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ABSTRACT

In this paper the Runge kutta method of order five is considered for solving ‘fuzzy hybrid differential equations’ based

on Seikkala derivative. We state a convergence result and give a numerical example to illustrate the theory.
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1. INTRODUCTION

Fuzzy set theory is a powerful tool for modeling uncertainty and for processing vague or subjective information in
mathematical models. The concept of fuzzy derivative was first introduced by Chang and Zadeh in [3]. It was followed
up by Dubois and Prade in [4], who defined and used the extension principle. Other methods have been discussed by
Puri and Ralescu in [16 ] and Goetshel and Voxman in [7]. The initial value problem for fuzzy differential equation
(FIVP) has been studied by Kaleva in [14, 15] and by Seikkala in [21]. Pederson and Sambandham [14, 15] have
investigated the numerical solution of hybrid fuzzy differential equations by using Runge Kutta method and Euler
method and also they have considered the numerical solution of hybrid fuzzy differential equations by using the
characterization theorem for the improved Euler’s method.

The Hybrid Fuzzy Differential equations is a natural way to model control systems with embedded systems with
embedded uncertainty that are capable of controlling complex systems which have discrete event dynamics as well as
continuous time dynamics.

In this article we develop numerical methods for addressing hybrid fuzzy differential equations by an application of the
Runge—Kutta method of order 5 using the Seikkala derivative which is more accurate than the one in [15 ]. In Section 2
we list some basic definitions for fuzzy valued functions, fuzzy differential equations and Runge kutta formula of order
5. Section 3 reviews hybrid fuzzy differential systems. Section 4 contains the Runge—Kutta method for approaching
hybrid fuzzy differential equations and a convergence theorem. Section 5 contains a numerical example to illustrate the
theory.
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2. PRELIMINARIES
We recall some definitions which are used throughout this paper. By & denote the set of all real numbers.

2.1 Definitions and Notations

A fuzzy number is a mapping u: R — [0,1] with the following properties:

(@) wu is upper semicontinous,

(b) wu isfuzzy convex, i.e., u (Ax + (1 — 1)y) = minifu(x),u(y)} forall x,y € R,A € [0,1],
(¢) wu isnormal,i.e.,3x, € R for whichu(x,) =1,

(d) Suppu={R/u(x) > 0} isthe support of u, and its closure cl (supp w) is compact.

Let E be the set of all fuzzy number on r. The r-level set of a fuzzy number u € E,0 <r < 1, denoted by[u],, is
defined as

_(fxreR/u(x)=r}, 0<r<1
[l = { cl(supp u), r=0

It is clear that the r- level set of a fuzzy number is a closed and bounded interval[g(r),ﬁ(r)], where u(r) denotes the
left-hand end point of [u], and u(r) denotes the right- hand side end point of [u],.since each y € R can be
regarded as a fuzzy number ¥ is defined by

3 Lt=
20 :{O,tii

Remark 2.1: Let X be the Cartesian product of universes X = X; X .....x X,,, and A; .....A, be n fuzzy numbers in
X1 X .....x X, respectively.f isa mapping from X to a universe Y, y = f(x;, X5, ..... X, ). Then the extension principle
allows us to define a fuzzy setBinY by B = {y,u(y)/y = f(x; ... .. X)) (2 e e x,) € X} , where

1y (y) = SUP (x, ryef Ly ML (K1), oo U ()} Bf f71() # 0,
5 0 if otherwise.

where f~1 isthe inverse of f. For n=1, the extension principle, of course, reduces to
B ={y,us(y)/y = f(x),x € X}

-1
where us(y) = {Suprf‘l(y) u (), 1) #0,
0 otherwise.

According to Zadeh’s extension principle, operation of addition on E is defined by

WO =
y

c :Rmin{u(y), v(x—vy)}, x€R

and scalar multiplication of a fuzzy number is given by

(k@u = (k>0

where 0 € E. The Hausdorff distance between fuzzy numbers given by D:E x E - R, U {0},
Su

P
D(u,v) Tre [0,1

| maxifu(r) — v()|, lar) — v},

It is easy to see that D is a metric in [E and has the following properties
1) Du®w,v@®w)=Du,v),Vu,v,w€E,)
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(i) DK@ u,k®@v)=|k|DuyV),V ke Ruyv €eE,

(i) Dk ©Qu,k ©v)=D,v),Vu,v,weE,)
(iii) (D, E ) is a complete metric space.

