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ABSTRACT

The purpose of the present paper is to study some results involving coefficient conditions, extreme points, distortion
bounds, convolution conditions and convex combination for a new class of generalized Salagean-Type harmonic
univalent functions in the open unit disc. Relevant connections of the results presented here with various known results
are briefly indicated.
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1. INTRODUCTION

A continuous complex-valued function f =u+iv defined in a simply connected domain D is said to be harmonic in

D ifboth U and V are real harmonic in D . In any simply connected domain we can write f = h +§, where h
and g are analyticin D . We call h the analytic part and g the co-analytic part of f. A necessary and sufficient
condition for f to be locally univalent and sense preserving in D is that

Ih(2) > 9'(z)|. e D.
Let S,, denote the class of functions f =h-+ g which are harmonic univalent and sense preserving in the open unit
disc U ={z:|z|<1} for which f(0)= f,(0)—1=0. Then for f = h+ge S,, we may express the analytic
functions h and g as

h(z) = 2+ a2, g(z2) = Yhz" o] <1. (L)
k=2 k=1

Clunie and Sheil-Small [3] investigated the class S, as well as its geometric subclasses and established some

coefficient bounds. Since then, there have been several related papers on SH and its subclasses.

For f =h +§ given by (1.1), we defined the modified generalized Salagean operator of f as

D" f(z) = D"h(z) + (-1)"D"g(z), (meN,,N, = NU{0},0<A<1) (12)

where

DIh(z) = 2+ S{(k-1)A+1}"a,2"
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and DYg(z) = SH(k-1)A+13" b2,
k=1

where D;" stands for the generalized Salagean operator introduced by Al-Obaudi[8]. For A =1 it reduces to Salagean
operator introduced by Salagean [10].

Now for 0<y <1, >0, meN, neN,, m>n, aeR,0<1<1 and zZeU , suppose that
RS, (m,n; B;t;7,4) denote the family of harmonic functions f of the form (1.1) such that

Re{(1+ Se') [D) ff EZ; ﬂe‘“} >y, (13)

where D™ f is defined by (1.2) and f,(z) = (1-t)z +(h(z) +ﬁ)t, 0<t<1.

Further, let the subclass RS, (m,n;S;t;7,A) consist of harmonic univalent functions f_ :h+a in
RS, (m,n; B;t;7,4) sothat h and g,, are of the form

h(@)=z-3 la|z" 9,(2) = (177X b | 2" (1.4)
k=2 k=1

By specializing the parameters in subclass RSH (m, n;ﬂ;t;}/,/i) we obtain the following known subclasses studied
earlier by various authors.

RS, (n+q,n; 5;1,7,1) =R, (n,7, 3,q) studied by Dixit et al. [4].

RS, (n+1,n;1;1;7,1) =RS, (n,y) studied by Yalcin et al. [14].

RS, (m,n;0;1;y,1)=S,,(m,n; ) studied by Yalcin [13].

RS, (n+1,n;0;1;7,1)=H(n,y) studied by Jahangiri et al. [6].

RS, (2,1; £;1;7,1) = HCV (B,y) studied by Kim et al. [7].

RS, (1,0; 5, 7,1) =G, (B, y,t) studied by Ahuja et al. [1].

RS, (1,0;1;1;7,1) =G, (y) studied by Rosy et al. [9].

E(l, 0;0;1;7,1)=S,, () studied by Jahangiri [5].

RS, (1,0;0;1;0,1) =S}, studied by Avci and Zlotkiewicz [2], Silverman [11] and Silverman and Silvia [12].

© ®© N o g ~ w DR

In the present paper, results involving the coefficient bounds, extreme points, distortion bounds, convex combinations for
the above classes RS, (m,n; B;t;7,4) and RS, (m,n; B;t;»,4) of harmonic univalent functions have been
investigated.

2. MAIN RESULTS

In our first theorem, we introduce a sufficient condition for functionin RS,, (m, n; B;t;7,4).

