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ABSTRACT 
In this paper we introduce g**-closed sets in bitopological spaces. Properties of this sets are investigated and we 
introduce three new bitopological spaces namely, (i, j)-**T½ spaces, (i, j)-T½ **space and (i, j)-*T½*spaces. 
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1. INTRODUCTION 
 
A triple (X,τ1, τ2) where X is a non-empty set and τ1and τ2 are topologies in X is called a bitopological space and 
Kelly[5] initiated the study of such spaces. In 1985, Fukutake [2] introduced the concepts of g-closed sets in 
bitopological spaces. M.K.R.S. Veerakumar[11] introduced and studied the concepts of g*-closed sets and g*-
continuity in topological spaces. Sheik John. M and Sundaram. P [8] introduced and studied the concepts of g*-closed 
sets in bitopological spaces in 2002. The purpose of this paper is to introduce the concepts of g**-closed sets, (i, j)-
**T½ spaces, (i, j)-T½**spaces and (i, j)-*T½*spaces in bitopological spaces and investigate some of their properties. 
 
2. PRELIMINARIES 
 
Definition 2.1 A subset a of a topological space (X, τ) is said to be  
1. a pre-open set [7] if A ⊆ int(cl(A)) and a preclosed set if cl(int(A)) ⊆ A. 
2. a semi-open set [6] if A ⊆ cl(int(A)) and and semi-closed set if  int (cl(A)) ⊆ A. 
3. a regular open set [9] if A = int (cl(A)) 
4. a generalized closed set [7](briefly g-closed set) if cl(A)  ⊆ U whenever A  ⊆ U and U is open in(X, τ). 
5. a generalized star closed set[11] (briefly g*-closed set) if cl(A) ⊆ U whenever A ⊆ U and U is g-open in (X, τ). 
6. a generalized star star closed set[10] (briefly g**-closed set) if cl(A) ⊆ U whenever A ⊆ U and U is g*-open in   
       (X, τ). 
 
If A is a subset of X with topology τ, then the closure of A is denoted by τ – cl(A) or cl(A), the interior of A is denoted 
by τ – int(A) or int(A) and the complement of A in X is denoted by Ac.  
 
For a subset of (X, τi, τj), τi-cl(A) (resp. τi-int(A))denote the closure (resp. interior)of A with respect to the topology τi. 
We denote the family of all g-open(resp.g*-open) subsets of X with respect to the topology τi by GO(X, τi) (resp. 
G*O(X, τi) and the family of all τj- closed sets is denoted by the symbol Fj we mean the pair of topologies (τi, τj). 
 
Definition 2.2 A subset A of a topology (X, τi, τj) is called 
1. (i, j)-g-closed[2] if τj-cl(A) ⊆ U whenever A ⊆ U and U is open in τi. 
2. (i, j)-rg-closed[1] if τj-cl(A) ⊆ U whenever A ⊆ U and U is regular open in τi. 
3. (i, j)-gpr-closed [4] if τj-pcl(A) ⊆ U whenever A ⊆ U and U is regular open in τi. 
4. (i, j)-wg-closed[3] if τj-cl(τi-int(A)) ⊆ U whenever A ⊆ U and U is open in τi. 
 
Definition 2.3 A bitopological space (X, τ1, τ2) is called 
1. an (i, j)-T½ space[2] if every (i, j)-g-closed set is τj-closed. 
2. a strongly pairwise T½ space[2] if it is both (1, 2) T½  and (2, 1) T½. 
3.   an (i, j)-T½* space[8] if every (i, j)-g*-closed set is τj-closed. 
4. a strongly pairwise T½ *space[8] if it is both (1, 2) T½ * and (2, 1) T½*. 
5. an (i, j)-*T½ space[8] if every (i, j)-g-closed set is g*-closed. 
6. a strongly pairwise *T½ space[8] if it is both (1, 2) -*T½  and (2, 1) -*T½. 

Corresponding author: Sr. Pauline Mary Helen. M* 
Associate Professors, Nirmala College, Coimbatore-641018. India 

http://www.ijma.info/�


Mrs. Veronica Vijayan, Mrs. Ponnuthai Selvarani and Sr. Pauline Mary Helen. M*/ g** -closed sets in bitopological spaces / 
IJMA- 3(7), July-2012, Page: 2728-2734 

© 2012, IJMA. All Rights Reserved                                                                                                                                                                    2729 

 
3. (i, j) – g**-closed sets 
 
In this section we introduce the concept of (i, j)-g**-closed sets in bitopological spaces. 
 
