap+n|] < pZ - ap|up|
or some a(0< o <1), then f(2) € T, (a, s, t).

Proof: Noting that f(z) € T, (a, s, t) if and only if zf () € T, (a, s, t), we can prove Theorem 2.2.

We now define
S)(a, s, ) = {f(2) € A,such that f(z)satisfies (2.1)}

T (a,s,t) = {f(2) € A,such that f(z)satisfies (2.3)}
3. COEFFICIENT INEQUALITIES FOR SUBCLASSES S,(a,s,t) AND T, (a,s, t)
Next applying Caratheodry function ¢ (z)defined by
P(2) =1+ Xo=1 92"
We discuss the coefficient inequalities for functions f(z) in S, (a, s, t) and T, (a, s, t).

Theorem 3.1: If f(2) € S, (a,s, t), then

Bluy| pin—14| | po gpen—1gp+n—2 [, 1 -1l
< . T Jt ! 3 A —_— o n . T
|apin| < 19, 4] 1+B% 9] B L5 Ljipit 19,9, +ot B o [9;1

where
B = 2(p - aup)l 1971 = Tlup - pun
for some a(0 <a<1),s,t €C,s #t.

Proof: We define the function ¢(z) by

¢(z) =

__ ((s—t)Zf ()
(p—aup)

_ — © n
FGo—f () “> 1+ X1 @nz
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for f(2) € Sy(a,s, t). Then p(2) is caratheodry function and satisfies
lo, | < 2 n=1) 3.5)

Since

(s — Dzf (2) = {f(s2) — f(t2)} {a + Mw)}

Up
we have
—au
(s—t)zf |p+ Z(p +n)ayinz l =zP [(s?’ —tP) + Z(s“" —tP*M)a,, L4 +(P—p)z @, z"
n=1 up up n=1
Uy p+Z(p+n)ap+nznl = Z p+nAp+nZ p+ (p_aup)z(pnzn
n=1 n=1 n=1
So we get
(p—aup)
Apin = W_;‘P*‘") [up+n—1ap+n—1(p1 + Uptn—2apn—292 +-t+ Up+1Ap+1Pn—-1 + up(pn] (36)

From equation (3.6), we easily have that

aup) [ |u |
<2|(p-
a1 = |<(p ey R bl (G Ty ey
(p — au,)
|ap+2| = ((p + Z)u _ppup+2) [ Zup + up+1ap+1¢1]
2(p—aup)up| _ lp+1]
= |0 +2)up —pup 42| L+2( aup) [(@+Dup—pup11)]
|a +3| < Z(p—aup)|up| Z(p—aup)|up+1| " Z(p—aup)lup+2|
b |(p + 3w, — pup+3| |((p + Du, — pup+1)| |((p +2)u, — pup+2)|

22(p - aup) |up+1||up+2|
I((p + Duy, — pup1) || (@ + 2w, — puysa)|

Thus, using mathematical induction, we obtain the inequality (3.2).

Remark (1): Equality in Theorem (3.1) are attended for the function f(z) given by

Gt gz @
Remark (2): If weputs = 1,p = 1, = 0,t = 0 in Theorem (3.1), then we have well known result
f(z) € §* - |a,| < nwhere S*is a usual starlike class
Andifweputs =1,p =1,a = 0,t = —1, then we have the results due to Sakaguchi [2].
f(2z) € STS - |a, |<1 where STS is Sakaguchi function class.
For the function class T, (a, s, t)similarly we have,
Theorem 3.2: If f(2) € T, (a, s, t), then
Japsnl = Gt {14 B g2 B e 2 [ (38)
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4, DISTORTION INEQUALITIES FOR SUBCLASSES Sg(a, s,t) AND Tg(a, s, t)
For functions f(z) in the classes S;) (a, s, t) and T, (a, s, t)we derive

Theorem 4.1: If f(2) € S (a, s,t), then

|2|P = X _i|@pin | 12IPF = A 2P < |2|P + Ty || 12IPH 4+ A 2|PH (4.1)

Where

A = p=aluy | =% _i[[p+n—tp o |[+A=@)|upn]|ap+n| (] >1) (4.2)
J p+j+1—a|up+n| - ’

Proof: From the inequality 2.1, we know that
Sriceallp + 1 =] + A = Dy inll|apin] < 2 = aliy| = hoallp + 1 = wp | + A = @ty 4n]] @1
On the other hand we know that,

[lp+n = wpin| + (1 = D|upsnlllapsn| 2 p + 1=l

and hence p+n — a|up+n| is monotonically increasing with respect to n. Thus we deduce

ptj+1—aluy| X alapen] <p —alu| - Yhoallp+n - Upin| + (1 = [ty sn]ap 4]

o0
Z |ap+n| <4

n=j+1

which implies that therefore

Therefore we have that

]
OIS 2P + ) |y 121777 + 41257
n=1

And

Jj
|f(Z)| = |Z|p - Z|ap+n| |Z|p+n _Ajlzlp-'—j-'—1
n=1
This completes the proof.
For function T, (a, s, t), similarly we have,
Theorem 4.2: If f(2) € T) (a,s, t), then
|2IP = || 121P*" = By 2PH L < |F(D] < |2IP + By || 1217 + By 2P+ (4.4)
And
plzP ™t =)@ + Wty |l2P = GlzPY < [f @] < plzlP ™ + B2y + )|y |21 + Gl2PH (4.5)
where

B = p?-ap |up|—er'l:1(p+n)[[|p+n—up+n|+(1—a)|up+n I]lap+n I] (4.6)
7 ++D(p++1—alup+n) :

and

_ p?—ap Iup I_Ziuzl(p"'")[[lp"'"_upﬂ |+(1_“)|”p+n |]|ap+n |]
P+ +D(p++1-alupiq|)

G 4.7)
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