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ABSTRACT

In this paper we introduce g**-closed sets in bitopological spaces. Properties of this sets are investigated and we
introduce three new bitopological spaces namely, (i, j)-**T., spaces, (i, j)-Ty, **space and (i, j)-*Tsw*spaces.
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1. INTRODUCTION

A triple (X,t;, 1) where X is a non-empty set and t;and T, are topologies in X is called a bitopological space and
Kelly[5] initiated the study of such spaces. In 1985, Fukutake [2] introduced the concepts of g-closed sets in
bitopological spaces. M.K.R.S. Veerakumar[11] introduced and studied the concepts of g*-closed sets and g*-
continuity in topological spaces. Sheik John. M and Sundaram. P [8] introduced and studied the concepts of g*-closed
sets in bitopological spaces in 2002. The purpose of this paper is to introduce the concepts of g**-closed sets, (i, j)-
**T,, spaces, (i, j)-Ty,**spaces and (i, j)-*Tw,*spaces in bitopological spaces and investigate some of their properties.

2. PRELIMINARIES

Definition 2.1 A subset a of a topological space (X, 1) is said to be

a pre-open set [7] if A c int(cl(A)) and a preclosed set if cl(int(A))  A.

a semi-open set [6] if A < cl(int(A)) and and semi-closed set if int (cl(A)) < A.

a regular open set [9] if A = int (cl(A))

a generalized closed set [7](briefly g-closed set) if cl(A) < U whenever A < U and U is open in(X, 1).

a generalized star closed set[11] (briefly g*-closed set) if cl(A) < U whenever A c U and U is g-open in (X, 7).
a generalized star star closed set[10] (briefly g**-closed set) if cl(A) < U whenever A — U and U is g*-open in
X, 7).

ok wbdE

If A'is a subset of X with topology t, then the closure of A is denoted by T — cl(A) or cl(A), the interior of A is denoted
by T - int(A) or int(A) and the complement of A in X is denoted by A°.

For a subset of (X, 1, 7)), ti-cl(A) (resp. T-int(A))denote the closure (resp. interior)of A with respect to the topology T;.
We denote the family of all g-open(resp.g*-open) subsets of X with respect to the topology 1; by GO(X, ;) (resp.
G*O(X, 1) and the family of all 7j- closed sets is denoted by the symbol F; we mean the pair of topologies (i, T)).

Definition 2.2 A subset A of a topology (X, 1, 1)) is called

1. (i, j)-g-closed[2] if 7j-cl(A) < U whenever A c U and U is open in 1;.

. (i, J)-rg-closed[1] if 7-cl(A) < U whenever A c U and U is regular open in 1;.

. (i, j)-gpr-closed [4] if 7;-pcl(A) < U whenever A — U and U is regular open in 1;.
. (i, J)-wg-closed[3] if tj-cl(ti-int(A)) < U whenever A c U and U is open in T;.

B~ WD

Definition 2.3 A bitopological space (X, 11, 1) is called

1. an (i, j)-T, space[2] if every (i, j)-g-closed set is Tj-closed.

2. astrongly pairwise Ty, space[2] if it is both (1, 2) Ty, and (2, 1) Ty,

3. an (i, j)-Ty* space[8] if every (i, j)-g*-closed set is 7;-Closed.

4. astrongly pairwise T, *space[8] if it is both (1, 2) T, * and (2, 1) Ty,*.
5. an (i, j)-*Ty, space[8] if every (i, j)-g-closed set is g*-closed.

6. astrongly pairwise *Ty, space[8] if it is both (1, 2) -*T,, and (2, 1) -*T,.
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3. (i, J) — g**-closed sets

In this section we introduce the concept of (i, j)-g**-closed sets in bitopological spaces.

Definition 3.1: A subset A of a topological space (X,7,,7,) is said to be an (i, j) - g**—closed set if
7; —Cl(A) cU whenever Ac U and U € G*O(X, ;). We denote the family of all (i, j)- g **—closed

setsin (X,7,,7,) by D**(i, j).
Remark 3.2: By setting 7, = 7, in definition (3.1),a (i, j)- g **—closed setisa g **—closed set.
Proposition 3.3: Every 7; —closed subsetof (X,7,7,) is (i, j)- g**—closed .

The converse of the above propositions is not true as seen in the following example.

Example 3.4: Let X = {a,b,c}, T, = {¢, {C}, {a,c}, X} and 7, = {¢,{a}, X}. Then the set A= {b} is (1, 2) -
g **—closed butnot 7, —closed in (X,7,,7,).

Proposition 3.5: If Ais both 7; - g *—open and (i, j)- g**—closed then Ais 7; —closed .

Proposition 3.6: In a Bitopological space (X,7,,7,)every (i, j)- g **—closed set is
(i) (i, j)- g —closed
(i) (i, j) - rg —closed (iii) (i, j)- gpr —closed (iv) (i, j)- wg —closed .