Definition 3.1: A subset A of a topological space ),,( 21 ττX is said to be an ),( ji - closedg −**  set if 

UAclj ⊆− )(τ  whenever UA ⊆ and ),(* iXOGU τ∈ . We denote the family of all ),( ji - closedg −**

sets in ),,( 21 ττX  by ),*(* jiD . 
 
Remark 3.2: By setting  21 ττ =   in definition (3.1), a ),( ji - closedg −** set is a closedg −** set. 
 
Proposition 3.3: Every closedj −τ  subset of  ),,( 21 ττX  is ),( ji - closedg −** .  
 
The converse of the above propositions is not true as seen in the following example. 
 
Example 3.4: Let { }cbaX ,,= , { } { }{ }Xcac ,,,,1 φτ =   and { }{ }Xa ,,2 φτ = . Then the set { }bA =  is (1, 2) - 

closedg −** but not closed−2τ in ),,( 21 ττX . 
 
Proposition 3.5: If A is both iτ  - openg −*   and ),( ji - closedg −**   then A is closedj −τ . 
 
Proposition 3.6: In a Bitopological space ),,( 21 ττX every ),( ji - closedg −** set is  
(i) ),( ji - closedg −  
(ii) ),( ji - closedrg − (iii) ),( ji - closedgpr − (iv) ),( ji - closedwg − . 
 
The following examples show that the converse of the above proposition are not true. 
 
Example 3.7: Let { }cbaX ,,= , { }{ }Xba ,,,1 φτ =   and { }{ }Xa ,,2 φτ = . Then the set { }aA =  is (1, 2) - 

closedg − , (1, 2) - closedrg −  and (1, 2) - closedwg −  but not (1, 2) - closedg −** . 
 
Example 3.8: Let { }cbaX ,,= , { } { }{ }Xbac ,,,,1 φτ =   and { }{ }Xa ,,2 φτ = . Then the subset  

{ }cA =  is (1, 2) - closedgpr −  but not (1, 2) - closedg −** . 
 
Proposition 3.9: Every ),( ji - closedg −*  set is ),( ji - closedg −** .  
 
The converse of the above need not be true. 
 
Example 3.10: Let { }cbaX ,,= , { }{ }Xa ,,1 φτ =   and { } { }{ }Xbaa ,,,,2 φτ = . Then the subset { }bA =  is (1, 
2) - closedg −**  but not (1, 2) - closedg −* . 
 
Proposition 3.11: If ),*(*, jiDBA ∈ , then ),*(* jiDBA ∈∪ . 
 
Remark 3.12: The intersection two ),( ji - closedg −** set need not be ),( ji - closedg −** as seen from the 
following example. 
 
Example 3.13: Let { }cbaX ,,= , { } { }{ }Xcba ,,,,1 φτ =   and { } { } { } { }{ }Xcacbcb ,,,,,,,2 φτ = . Let { }baA ,=   

and { }cbB ,= . Then A and B are (2,1) - closedg −**  sets but { }bBA =∩  is not a (2,1) - closedg −**  set. 
 
Remark 3.14: )2,1*(*D  is generally not equal to )1,2*(*D . 
 
Example 3.15: In Example (3.13), { } )1,2*(*DbA ∉=   but )2,1*(*DA∈ . 
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Proposition 3.16: If  21 ττ ⊆ ,  in ),,( 21 ττX   then )2,1*(*)1,2*(* DD ⊆ . 
 
The converse of the above need not be true as seen in the following example. 
 
Example 3.17: Let { }cbaX ,,= , { } { } { }{ }Xcaba ,,,,,1 φτ =   and { } { }{ }Xbaa ,,,,2 φτ = where 21 ττ ⊄   but 

)2,1*(*)1,2*(* DD ⊆ . 
 
Proposition 3.18: For each element x  of ),,( 21 ττX , { }x  is either *i g closedτ − −  or { }xX −  is ),( ji - 

closedg −** . 
 
Proposition 3.19: If A is ),( ji - **g closed−  , then ( )j cl A Aτ − −   contains no non-empty iτ *g closed− −
set. 
 
Proof: Let A be ),( ji - closedg −** and let F be a −iτ closedg −* set such that AAclF j −−⊆ )(τ . Since

),*(* jiDA∈ , we have C
j FAcl ⊆− )(τ .  