Next consider the initial value problem (IVP)

{ y(®) =f(t,y®); a<t<b, 2.1)
y(@) =«a
Where f is continuous mapping from R, X R into Rand a € E with r level sets

[a], = [a(),a()],r € (0.1].

The extension principle of Zadeh leads to the following definition of f(¢t,y) when y = y(t) is a fuzzy number

f&,)(s) = suply(O)\s = f(t,7)}, s € R.

It follows that [£(t, )], = [£(t.y,7).F(t,3.1)] r € (0,1],
where £(t' VY, 1) = min {f(t, u)\u € [X(r),y(r)]},

Ft,y,m) = max {f (L w\u € [y, 5]}

Theorem 2.1: Let fsatisfy [f(t,v) — f(t,v)| < g(t,lv—7]),t =0, v, T ER,
where g: R, X R,is a continuous mapping such that r — g(t,r) is non decreasing and the initial value problem
u'(®) = g(t,u®), u(0) = u, (2.2)

Has a solution on R, for u, > 0 and that u(t) = 0 is the only solution of (2.2) for u, = 0.Then the fuzzy initial
value problem (2.1) has a unique solution.

2.1 Runge kutta method

Consider the initial value problem

{ y(®) =ft,y®); a<t<b, 23)
y@) =a '

The basis of Runge Kutta method is to express the difference between the value of y at t,,; and t, as

Yn+1 =Y = Zzn=1 Wiki' (24)
where w;s are constants and for i = 1,2,3.....m,

ki =hf(ty+ch y,+ h2§;11 a; k;). (2.5)
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For determination of ¢;'s & a;;'s we compare (2.4) with the Taylor’s series expansion about t,.\We get
1 1 1 3 1 1 1 1
=0, CZZZ' 0321' 5425;6522;66:1:‘121ZZ;a31:§:a32=§;a41:_§;

3 2 12 12 8

a4, = 0,a43 =1,0a5 ZE'asz =0,a53 =0,as4 zﬁ'aﬂ = —7'%2 = 7'a63 27'%4 = —7'5165 27-

Where m =5. Hence the fifth order Runge Kutta method is given by
1

yi+1 = :Vi + %(7](1 + 32k3 + 12k4 + 32k5 + 7k6)h

ky = £ y)

1 1
ky = f(x,- +7h +Zk1h)

ky = Lyt Skn 1kh)
3=f xi+4 ,Yi+8 1 +8 2

1 1
X +=hy, —§k2h+k3h)

(
(43
(
(

=

= 3 oy + = kih 9kh)
s=f xi+41yi+161 +164

3 2 12 12 8
ke =f(x, +hy, —7k1h+7k2h+7k3h—7k4h+7k5h)

Lemma 2.2: If the sequence of non negative numbers {W,} satisfy |W, | < A|W, |+ B,0<n <N —1,for the

given positive Constants Aand B, then |W, | < A™|W,| + B%, 0<n<N.
Lemma 2.3: If the sequence of numbers {W,}N_,, {V,3V_, satisfy
Wil < (WL | + Amax{|W, | [V, [} + B, Vi1l < Vo] + Amax{|W, | [V, 1} + B

for the given positive constants A and B, then denoting

U, =W, | +1V,[,0<n <N,

We have U, §A7U0+EA;__11,OSnSN, where A =1+ 24,8 = 2B.

Lemma 2.4: Let F(t,u,v) & G(t,u,v) belong to C'(R;) and the partial derivatives of F and G be bounded over

Ry.Then for arbitrarily fixed ,0 <r <1, D (y(tn+1),y(°)(tn+1)) < R2L(1 + 20),

Where L is a bound of partial derivatives of F and G, and C = max{lG[tn,X(tN; ), y(ty_1; r)]l reE [0,1]} < o,

Theorem 2.5: Let F(t,u,v) & G(t,u,v) belong to C'(R;) and the partial derivatives of F and G be bounded over
Rp.Then for arbitrarily fixed r,0 <r <1, the numerical solutions of y(¢t,.1;7) and y(¢,41;7) converge to the

exact solutions Y (¢t;7) and Y(t;7) uniformlyint.