The following examples show that the converse of the above proposition are not true.

Example 3.7: Let X = {a,b,c}, T, = {¢, {a,b},X} and 7, = {¢,{a}, X}. Then the set A= {a} is (1, 2) -
g —closed, (1,2) - rg —closed and (1, 2) - wg —closed butnot (1,2) - g **—closed .

Example 3.8: Let X = {a,b,c}, T, = {¢, {C}, {a,b}, X} and 7, = {¢, {a}, X}. Then the subset
A={c}is(1,2)- gpr —closed butnot (1,2)- g**—closed .

Proposition 3.9: Every (i, j)- g *—closed setis (i, j)- g **—closed .
The converse of the above need not be true.

Example 3.10: Let X = {a,b,c}, T, = {(15, {a}, X} and 7, = {¢, {a}, {a,b}, X } Then the subset A = {b} is (1,
2)- g**—closed butnot(1,2)- g*—closed .

Proposition 3.11: If A;B € D**(i, j),then AU B e D**(i, j).

Remark 3.12: The intersection two (i, j) - g **—closed set need not be (i, j)- g **—closed as seen from the
following example.

Example 3.13: Let X = {a,b,c}, 7, = {¢,{a}, {o,c}, X} and 7, = {4, {b},{c}, {b,c}, {a,c}, X }. Let A={a,b}
and B = {b,c}. Then Aand B are (2,1) - g **—closed setsbut AN B = {b} isnota(2,1)- g**—closed set.

Remark 3.14: D **(1,2) is generally notequal to D**(2,1).

Example 3.15: In Example (3.13), A= {b}& D**(2,1) but Ac D**(1,2).
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Proposition 3.16: If 7, < 7,, in (X,7,,7,) then D**(2,1) = D**(1,2).
The converse of the above need not be true as seen in the following example.

Example 3.17: Let X = {a,b,c}, T, = {¢,{a}, {b}, {a,c}, X} and 7, = {¢,{a}, {a,b}, X}where T, T, but
D**(2,1) < D**(1,2).

Proposition 3.18: For each element X of (X,7,,7,), {X} is either 7, —g*—closed or X —{X} is (1, J) -
g**—closed .

Proposition 3.19: If A'is (i, j)- g**—closed , then 7; —cI(A)— A contains no non-empty 7, —g *—closed
set.

Proof: Let A be (i, j) - g **—closed and let F be az; — g *—closed set such that F < 7; —Cl(A) — A. Since
*Kx(i i C
AeD>**(i, j),wehave 7; —cl(A)c F~.

Therefore F < (7; —cl(A)) N (z; —cl(A))© = ¢. Therefore F =¢.
The converse of the above two propositions need not be true as it is seen in the following example.
Example 3.20: Let X = {a,b,c}, 7, = {g,{b},{c}, {b,c},{a,c}, X} and 7, = {g, {a}, {b,c}, X }.

Let A= {b} Then 7, —Cl(A)\ A= {C} is not 7, — g *—closed . i.e. 7, —Cl(A)\ A contains no non-empty
7, — g *—closed setbut A= {b} isnot (1,2)- g**—closed .

Theorem 3.22: If Ais (i, j)- g **~—closed in (X,7;,7;) then Ais 7; —closed if and only if
t; —Ccl(A)\ A is 7; — g*—closed .

Proof: Necessity: If A is 7; —closed then 7; —cl(A)=A that is 7; —Cl(A)\A=¢ and hence it is
7,—g*—closed g*—closed .

Sufficiency: If 7; —cl(A)\ A is 7; — g *—closed then by proposition (3.19), 7; —Cl(A)\ A= ¢. Therefore A
is 7, — g *—closed .

Theorem 3.23: If Aisan (i, j)- g **—closed set of (X,7;,7;) such that Ac B < 7; —Cl(A)then B is also
an (i, j) - g**—closed setof (X,7;,7;).

Proof: Let BcU and U be 7,—g*—open Then AcU and r;-cl(A)cU. since A is
(i, j)—g**—closed . B< r; —cl(A) implies 7; —cl(B) < 7; —cl(A) and hence 7; —cl(B) c U .

Therefore Bis (i, j)- g **—closed .

Proposition 3.24: In a Bitopological space (X,7;,7;), G*O(X,7;) c F; if and only if every subset of X is an
(i, J)- g**—closed set.

Proof: Suppose G*O(X,7;) C F;. Let A be a subset of X such that AcU where U e G*O(X,7;). Then
t; —Ccl(A) cz; —cl(U)=U and hence Ais (i, j) - g **—closed . Conversely, suppose that every subset of X
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is (i, j)- g**—closed . Let U e G*O(X, ;). Since U'is (i, j)- g **—closed , we have 7; —cl(U) cU.
Therefore U =7, —cl(U) and hence U € F;.