Theorem2.1: Let f =h +§ be such that h and g are given by (1.1). Furthermore, let

i{(k—l)/1+1}m(1+ﬁ) {(k-1)A+1} t(7+ﬂ)| a |
= 1-y
Z{(k DA+1}"(1+B8) - (11)m {k-1)A+1}" t(7+/>’)|b <1
v

2.1)

where me N,ne N;,,m>n,0<y <1, >0 and 0<t<1, then f is sense-preserving, harmonic univalent
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inU and f eRS,(m,n;B;t;r,1).

Proof: If Z, # Z, then

[f(z)-f(z)|_, |9(z)-9(z,)
>1
Ih(z)-h(z,)| ~ |[h(z)-h(z,)|

> {(k-1)2+1}b, |

>1- —
1-Y{(k-1)A+1}a, |

i{(k ~DA+1F"(1+ ) - ()" -DA+1}t(y + B)

b
- b,
>1- .
DAK-D2+1Y"(1+ ) {(k -1)2+1}"t(y + )
1-4 EX
1-y
>0, (Using (2.1))
which proves the univalence.
Also, we have
Ih'(z)|=1-Ykla ||z
k=2
>1-Skla,|
k=2
DAK-D)A+1}"(1+ B) ~{(k-DA+1¥"t(y + f)
>] =2 |a |

1-y
) {k-1)A+1}"(1+ B) - (-1)" " {(k -DA+1}"t(y + B)

> Iy
1-y
> {k-D)A+13"(1+ ) - (D" {K-DA+1F L+ §)
3= b lizf
1-y
> YKlb, 2]
>9'@)|

Hence f issense-preservingin U .
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Using the fact Re (W) > » ifand only if |1—y +wW[>|1+ y —w]|, it suffices to show that

| (1-7)D f,(2) + (1+ Be)D] f (2) - pe D} ,(2)|
~|(1+7)D} f,(2) ~ (L+ Be“)DY f (2) + Be“ D} f,(2) ]2 0 @2)

Substituting for D} f (z) and Dj f,(z) in L.H.S. of (2.2) we have

= (@2-y)z+ ;[(1_ Pk -DA+1}"t+(1+ pe“ {(k-1)2 +1}" - pe”
{(k-1)A+1}"tla 2" + (—1)“2[(1— K -DA+1Pt+(-1)™" 1+ pe)
{(k-1)2+1}" - pe{(k-1)A+1}"tIb, 2" |- | yz+ kZ:[(H P q{(k-1)A+1}"
—(L+ )k -DA+1}"t- pe“{(k-1)A+1}"tla 2" +(-1)" i[(—l)m-”
1+ Be“W(k-1)A+1}" - (L+»){(k -1) A +1}"t - ;;‘“{(k “1)A+13"t]b, 2|
22(1-y)|z| —22[{(k ~1A+1}" 1+ B) - (r + Ak -DA+1¥ I3 || z |
—kZ:, [k -D)A+1}"t+(-1)"" 1+ e )}{(k -1)2 +1}" - pe{(k -1)A+1}"t] | b | z [

—i [[-D)™"(1+ pe“W(k-1)2+1}" - A+ ){(k-1) 2 +1}"t - pe“{(k -1)2 +1}"t]I| b, || 2|

2(1=-7)z| —22.5‘,[{(k ~DA+1}"(1+ )~ (r + AL -1 2+1} 1] 3 |l 2 [

—22[{(k ~DA+1Y"(1+ B) + (y + A (k-1 A+1¥" 1| b, || 2 f
if m-n isodd
2(1-y)|z| —22[{(k —DA+1Y" A+ B) - (y + Pk -D2+1Y 118 || 2 [f
—22[{(k —DA+1F"(1+B) - (y + K -1)A+1¥]1Ib || 2|

if m—n iseven

=216z l{l_i{(k—l)ﬂ +1}" (1+ ,B)l—_(;/+,8)t{(k—l)/1 +1}" la ||z
B (E VA (EYOR (;f)y"‘“ G DHK-DAHLY ey

o 20— )1 (i{(k ~1)A+1} (1+ﬁ’)1 - 5/7+ PHIC-D2+1Y |
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Z{(k DA+1}"(1+B) - (11); "+ Ak =1)A+1} b, -

The last expression in non-negative by (2.1) and so that proof is complete.