Theorem 2.6: Let F(t,u,v) & G(t,u,v) belong to C'(R;) and the partial derivatives of F and G be bounded over
Rp and 2Lh < 1.Then for arbitrarily fixed7,0 <7 <1, the iterative numerical solutions of yU)(t,;r) and

i(j)(tn;r) converge to the numerical solution y(t,;r) and y(t,;r) in ty <t, <ty, when j - oo.
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3. THE HYBRID FUZZY DIFFERENTIAL SYSTEM

Consider the hybrid fuzzy differential system

x' (@) = f(t,x(8), (), t € [ty tegal,
31)
x(t) = x;
Where ' denotes the seikkala derivative,0 < t, < t; < - <t <--, ¢t > o, f € C[RT XE X E,E], A, € C[E, E].)

To be specific the system will be as follows
xo () = f(t, xo(t), Ao(xo)), x(tg) = xo, t € [ty tq],
x'(t) = f(t. x1(f)./11(x1)), x(t) = x1, tE€[ty,t;],

x'(t) =

xk,'(t) = f(f' xk(t),lk(xk))' x(t) = x, t € [ty tysal,

With respect to the solution of (3.1), we determine the following function:

xo(t), tE€ [ty tq]
x1(8), tE|[ty,t;]

x(t) = x(t, tleO) = .
X (), t € [ty tps]

We note that the solutions of (3.1) are piecewise differentiable in each interval for ¢t € [t;, t,,1] for a fixed ¢, € E
and k=0,1,2..

Therefore we may replace (3.1) by an equivalent system

{z'(t) =f(tx () =F(6xX),  x(t)=x

. = (3.2
E (t) = f(t' X, /1k (xk) = Gk (t,&,f), E(tk) = Yk

Which posseses a unigue solution (x,x) which is a fuzzy function.That is for each t, t he pair [x(t;7),x(t;7)] is a

fuzzy number, where x(t;r),x(t;r) are respectively the solutions of the parametric form given by
x(®) =F(txtn),xX6),  xtsr) =x0)

{fl(t) =G (L xEm), X)), X(t;r) =X (1)

for r € [0,1].

3.3)

4. THE RUNGE-KUTTA METHOD

In this section , for a hybrid fuzzy differential equation (3.1) we develop a Runge kutta method of order five as in (2.4)
and (2.5).We assume that the existence and the uniqueness of the solutions of (3.1) hold for each [ty, ty41]-

For a fixed r, to integrate the system (3.3) in [ty, t1], [t1, t2], .-, [tk tes1 ], ... We replace each interval by a set of N, + 1
discrete equally spaced grid points at which the exact solution x(¢t; ) = (x(t;r),x(t;r)) is approximated by some
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i (t; 7).y (t; 7)).For the chosen grid points on [ty, tys1]  ten = tx + nhy, by = 22K 0 <n < N,
+ n N
— k

Let (&(t; ), Y (t; r)) = (x(t; 1), x(t; r)).(&(t; ), Y, (t; r)) and (y, (¢;7),y, (t; 7)) may be denoted respectively by

(Yk,n(r),m(r)) and (yk,n(r),m(r)).We allow the N's to vary over the [t,,t..,]’s so that the h,'s may be

comparable.To develop the Runge kutta method of order five for (3.1),we define the above Runge kutta method of
order 5

6
Ver 1) = Yien @) = > 0w ki (605 Y100 ()

i=1

6
Ferri() = Fen @) = Y hw T (605 Yien (@),

i=1

Where w; w,, w3 are constants and

et (b Vien 7)) = min {f (t 1, A (1) ) \ 1€ [y (), T ()] € [0 (1), T ()}

max {f (tim 1 A @)) \ e [yion (), Fen ()] i [yi0 (), oo ]}

tk nr Yikn (T)

O

2 tk n’ ykn(r)

1
min {f (fk,n + 7o Ay (uk)> \ u€[z1 (i Vien (1), Zkr s Yien (), U € [M(T). W(T)]}

1
max {f (tk,n o A (uk>> \ €[ 241 (B View () 71 s View (1), 1€ [ Yo (), mm]}

min {f (tk

ax {f (tkn + —hk,u,/lk(uk)

2 tk n’ ykn(r)

S

3 tk nr ykn(r)