 
Therefore φττ =−−⊆ C

jj AclAclF ))(())((  . Therefore φ=F .  
 
The converse of the above two propositions need not be true as it is seen in the following example. 
 
Example 3.20: Let { }cbaX ,,= , { } { } { } { }{ }Xcacbcb ,,,,,,,1 φτ =   and { } { }{ }Xcba ,,,,2 φτ = .  
 
Let  { }bA = . Then { }cAAcl =− \)(2τ  is not −1τ closedg −* . i.e. AAcl \)(2 −τ   contains no non-empty 

−1τ closedg −* set but { }bA =  is not (1, 2) - closedg −** . 
 
Theorem 3.22: If A is ),( ji - closedg −**  in ),,( jiX ττ  then A is closedj −τ if and only if    

AAclj \)(−τ   is −iτ closedg −* . 
 
Proof: Necessity: If A is j closedτ −  then AAclj =− )(τ  that is φτ =− AAclj \)(   and hence it is

*i g closedτ − − closedg −* . 
 
Sufficiency: If AAclj \)(−τ   is −iτ closedg −* then by proposition (3.19), φτ =− AAclj \)( . Therefore A 

is −iτ closedg −* . 
 
Theorem 3.23: If A is an ),( ji - closedg −**  set of ),,( jiX ττ  such that )(AclBA j −⊆⊆ τ then B is also 

an ),( ji - closedg −**  set of ),,( jiX ττ . 
 
Proof: Let UB ⊆  and U be *i g openτ − − Then UA ⊆  and ( ) .j cl A Uτ − ⊆ since A is 

( , ) **i j g closed− − . )(AclB j −⊆ τ   implies )()( AclBcl jj −⊆− ττ  and hence UBclj ⊆− )(τ .  
 
Therefore B is ),( ji - closedg −** . 
 
Proposition 3.24: In a Bitopological space ),,( jiX ττ , ji FXOG ⊆),(* τ  if and only if every subset of X is an 

),( ji - closedg −** set. 
 
Proof: Suppose ji FXOG ⊆),(* τ . Let A be a subset of X such that UA ⊆  where ),(* iXOGU τ∈ . Then 

UUclAcl jj =−⊆− )()( ττ  and hence A is ),( ji - closedg −** . Conversely, suppose that every subset of X  
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is ),( ji - closedg −** . Let ),(* iXOGU τ∈ . Since U is ),( ji - closedg −** , we have UUclj ⊆− )(τ . 

Therefore )(UclU j −= τ  and hence jFU ∈ .  
 
Therefore ji FXOG ⊆),(* τ . 
 
The following figure illustrates the relationships with the other closed sets: 

 
Where A        B represents A implies B but not conversely.    
 
4. ),( ji - spacesT −**

2/1
**

1/2( , )i j T spaces− − 1/2( , ) * *i j and T spaces− −  
 
In this section we introduce three new bitopological spaces **

1/2( , )i j T spaces− −  , **
1/2( , )i j T spaces− −  and (i,j) 

spacesT −*
2/1

* .  
 
Definition 4.1: A bitopological space ),,( 21 ττX is said to be an **

1/2( , )i j T space− − if every ),( ji -set is 

( , ) **i j g closed− −  closedg −* .  
 
Proposition 4.2: Every ),( ji - spaceT −2/1  is a ),( ji - spaceT −2/1

** but not conversely. 
 
Example 4.3: Let { }cbaX ,,= , { } { }{ }Xcaa ,,,,1 φτ =   and { }{ }Xba ,,,2 φτ = . Then ),,( 21 ττX  is a (1, 2) - 

spaceT −2/1
**  but not a (1, 2) - spaceT −2/1  since { }bA = is (1, 2) - closedg − but not closed−2τ . 

 
Remark 4.4: A (1, 2) - *

1/2T space−  need not be a (1, 2) - **
1/2T space−  true as it is seen in the following example. 

 
Example 4.5: Let { }cbaX ,,= , { }{ }Xa ,,1 φτ =   and { } { }{ }Xcba ,,,,2 φτ = . Then ),,( 21 ττX is a (1, 2) - 

*
1/2T space−  but not a (1, 2) - **

1/2T space− since { }bA =  is (1, 2) - closedg −** but not (1, 2) - *g closed−
. 
 