Therefore G*O(X,7;) = F;.

The following figure illustrates the relationships with the other closed sets:

(i j)-gpr—closed

/N

Ticlosed ——e (i jlg*-closed ———p (i jlg**closed —— (i, j}-g-closed

(i, j}rg-closed (i, j)-wg-closed

Where A—p B represents A implies B but not conversely.
4. (i,j)- T,, —spaces (i, j)— "T,, —spaces (i, j)—and *T,,, *—spaces

In this section we introduce three new bitopological spaces (i, j) —T,,, —spaces , (i, j) - T,,, —spaces and (ij)

“T,,, — spaces.

Definition 4.1: A bitopological space (X,7,,7,) is said to be an (i, j)— T, —space if every (i, j) -set is
(i, j))—g**—closed g*—closed .

Proposition 4.2: Every (i, j)- T,,, —space isa (i, j) - T,,, — Space but not conversely.

Example 4.3: Let X = {a,b,c}, T, = {¢,{a}, {a,c}, X} and 7, = {¢,{a,b}, X}. Then (X,7,,7,) isa (L, 2) -
T/, —space butnota (1,2)- T,,, — space since A= {b}is(1,2)- g —closed butnot 7, — closed .

Remark 4.4: A (1, 2) - T;Z —Space need not be a (1, 2) - HTl,2 —Space true as it is seen in the following example.

Example 4.5: Let X = {a,b,c}, T, = {¢, {a}, X} and 7, = {¢,{a}, {b,C}, X}. Then (X,7,,7,)is a (1, 2) -
T,, —space butnota (1,2) - T, —spacesince A = {b} is (1, 2)- g**—closed but not (1, 2) - g*—closed

Hok

Definition 4.6: A bitopological space (X,7,,7,) is said to be a (i, j) - T,/, —space if every (i, j) -
g **—closed setis 7; —closed .

Proposition 4.7: If (X,7,,7,)isa (i, j)- T/, —space thenitisa (i, j)- T,,, — space.
The converse of the above is not be true as seen in the following example.

Example 4.8: In example (4.5), (X,7,,7,)is (1,2) - T,,, —space butnota (1, 2) - T,,, —space. Since A= {b}
is(1,2)- g**—closed butnot 7, —closed .
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Proposition 4.9: If a bitopological space (X, 2'1,2'2) isa(1,2)- T, —space thenitis both (1, 2) - **Tl,2 —Space
and (1,2) - T,,, — space.

Proof follows from propositions (4.2) and (4.7).
Proposition 4.10: Every (i, j)- T,;, —space is (i, j)- " T,,, — Space but not conversely.

Example 4.11: Let X = {a,b,c}, T, = {¢,{a}, {a,c}, X} and 7, = {¢, {a,b}, X}. Then (X,7,,7,)isa (i, j) -
"T,,, —space butnota (i, j)- T, — spacesince A= {a,b}is(1,2)- g**—closed butnot 7, —closed .

Definition 4.12: A bitopological space (X, z'l,z'z) is said to be a strongly pairwise **Tl,2 —spaceif it is both (1, 2) -
“T,, —space and (2,1)-"T,,, — space.

Definition 4.13: A bitopological space (X, 11,12) is said to be a strongly pairwise le —space If it is both (1, 2) -

T,, —space and (2, 1) - T,,, — space.

Proposition 4.14: If (X,TI,TZ) is a strongly pairwise T,,, —Spacethen it is a strongly pairwise **Tl/2 — space
but not conversely.

Example 4.15: Let X = {a,b,c}, 7, = {¢,{a}, {b,c}, X} and 7, = {4, {b},{c} {a,c},{b,c}, X }.
Then (X,7,,7,) isastrongly pairwise **Tl,2 — space but not a strongly pairwise T,,, — space
since A= {C} is (1,2) - g —closed butnot 7, —closed .

Proposition 4.16: If (X ) 11,12) is a strongly pairwise lekz — space then it is a strongly pairwise T172 —Space but
not conversely.

Example 4.17: Let X = {a,b,c}, T, = {¢,{a}, {a,b}, X} and 7, = {¢,{a}, {b}, {a,b}, X }

Then (X, 7,,7,) is a strongly pairwise T172 — Space but not a strongly pairwise Tl’,d; —spacesince A= {a, C} is
(2,1) - g**—closed but not 7, —closed . Therefore (X,7,,7,) is nota (2, 1) - T,, —space and hence it is
not a strongly pairwise T;z — space.

Proposition 4.18: The following conditions are equivalent in a bitopological space (X, Ty, rz)
) (X,7,,7,) isa (i, j)- T,,, — space.
(ii) Every singleton of X is either 7; — g *closed orz; —open.