3

n 7w A (uk)> \ u€(zyz (thns Yien (1), Zk2 (s YVien (), U € [M(T). W(T)]}

\ €[ Zua (B Vi () Zz s View (1), 1€ [ Yo (), mm]}

N————

3 tk n’ ykn(r)

F ( )=
( )=
R ( )=
( )= ,
ks ( )=

Jeg (tioms Vi (1)) = min{f(tk,
R )=
( )= ,
ks ( )=
( )

=

+—hk,u,/1k(uk)

N————

\ U€(Zia (b Vion () 2 (s Yie (7)), 0 [Yieo (), mm]}

3

1
ki s Vi () ax {f (fk,n + Ehk' u, Ay (uk)> \ u€(2y3 (Erns Yien (1) Zk2 (s Vien (), U € [M(T). M(r)]}

min {f (tk

3
max 1 f (tk,n o (uk>> \ €[ Zia (B View () 72 s View (), 10e€ [Yieo (r).mm]}

=

5 ( tiens Vien ()

+ 2w A (uk)> \ u€(zya (Chns Yien (1), Zk2 (s Yien (), U € [M(T). W(T)]}

ks  tiens Yien ()

=

mln{ (tkn + hy,u, A (uk)) \ ue[zgs (L, w0 Yien 1)), Ziz (e Yien (1)), U € [}’k o), Vi 0(7”)]}

I
\"l

6 tk n’ ykn(r)

ke (tk,ni Vien (7”)) = max {f (tk,n + hi, u, Ay (uk)) \ u€(zgs (trn Yien (1), Zk2 (s Vien (), U € [m(”).m(ﬂ]}

where in Runge kutta method of order three

1
Zia (tns Ven (1) = Yion ()45 K1 i Vi ()

Ziet (tem Vien (7)) = Fiem )45 K i Yiew (1)) B

1 1
Zi2. (tk,n' Vien (7‘)) =Yia(r) + gﬁ(tk,n. Yien (MR + 3 ky (Ees Yiem (M) e
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N

_ 1— 1
k2 (tk,n' Vien (1) Vin () + 3 k1t Vien )y + 3 ko (tiens Yiew (M) e

1
=Y () — Eﬁ(tk,n. Vien Dy + k3 (ten, Yien (1) i

N

Zi3 (tk,n' Yien ()

N

N

ﬁ(tk,nﬁyk,n(r) = Yia(r) +16 k1 Crenr Vi ) Ry + ¢ KaCtin Vi, n (M) hy,

)=
)
5 (tn ien ) = yk,m—%k_z(tk,n.yk,nm)hk+ it Vin ()
)
)

et (B Ven (1) = Vien () + 72 kl(tkn.ykn(rnhw I G

N

25 (B Vien (1)) = Yiew () + = kl(tkn.ykn(rnhw kz(tkn,ykn(r>>hk+ 2 Kyt Ven (DA

12 8
== ka (i, Yien M) hye + 2 ks (i Yiew (1)) i
7= —— 3— 2— 12—
25 (b Vi (1)) = Fien (1) + 2K s Vin (I + 216 (i Vien Pt + =K (ti s Vien ()

12 — 87—
== kst Yien Dy + 2 ks (b s Yien (1) e

Next we define

Sk [tk,n' }ﬁ(r)' m(‘)")]

1
= o5 (790 Vi 09) + 32K (10, Ve () + 12K (15 Ve () + 32K (B i ()

+7ke (fk,n' Yin (r))) Ry

Sk [tk,n' }ﬁ(r)' m(‘)")]

1
= o5 (790 Vi 09 + 32K (10, Y () + 12K (15 Ve () + 32K (B ien ()

+ 7& (tk,n' Yin (7”))) hk
The exact solution at t, . is given by

Yene1(r) = Yin (1) + Se [t Yin (1), Yiew (0],
Yint1 () = Vin (1) + T, [tk,n'yk_,n(r):m(r)]

The approximate solution is given by

yk,n+1 (T‘) ~ yk_,n(r) + Sk [tk,n' }ﬁ(‘)’), m(r)]'
Vin1(1) = Vi, (r) + Ty [tk,nryk_,n(r)'m(r)]

In (4.4) we will use yo,0(r) = x0(r), ¥, =%(r) and  y,0(r) = V-1 wk-1(), Y, o = Vi_q e () if k210