The harmonic univalent functions

o0

f(Z)_ Z 1- 4 k
KDALY @+ -G+ BRK-DA+LY

Z 1- r_ 2z~ 2.3)
S{k-1)A2+13" A+ L) - ()" (7 + P){(k - 1)/1+1}

where Z| X, |+ Z| Y, | =1, show that the coefficient bound given by (2.1) is sharp.
k=2 k=1

This completes the proof of Theorem 2.1.

In the following theorem, it is proved that the condition (2.1) is also necessary for function fm =h +a, where h
and g, are of the form (1.4).

Theorem2.2: Let f_ =h +a be given by (1.4). Then f_ € RS, (m,n;5;t;7,A) ifand only if

i({(k —DA+1F" 1+ B) A -DA+1}"t(y + Bl a | H(k-1)A+1}"
1+ 8) - (D" {Kk-D)A+1Ft(r + B) Ib [) < 2(1- ). (2.4)

Proof: Since RS, (m,n; 5;t;7,4) < RS, (m,n; B;t;7,1) , we only need to prove the “only if” part of the

theorem. To this end, for functions fm of the form (1.4), we notice that condition

D" f (2)

Re| (1+ pe')—2—— Dt.(2)

ﬂeia > 7/

is equivalent to
(1-»)z —i[{(k ~1)A+13"(1+ pe') - (B + (k-1 2 +1}"1]| 8 | 2"
+(—1)2m‘1i[{(k ~1)A+13"(1+ pe') = (=)™ " (Be" + y{(k -1) A +1}"t] | b, | Z*

Re L - > 0. (2.5)
z-Y {(k-1DA+1}"t|a | 2+ (D)™ D {(k-1)A+1}"t|b | Z¢
k=2 k=1

The above required condition (2.5) must hold for all values of z in U . Upon choosing the values of z on the positive
real axis where 0 <z =r <1, we must have
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(1= - SHK-DA+1Y - Ak -DA+1¥ 13, |

—ZO:[{(k ~DA+1}" - ()" (KK -DA+1F b [ r

Re
l—Z{(k -1)A+1}'t|a, | rt— (=™ Z{(k -1)A+1}'t|b, | r<t
k=2 k=1

> AEK-D2+1F ~{(k-1)2+13) 2,

—iﬂ({(k ~1A+1}" - (-1)""H{(k -1)A+1}") b, [r

_ei“ — — >0.
1-Y{k-Da+1¥t|a [r = ()" =D {(k-1)2A+1}"t|b | r*
since Re(—e'*) > —|e'* |= —1, the above inequality reduces to
(1-7) —i[{(k ~1A+1}"(1+ B) - (B+rH(k-1)A+1}t]a | r
—i[{(k ~1A+1}"(1+ B) = ()" (B+{(k-DA+13"1]|b | r
= > 0. (2.6)

1-S{k-1)A+1Ft |3, [ - (-1)™ " S{(k -1)A+1}'t | b, | r**

If the condition (2.4) does not hold, then the numerator in (2.6) is negative for r sufficiently close to 1. Hence there
exists a Z, = I, in (0,1) for which the quotient in (2.6) is negative. This contradicts the required condition for

f., € RS, (m,n; B;t;7,4) and so the proof is complete.

We employ the techniques of Dixit et al. [1.4] in the proof of Theorem 2.3 and 2.4.

Theorem 2.3: Let f_ be given by (1.4). Then f_€ RS, (m,n;S;t;y, 1) ifand only if

()= Y (40, (2)+ ¥, 8 (2) wh @ (D) =2

17 2 (k =2,3,4..),
{k-1)A+1}"(1+ B) - (y + (k-1 A +1}"
O (2) =2+ (-1 - 1_ym_n -7%,(k=1,2,3...),
{k-DA+1}" 1+ B) - (D" "(y + HIH(k -1) A +1}

h(z)=z-
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X 20,y 20, Z(Xk +Y,)=1. In particular the extreme points of RS, (m,n;S;t;y,A) are {h} and

0.} _

Theorem 2.4: Let f_ € RS, (m,n; B;t;7,1). Thenfor |z|=r <1 we have

1-y __ G H-ED)MG A |er

| £,(2)[< (L |y r+—— [
A1) (A (@t f) -t +B) (A+L)" (Lt f)—t(y + )

and

| fn(2) |2 (1+ by [)r -

1 ( 1-y (A=) +B) m}rz_
(A+D)" (A" A ~t(+5)  (A+D)""(L+ f)~t(y +f)

The following covering result follows from the left hand inequality in Theorem 2.4.