Definition 4.6: A bitopological space ),,( 21 ττX is said to be a ),( ji - spaceT −**

2/1  if every ),( ji - 

closedg −** set is closedj −τ .  
 
Proposition 4.7: If ),,( 21 ττX is a ),( ji - spaceT −**

2/1  then it is a ),( ji - spaceT −*
2/1 . 

 
The converse of the above is not be true as seen in the following example. 
 
Example 4.8: In example (4.5), ),,( 21 ττX is (1, 2) - spaceT −*

2/1  but not a (1, 2) - **
1/2T space− . Since { }bA =  

is (1, 2) - closedg −**  but not closed−2τ . 
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Proposition 4.9: If a bitopological space ),,( 21 ττX is a (1, 2) - spaceT −2/1  then it is both (1, 2) - **

1/2T space−

and (1, 2) - **
1/2T space− . 

 
Proof follows from propositions (4.2) and (4.7). 
 
Proposition 4.10: Every ),( ji - spaceT −**

2/1  is ),( ji - spaceT −2/1
**  but not conversely. 

 
Example 4.11: Let { }cbaX ,,= , { } { }{ }Xcaa ,,,,1 φτ =   and { }{ }Xba ,,,2 φτ = . Then ),,( 21 ττX is a ),( ji -

spaceT −2/1
**  but not a ),( ji - spaceT −**

2/1 since { }baA ,=  is (1, 2) - closedg −** but not closed−2τ . 
 
Definition 4.12: A bitopological space ),,( 21 ττX is said to be a strongly pairwise **

1/2T space− if it is both (1, 2) - 
**

1/2T space−  and (2, 1) - spaceT −2/1
** . 

 
Definition 4.13: A bitopological space ),,( 21 ττX is said to be a strongly pairwise **

1/2T space−  If it is both (1, 2) - 
**

1/2T space−  and (2, 1) - spaceT −**
2/1 . 

 
Proposition 4.14: If ),,( 21 ττX is a strongly pairwise spaceT −2/1 then it is a strongly pairwise spaceT −2/1

**  
but not conversely. 
 
Example 4.15: Let { }cbaX ,,= , { } { }{ }Xcba ,,,,1 φτ =   and { } { } { } { }{ }Xcbcacb ,,,,,,,2 φτ = . 
  
Then ),,( 21 ττX  is a strongly pairwise spaceT −2/1

**  but not a strongly pairwise spaceT −2/1   
 
since { }cA =  is (1, 2) - closedg −  but not closed−2τ . 
 
Proposition 4.16: If ),,( 21 ττX is a strongly pairwise spaceT −**

2/1  then it is a strongly pairwise *
1/2T space−  but 

not conversely. 
 
Example 4.17: Let { }cbaX ,,= , { } { }{ }Xbaa ,,,,1 φτ =   and { } { } { }{ }Xbaba ,,,,,2 φτ = .  
 
Then ),,( 21 ττX  is a strongly pairwise spaceT −*

2/1  but not a strongly pairwise spaceT −**
2/1 since { }caA ,=  is 

(2,1) - closedg −**  but not 1 closedτ − . Therefore ),,( 21 ττX  is not a (2, 1) - **
1/2T space−   and hence it is 

not a strongly pairwise spaceT −**
2/1 . 

 
Proposition 4.18: The following conditions are equivalent in a bitopological space ),,( 21 ττX  

(i) ),,( 21 ττX  is a ),( ji - spaceT −**
2/1 . 

(ii) Every singleton of X is either closedgi *−τ or openj −τ . 
 
Proof: (i) → (ii), Let ),,( 21 ττX  be an ),( ji - spaceT −**

2/1 . Let Xx ∈  and suppose { }x  is not *i g closedτ − . 

Then { }xX −  is not *i g openτ − . Therefore { }xX −  is a ),( ji - **g closed− set of ),,( 21 ττX since 

),,( 21 ττX  is a ),( ji - **
1/2T space− , { }xX −  is closedj −τ . Therefore { }x  is openj −τ . 

 
(ii) → (i), Let A be a ),( ji - closedg −** set of ),,( 21 ττX . )(AclA j −⊆ τ . Let )(Aclx j −∈τ . By (ii), 

{ }x  is either closedgi *−τ or openj −τ .. 
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Case (i): Let  { }x  be *i g closedτ − , Suppose Ax ∉ , then ( )j cl A Aτ − − contains a non-empty *j g closedτ −

set { }x , which is a contradiction to propositions (3.22). Therefore Ax ∈ . 
 