For a prefixed k and r € [0,1], proof of convergence of the approximations in (4.4), that is

ho 1i}rlrkl_)0 Yk Nk (r) = x(tgs1;7), 11m yk Nk (r) = X(ty41;7).

is application of Theorem 2.5 and Lemma 4.1 below. Convergence is pointwise in r for a fixed k.
© 2012, IIMA. All Rights Reserved
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Lemma 4.1: Suppose i € Z*,& > 0,7 € [0,1] and h; < 1 are fixed.Let {Z;, (r)}:i=0 be the Runge Kutta

approximation with N = N; to the fuzzy IVP:

{x'(t) = f(t,x(t), 4;(x)), t € [ti, tiyal, (4.5)

x(t) = x;

If {yi,n (r)}:izo denotes the result (4.4) from somey; o(r), then there exists a &§; > 0 such that

|20 = 00 ()] < 8, |70 () = 7,0(0)| < &,

Implies |£i,1vi ) - YiNi (7”)| <é&, |7i,Ni (r) — ?i_m(r)| <g

Proof: Fix i € Z*,& > 0,7 € [0,1] and h; < 1.Let {Z;, (r)}:i=0 be the Runge Kutta approximation with N = N; to

the fuzzy IVP (4.5). Suppose {yi,n(r)}:":0 denotes the result of (4.4) from some y;,(r), then by (4.4), for each

|£i,i+1(7‘) — Yii+1 (7‘)| = |Zi,l (r) + hySi[tig, 21, (), 2, ()] = Vi) — bty yi (), ¥, (7”)]|

< |z () = yu | + he [Silte 2000, 20 ()] = Silte (), 5,0 (4.6)
|7i,i+1 (") =Y (7‘)| = |7i,z () + hTi [t 2, (), 2, ()] = Vo) = hTilt, yi (), v, (7‘)]|

< |Ei,l () - yi,l (7”)| + R |Ti [ti,l'gi,l ),z (7”)] —Tiftin, yia (r).yi_l (7‘)]| (4.7)

Let ay; = ¢ Since S; and T; are continuous there exists a ny; > 0 such that

|£i,1vi—1 (r) - YiNi-1 (7‘)| < ny; and |7i,1vi—1(7‘) - yi,Ni—l (7‘)| <ny; imply

—_ — i Ni
|5i [fi,Ni—l'éi,Ni—1(7‘). Zi,Ni—l(’”)] ) [ti,Ni—lﬁzi,Ni—l (7”)'3’,-,1\”_1 (7‘)” < % = aT (4.8)
|Ti [ti,Ni—l'E,Ni—l(r)'zi,Ni—l (7”)] -T; [ti,Ni—lﬁzi,Ni—l (r),yl.'Ni_l(r)” < % = aT (4.9)

. g MN;
Let aN;_; = min —‘,h .
t 2’ 2

If |£l‘,Ni-1 (T‘) - Xi,Ni—l (T‘)| < aNl'_l and |Ei,Ni—1 (T‘) - yi,Ni—l (T‘)| < aNl'_l then by (4‘6) and (47) with
l =N; —1 and (4.8) and (4.9) we have

|20 () = yone )|

= |Zi,Ni—1(7‘) — YiNi-1 (7”)| + hy |5i [ti,Ni—l'Zi,Ni—l(r)'Ei,Ni—l (7”)] =S [ti,Ni—lﬁzi,Ni—l (r),?l.'m_l(r)”
&i &i &i
< aNi—l + hi ; <-4+ hi < &i) (410)

2 Y
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Ei,Ni (T') - yi'Nl’ (7") |

< |7i,Ni—1 () - yz,1vz—1 (7”)| + h; |Ti [ti,Ni—DZi,Ni—l(r)'Ei,Ni—l (7”)] -T; [ti,Ni—l'Xi,Ni—l (r),?i_m_l(r)”

< aNi—l +hl%sgz_1+hl£2_1<€l (411)
Continue inductively for each j = 2,3 ...........N; as follows. Since S; and T; are continuous there exists a

Nni—(j—1) > 0 such that

|Zi,1vi—j ™) = YiNi—j (7”)| < NMyi—¢j-1) and |Ei,Ni—j Q) _yi,Ni—j (7”)| < Nyi—¢j-1) imply