Corollary 2.5: Let f_ of the form (1.4) be sothat f_ e RS, (m,n; S;t;», A1). Then

< (A+)"A+B) -(A+D)"(r+ Bt -1+y
(A+D)" 1+ p)-(A+1)"(y + At
_(@+0)" DA+ p) -ty + A((A+D)" - (D™ b, [}
(A+D)" 1+ p)-((A+1))"(» + Bt

For our next theorem, we need to define the convolution of two harmonic functions. For harmonic functions of the form

{w:|w

fo(@)=2-2 la 2" +(-1)"* X |b, | 7"
k=2 k=1

and

k=1

F@)=2-3 A2 +(-17 ) |8, | 7

we define the convolution of two harmonic functions f and F as

(F,*F)@) = £ ()*F.()=2- 3 |a A | 2 +(-1 r)-limksk 7%, @7

k=2
Using the definition, we show that the class SH (m, n, o, ﬂ) is closed under convolution.

Theorem 2.6: For 0<y, <y, <l let f_ eRS,(m,n;S;t;y,A) and F, €RS, (m,n;S;t;7,,1). Then
f *F RS, (m,n;B;t;7,,4) < RS, (Mm,n; B;t; 7, A).

Proof: Let f_(z)= Z—Z:akzk +(—1)m’1z:bk7k bein RS, (m,n;g;t;7,4) and
k=2 k=1

F(2)=z —Z.O:Akzk + (—l)m’linzk

bein RS, (m,n; B;t;7,, A) . Then the convolution f_*F_ isgiven by (2.7). We wish to show that the coefficients

m

of f *F_ satisfy the required condition given in Theorem 2.2. For F_ e RS, (m,n;5;t;7,,4) we note that

m
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A <1 and B, <1.Now, for the convolution function f_ *F_ we get

Z‘:’:{(k ~D)A+13"(A+ B) Ak -1)A+1}"t(y, + B) 1aA |

1-7,
+i{(k “1)A+1}"(1+ B) - (i);_n{(k “DA+1¥"t(y, + ) |b B, |
< i{(k -DA+1}"(1+ ﬁi:i(k -DA+1}Y't(y, + 5) a, |
+i {(k-1)A+1}"(1+B) - (i);_n{(k “DA+1Ft(r + B) b |
<1. (Since f_e RS, (m,n;B;t;7,, 1))

Therefore f *F eﬁ(m, n; Bt y,, ) E(m, n; Bitiy, A) for 0< f<a<l.

Now we show that E(m, n; Bt v, i) is closed under convex combinations.

Theorem 2.7: The class E(m, n; gt v, /”L) is closed under convex combination.

Proof: For i=1,2,3... let fmi (2) e ﬁ(m, n; B;t,y,A), where fmi (z) is given by
f, (2)=1 —:Zzaki 2+ (—1)"”21%7k .

Then by Theorem 2.2

i{(k DA+ (1 ﬁ)l :E/(k DAYty + B) 8,
MDY W f) - ()R DAFG ),

1=y
For Zti =1,0<t, <1, the convex combination of f_ may be written as
= :
24t (2)=2 —Z(Ztiak. j 2 + (—1)”“1Z[Ztibk, jfk.
i=1 : i |

k=2 \_i=L k=1 \i=1
Then by 2.2,

i[{(k ~1)A+1)"(1+ ﬂ)l—{(k ~DA+IYt(y + ) Sta, |
k=1 -7 i=1 I
AK-DA+1}"(1+5) - (i):‘”{(k ~DA+1Yt(y + 5) i |th [1<2
=5y o {k=DA+13" 1+ ) (k-1 A +1}"t(y + B)
_;ti{; 1-y
AKR=DAHF A+ ) - (CDTHK-DA+FG+5) -
1-y i

a, |
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<23t =2
i=1

This is the condition required by Theorem 2.2 and so Zti f. (z)eRS,(m,n; Bty A).
1

i=1
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