Proof: (i) — (ii), Let (X,7,,7,) bean (i, j)- T,, —space. Let X € X and suppose {X} isnotz; —g *closed .
Then X —{X} is not 7, —g*open . Therefore X —{X} is a (i,])- g**—closed set of (X,7,,7,) since
(X,7,,7,) isa (i, j) - T, —space, X —{x} is 7, —closed . Therefore {x} is T, —open.

(i) — (i), Let A be a (i, j)- g**—closed set of (X,7,,7,). Ac7; —Cl(A). Let x e 7; —cCl(A). By (ii),
{x} is either 7, — g *closed or 7, —open..

© 2012, IJMA. All Rights Reserved 2732



Mrs. Veronica Vijayan, Mrs. Ponnuthai Selvarani and Sr. Pauline Mary Helen. M*/ g** -closed sets in bitopological spaces /
IUIMA- 3(7), July-2012, Page: 2728-2734

Case (i): Let {X} be 7, — g *closed, Suppose X ¢ A, then 7; —Ccl(A) — Acontains a non-empty z; — g *closed

set {X} which is a contradiction to propositions (3.22). Therefore X € A.

Case (i), Suppose {X} is 7; —open. Since X € 7; —cl(A), {X}ﬂ A+ 0. Therefore we have X € A. This in

both cases, we conclude that Ais 7; —closed . Hence (X,7;,7,) isan (i, j)- T,;, —closed.

Definition 4.19: A space (X,7,,7,)iscalleda (i, j)- T,,, — spaceifevery (i, j) - g — closed set of (X,7,,7,)
is (1, J)- g**—closed .

Definition 4.20: A bitopological space (X, 1'1,2'2) is said to be a strongly pairwise *lez —spaceif it is both (1, 2) -

“T,,, —spaces and (2,1)- "T,,, — Spaces.
Proposition 4.21: Every (i, j)- T,,, —space isan (i, j)- T,,, — Space but not conversely.

Example 4.22: In example (4.3), (X,7,,7,) is (1,2) - T,,, —space butnota (1, 2) - T,,, —spacesince A= {b}
is (1,2) - g —closed butnot 7, —closed .

Remark 4.23: (i, j)- T,;, —space and (i, j)- T,,, —spaces are independent as seen in the following example.

Example 4.24: In example (4.5), (X,7,,7,) is (i, j) - T, —spaces but not a (i, j) - T,,, — Space since
A={b}is(1,2)- g**—closed butnot 7, —closed .

Example 4.25: Let X ={a,b,c}, 7, = {4, {a}, {o},{a,b}, X} and 7, = {g,{a},{a,b}, X}. Then (X,7,,7,) is
(1,2)- 'T,;, —space butnota T,;, — spacesince A={a,c} is(1,2)- g**—closed butnot 7, —closed .
Proposition 4.26: A space (X,7,,7,)isa (i, j)- T,, —space if and only if it is both (i, j)- T,,, —space and
(i, 1)~ "T,., — space.

Proof: Let A be an (i, j)-g—closed set in X. Since (X,7z,,7,) isa (i, j)- T,, —spaces, Ais an (i, j) -
g**—closed setin X. Againsince (X,z,,7,) isa(i,j) T, —space, Ais (i, j) g*—closed .

Therefore every (i, j) - g —closed set of (X,7,,7,)is (i, j)- g *—closed . Hence (X,7,,7,)is an (i, j) -
T,,, — space.

Conversely suppose (X,7,,7,) be an (i, j) - T, —space . Let A be an (i, j) - g**—closed set of
(X,z,,7,) . Then from (i) of proposition (3.6), Ais (i, j)- g —closed . Since (X,7,,7,)is ‘T,,, —space, A is
(i, j) g*—closed and hence (X,7,,7,)is (i, j)- T,, —Space.Let A be an (i, j) - g —closed set. Since
(X,z,,7,)is ‘T, —space, Ais (i, j) - g *—closed . Then by

Proposition (3.9), Ais (i, j) - g **—closed . Therefore (X,7,,7,)is(i,j) "T,,, —Space.

Proposition 4.27: A space (X,z’l,rz) is strongly pairwise *Tl,2 —space if and only if it is both strongly pairwise

T,,, —space and strongly pairwise **Tl,z — space . Proof follows from proposition 4.26.
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Proposition 4.28: Every strongly pairwise T,,, —Space is strongly pairwise *lez — spaces but not conversely.
Proof follows from proposition 4.21.

Example 4.29: In example (4.22), (X,Tl,rz) is strongly pairwise *lez —Sspace but not a strongly pairwise
T,,, — space since A ={b} is(1,2)- g —closed butnot 7, —closed .

The results in this section can be represented in the following figure:

YA
NN\

Where A —» B represents A implies B but not conversely and A «—<—p B represents A and B are independent.
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