— — aN;_¢i—1
|5i [ti,Ni—j'Zi,Ni—j (), Zi i) (7”)] - S [ti,Ni—eri,Ni—j (T),yl-,Nl-_j (7”)” = % (4.12)
— — aNi_j-1)
|Ti [ti,Ni—j'Zi,Ni—j (r)'zi,Ni—j (7”)] -T [ti,Ni—j'Xi,Ni—j (r),yl._Ni_j (7”)” = LT (4.13)
Ni_i— Ni—¢i—1y TNi—(i—
where % is defined in the previous step. Let ay;_; = min {%,%}

If |Zl‘,Ni—]‘ (T‘) - Xl‘,Nl‘—]' (7")| < aNl'_j and |El‘,Ni—j (7") - yi,Nl’—j (T‘)| < aNl'_j then by (46) and (4‘7) with [ = Ni—j
and by (4.12), (4.13) we have

|Zi,Ni—(j -1) (r) — YiNi—j (7”)|
=< |Zi,Ni—j () = Yini-j (7”)| +h |Si [tinij» Zinioj () Zinioa (0] = S; [ti,Ni—j'Xi,Ni—l(r)'yi'm_j (7‘)”

(XNL'_ i— (ZNL'_ i—
20 Dy p, 20 D <aN_g_1y , (4.14)

IA

|Ei,Ni—(]' -1) (7") - yi_m_j (7")|

=< |7i,Ni—1 (r) - yi,Ni—l (7‘)| + h |Ti [ti,Ni—j:Zi,Ni—l (1), Z; yi—j (7‘)] -T [ti,Ni—j'Xi,Ni—j (T).yi_m_j (7‘)”

(XNL'_ i— (ZNL'_ i—
< —2 4y —=2 < aNpgoy (4.15)

Then for j = N; we see |gl-,0(r) - Xi,o(r)| < a, and |5i,o(7”) - ?i_o(r)| < ay imply
|Zi,1 () = yia (7‘)| <a; and |7i,1 M-y, (7‘)| <a.

For j = N;_; we see |gl-,1 () —Zz‘,l(?”)| < a; and |7i,1(7”) —ii_l(r)| < a; imply
|Zi,2 () = Yi2 (7‘)| < a; and |7i,2 ") —¥., (7‘)| < a;.

Continue decreasingto j = 2 to see

|Zi,1vi—2 (r) - YiNi-2 (7‘)| < ay;— and |7i,1vi—2 () - yi,Ni—Z (7‘)| < ;- imply

|Zi,1vi—1 (r) - YiNi-1 (7”)| < ay;—; and |7i,1vi—1(7‘) - i-ym_l (7”)| < ayi—1
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But it was already shown in (4.10) and (4.11) that

|£i,1vi—1 () = Yini—1 (7‘)| < ay;-1 and |Ei,Ni—1 (") =¥, yio (M| < ayi-1 imply
|£i,1vi () = Yini (7”)| <¢ and |7i,1vi M) = Vin (7”)| <g
This proves the lemma with §; = a,.

Theorem 4.1: Consider the systems (3.2) and (4.4).For a fixed k € Z* and r € [0,1],

limyg -0 Yienk (r) = x(tes157), (4.16)
limho _____ h—0 yk,Nk (T) = E(tk+1;r)' (417)
Proof: Fix k € Z* andr € [0,1],.Choose € > 0. Foreach i =0, ......... k we will finda &, > 0 suchthat h; <§;”

implies

|§(tk+1;r) — YNk (r)| < ¢ and |E(tk+1;r) = Yink (r)| < & where the h; values are allowable by regular partition

of the [¢;,t;+1]'s.By theorem 2.5, there exists a &, > 0 such that if h, < &, then
&

7

We may assume &, <1, then h, < 1. By lemma 4.1 there existsa &, > 0 such that

& _
|Zk,1vk (r) — &(tk+117”)| < 3 |7k,1vk (r) — x(fk+1i7”)| <

|20 () = Yo )| < 81 [Z10 (1) = 7, ()| < 5 (4.18)

Implies [z () = Ve (1] < 5. [Zemc () = 5 (0] < 5.