Case (ii), Suppose { }x  is openj −τ . Since )(Aclx j −∈τ , { } 0≠Ax  . Therefore we have Ax ∈ . This in 

both cases, we conclude that A is closedj −τ . Hence ),,( 21 ττX  is an ),( ji - closedT −**
2/1 . 

 
Definition 4.19: A space ),,( 21 ττX is called a ),( ji - * *

1/2T space− if every ),( ji - closedg − set of ),,( 21 ττX  

is ),( ji - **g closed− . 
 
Definition 4.20: A bitopological space ),,( 21 ττX is said to be a strongly pairwise spaceT −*

2/1
* if it is both (1, 2) - 

spacesT −*
2/1

*  and (2, 1) - spacesT −*
2/1

* . 
 
Proposition 4.21: Every ),( ji - spaceT −2/1  is an  ),( ji - spaceT −*

2/1
* but not conversely. 

 
Example 4.22: In example (4.3), ),,( 21 ττX  is (1, 2) - * *

1/2T space−  but not a (1, 2) - 1/2T space− since { }bA =  

is (1, 2) - closedg −  but not closed−2τ .  
 
Remark 4.23: ),( ji - spaceT −**

2/1  and ),( ji - spacesT −*
2/1

*  are independent as seen in the following example. 
 
Example 4.24: In example (4.5), ),,( 21 ττX  is ),( ji - * *

1/2T spaces−  but not a ),( ji - spaceT −**
2/1 since 

{ }bA =  is (1, 2) - **g closed−  but not closed−2τ .  
 
Example 4.25: Let { }cbaX ,,= , { } { } { }{ }Xbaba ,,,,,1 φτ =   and { } { }{ }Xbaa ,,,,2 φτ = . Then ),,( 21 ττX  is 

(1, 2) - spaceT −*
2/1

*  but not a spaceT −**
2/1 since { }caA ,=  is (1, 2) - closedg −**  but not closed−2τ . 

 
Proposition 4.26: A space ),,( 21 ττX is a ),( ji - *

1/2T space−  if and only if it is both ),( ji - * *
1/2T space−  and 

),( ji - spaceT −2/1
** . 

 
Proof: Let A be an ),( ji - g closed−  set in X. Since ),,( 21 ττX  is a ),( ji - spacesT −*

2/1
* , A is an ),( ji - 

**g closed−  set in X. Again since ),,( 21 ττX  is a (i, j) spaceT −2/1
** , A is (i, j) closedg −* .  

 
Therefore every ),( ji - closedg − set of ),,( 21 ττX is ),( ji - closedg −* . Hence ),,( 21 ττX is an ),( ji - 

spaceT −2/1
* . 
 
Conversely suppose ),,( 21 ττX be an ),( ji - spaceT −2/1

* . Let A be an ),( ji - closedg −**  set of 

),,( 21 ττX . Then from (i) of proposition (3.6), A is ),( ji - closedg − . Since ),,( 21 ττX is spaceT −2/1
* , A is 

(i, j) closedg −*  and hence ),,( 21 ττX is ),( ji - spaceT −2/1
** .Let A be an ),( ji - closedg − set. Since 

),,( 21 ττX is spaceT −2/1
* , A is (i, j) - closedg −* . Then by  

 
Proposition (3.9), A is ),( ji - closedg −** . Therefore ),,( 21 ττX is (i, j) spaceT −*

2/1
* . 

 
Proposition 4.27: A space ),,( 21 ττX is strongly pairwise spaceT −2/1

*  if and only if it is both strongly pairwise 

spaceT −*
2/1

*  and strongly pairwise spaceT −2/1
** . Proof follows from proposition 4.26. 
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Proposition 4.28: Every strongly pairwise spaceT −2/1  is strongly pairwise spacesT −*

2/1
* but not conversely. 

Proof follows from proposition 4.21. 
 
Example 4.29: In example (4.22), ),,( 21 ττX is strongly pairwise spaceT −*

2/1
*  but not a strongly pairwise 

spaceT −2/1  since { }bA =  is (1, 2) - closedg −  but not closed−2τ .  
 
The results in this section can be represented in the following figure: 

 
Where A        B represents A implies B but not conversely and A                    B represents A and B are independent.      
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