Therefore if h, < §," and (4.18) holds then

|2t ™) = Yiewre )] < 257 = Zeie O] + 2 ) = yieme 0] < 5+5 =2, (4.19)

B (ts137) = Ty pie O] < Flissi ™) = Zianc O] + [Zeme @) = Ve | <5 +5=¢ (4.20)

By theorem 2.5, there existsa 6;_; > 0 such thatif h,_; < 6;_; then

) — — )
|2k -1 k1 (1) = x(te; 7)| < 7k and [Z_i -1 (") = X(t; )| < 7k
We may assume 6;_; < 1.Then h;_; < 1. By lemma 4.1 there existsa §,_; > 0 such that
|10 () = Yim100)| < Sicts [Brcr o) = ¥y o 0] < 61 (4.21)
. Sk - — S
Implies |Zk—1,1vk—1 () = Yi-1.nk-1 (r)l <7 and |Zk—1,1vk—1(7‘) ~ Vk—1Nk—1 (T)l <5

Therefore if h,_; < §;_, and (4.21) holds then
S 8
|£(th ) = Yk-1,Nk-1 (7”)| < |2t =z ()] + |Zk—1,1vk—1 () = Yi-1,nk-1 (T)l <T+HE=6, (4.22)

© 2012, IIMA. All Rights Reserved 2793



N. Saveetha'” & Dr. S. Chenthur Pandian’ / Numerical solution of Fuzzy Hybrid Differential Equation by Fifth order Runge Kutta
Method/ IIMA- 3(7), July-2012, Page: 2784-2798

— — — — — — 6 )
Bt ™) = T es )] £ Tt ) = Zeca s O] + [Frcamiees ) = Ty 0| <L+ 2 = 5 (4.23)

Continue inductively foreach i =k —2,............2,1 tofinda §7 > 0 such thatif h; < §; then

8 _ _ 5
|Zi,1vi(7”) = x(tit1; 7')| < %1 and |Zi,1vi(7”) = x(tit1; 7')| < %1

We may assume each & < 1.Then for each h; < 1, by lemma 4.1 there existsa §; > 0 such that

|20 () = 90| < 80|20 () = 7, (0| < & (4.24)

H ‘Si L
Implies  |z,xi () = yii ()] < 222, [Zons () = 3, ()] < 252 (4.25)

Therefore if h; < 6] and (4.24) holds then

l+1

Sit
|x(tl+1'r) lel(r)| |x(tl+1'r) _lNl(r)| + |_lNL(r) lel(r)| <—+T_ 6l+1

— — — l+1 6l+1
B0 = 7,0 0] < [B 1) = 2w O] + [Epi () = T, (0] < 5+ =57 = 81

In particular there existsa 87 > 0 such that if h; < §; and (4.24) holds with i = 1 then

|2t = Yo )| < 8, and [%(t3m) =¥, ()| < 82

By theorem 2.5 we may choose §; > 0 such that hy < 85 implies

|2t ) = Yoo ()] < 8y and [R(t1;7) = T 0 ()] < 61 (4.26)

Suppose for each i =0, .....k that h; < & since (4.26) is the same as (4.24) with i = 1, we obtain (4.25) with
i = 1. Since (4.25) with i = 1 implies (4.24) with i = 2, we obtain (4.25) with i = 2.Continue inductively to obtain
{(4.18)-(4.20)},proving (4.16) and (4.17).

5. NUMERICAL EXAMPLE

Example 1: Consider the following hybrid fuzzy IVP

{ Y (©) = y(©) + m@©A(y (&), £ € [t tiera] 1)
y(0,7) = [0.75 + 0.25r,1.125 — 0.1257], 0<r<li. '
{ 2(t(mod 1)) if t(mod1) <05
m(t) = .
2(1 — t(mod 1)), if t(mod1)>0.5

(0,  ifk=0
M) = {u, itk(1,2,..}

In (5.1), y(£) + m(t) 2, (x(¢;))is a continuous function of ¢,y,and 4, (x(t;)). Therefore by Example 6.1 of Kaleva [8]
and Theorem 4.2 of Buckley and Feuring [2] for each k=0, 1, 2,..., the fuzzy IVP
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te [tkltk+1]! tk =k

{y'(t) =y(®) + mOA (v(t)),
y(tk) = Ve

has a unique solution on [t;, t,41]. To numerically solve the hybrid fuzzy IVP (5.1) we will apply the Runge-Kutta
method for hybrid fuzzy differential equations from Section 4 with N=2 to obtain y; ,(r) approximating y(2.0;r).

Let f:[0,0) xR X R - R begiven by f(t,y, A, (x(t))) = y(©) + mOA(y(t)) te =kk=123,...

0, ifk=0

where AR - R isgivenby A (y) = {y, ifke(1,2, ...}

Since the exact solution of (5.1) fort €[1,1.5]isY(t;r) = Y(1;r)(3et™1 —21),0<r <1 ,

Y(1.5;1) = Y(1;r)(3vVe — 3),0 < r < 1.ThenY (1.5; 1)is approximately5.29 and y; (1) is approximately 5.29.Since
the exact solution of (5.1) for
te[152] isY(tr) =Y(L;r)(2t —2+e715@BVe—4)),0<r <1,

(Y(2.0;1) = Y(1;1)(2 +3e —4/e),0<r<1 ,Then Y(2.0;1) isapproximately 9.68 and y, ,(1) is approximately
9.677. These observations are summarized in Table 5.1 For additional comparison, Fig 5.1 shows the graphs of
Y(2.0),y1 2, and the corresponding Euler approximation.)

Table 5.1
At t=2
Exact solution Approximate solution
r
y y y y
1 9.676975672 9.676975672 9.67700504 9.67700504
0.8 | 9.193126888 9.918900064 9.19315479 9.91893017
0.6 | 8.709278105 10.16082446 8.70930454 10.1608553
0.4 | 8.225429321 10.40274885 8.22545428 10.4027804
0.2 | 7.741580538 10.64467324 7.74160403 10.6447055
0 7.257731754 10.88659763 7.25775378 10.8866307
Fig 5.1
1 -
0.9 A
0.8 +
0.7 A
0.6 - —— Exact
0.5 -
0.4 - B Runge
0.3 4 Euler
0.2 -
0.1 A
0 T T T T 1
6 7 9 10 11 12
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Example 2: Next consider the following hybrid fuzzy IVP

{ y'(©) = y@® + m®OA(v(t&)),

t € [ty tys1l, (5.2)
y(0,7) = [0.75 + 0.257,1.125 — 0.1257], '

0<r<1.

m(t) = |sinifirt)|

_ (0, ifk=0
M) = {p, if ke{1,2, ...}

In (5.2), y(t) + m(£)A; (x(t;)) is a continuous function of ¢,y,and 2, (x(¢,)). Therefore by Example 6.1 of Kaleva
[8] and Theorem 4.2 of Buckley and Feuring [2] for each,k = 0,1,2, ... the fuzzy IVP)
{ y'(@®) = y() + m®) 4 (y (), t €[ty tinl te =k

y(&) =Y »

has a unique solution on [t;, t,41]. To numerically solve the hybrid fuzzy IVP (5.1) we will apply the Runge-Kutta
method for hybrid fuzzy differential equations from Section 4 with N=2 to obtain y; ,(r) approximating y(2.0;).

Let f:[0,0) X R X R = R be given by

f(t,y, A (x(t)) = y(©) + mON(y(t))  te = kk=1,23,....where X:R — Ris given by

0, ifk=0
Me(y) = {y, ifke(1,2, ...}

Since the exact solution of (5.1) for

s
241

(t €[2,7] iSY(t;r)zY(l;r)( +e(1+ﬁ)),0£r£1 ,

Then Y(2.0; 1) is approximately 10.31 and y;,(1) is approximately 10.30 .These observations are summarized in
Table 5.2 For additional comparison, Fig 5.2 shows the graphs of x(2.0),y;,, and the corresponding Euler
approximation.

Table 5.2

At t=2

Exact solution Approximate solution

y y y y

10.31154322

10.31154322

10.30288017

10.30288017

0.8

9.795966054

10.5693318

9.787736162

10.56045217

0.6

9.280388898

10.82712038

9.272592153

10.81802418

0.4

8.764811737

11.08490896

8.757448145

11.07559618

0.2

8.249234576

11.34269754

8.242304136

11.33316819

7.733657415

11.60048612

7.733657415

11.59074019
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Fig 5.2

0.9 -
0.8 -
0.7 4
0.6 -
0.5 4
0.4 -
0.3 -
0.2 ~
0.1 -

==Euler
= ==Runge

+ Exact
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