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ABSTRACT

In this paper, we introduce the concept of an Intuitionistic Q-fuzzy implicative Q-ideal in Q-algebras and some related
properties are investigated. We also define the level subsets of an intuitionistic Q-fuzzy implicative Q-ideals in Q-
algebras and discussed some of its properties.
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1. INTRODUCTION

The concept of fuzzy set was introduced by Zadeh [10] in 1965. Several researchers explored on the generalization of
the notion of fuzzy sets. The concept of intuitionistic fuzzy set was introduced by K.T. Atanassov [1,2] ,as a
generalization of the notion of fuzzy set in 1986.Since then the literature on these concepts has been growing rapidly.

Y. Imai and K. Iseki introduced two classes of abstract algebras: BCK-algebra and BCl-algebras. It is known that the
class of BCK-algebras is proper subclass of the class of BCI- algebras. J. Neggers, S.S. Ahn and H.S. Kim [4]
introduced a notion, called Q —algebras. In this paper, we introduce the notion of Intuitionistic Q-fuzzy implicative Q-
ideals in Q-algebra and investigate some properties.

2. PRELIMINARIES

In this section, we site the fundamental definitions that will be used in the sequel.

2.1 Definition: A Q-algebra is a nonempty set X with a constant 0 and a binary operation * satisfying the following
axioms

i. x*x=0

ii.x*0=x

. (x*y)*z=(x*z)*y forall x, y, z €X,

In X, we can define a binary relation < by x <y ifandonly ifx *y = 0.

2.1 Example Let X={0, 1, 2, 3} be a set with the following table
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(X,*, 0) is a Q-algebra.
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2.2 Definition: Let (X,*, 0) be a Q-algebra. A non empty set | of X is called an ideal of X if it satisfies
i. 0el
ii. x*yeland yelimplyx el,forall x,y eX.

2.3 Definition: An ideal A of a Q-algebra X is said to be closed if 0 * x € Afor all x € A.

2.4 Definition: A fuzzy set pn in a nonempty set X we mean a function p: X — [0, 1] and the complement of p denoted
by p° is the fuzzy set in X given by p°(x) = 1- u(x) for all x € X.

2.5 Definition: A fuzzy set u in a Q-algebra X is called a fuzzy subalgebra of X if
p (x*y) = min {u(x),u(y)}, for all x, y eX

2.6 Definition: A fuzzy set u in a Q-algebra X is called a fuzzy ideal of X if
. p(0) = p (x)
ii. p(x) =min {ux*y), wy)} for all x, y eX

2.7 Definition: An intuitionistic fuzzy subset (IFS) A in a set X is defined as an object of the form A ={(X, u(x),A(X))
/ xeX }, where p: X — [0,1] and A : X — [0,1] define the degree of membership and the degree of non-membership of
each element xeX to the set A respectively and for every xeX, 0< u(x) + A(x) < 1. For the sake of simplicity we
use the symbol A= (X,u,A) for the intuitionistic fuzzy set A ={{X,u(X),A(X))/ xeX}.

2.8 Definition: An intuitionistic fuzzy set A = (X, u, A) is called an intuitionistic fuzzy subalgebra of X if it satisfies

i p(x*y) = min {u(x), p(y)}
ii. L (x*y) <max {A(x), M(y)}, for all x, y eX

2.1 Theorem: Every intuitionistic fuzzy subalgebra A = (X, u, 1) of X satisfies the inequalities u(0) > u(x) and
M0) < A(x) .

Proof: For all x, y eX.
1 (0) = p(x*x) = min {pu(x),1(x)}= p(x) and A (0) =& (x*x) < max {A(x), A(X)} = A(x),

2.9 Definition: A non empty set | of a Q-algebra X is called an implicative Q-ideal of X if
i. 0el
ii. (xX*y)*zeland y*zel thenx*z e l,forall x,y, z eX.

2.10 Definition: A fuzzy set p in a Q-algebra X is called a fuzzy implicative Q- ideal of X if
i. p(0) = u(x)
ii. u(x*z) = min {p((x*y)*z), u(y*z)} for all x, y, z eX

2.11 Definition: An intuitionistic fuzzy set A = (X,u,A) in a Q-algebra X is called an intuitionistic fuzzy implicative Q-
ideal of X if

i pn(0)=wx) and A0) <A (X)

i p(x*z) > min {p((x*y)*z),u(y*z)}

iii. A(x*z) <max {A((X*y)*z, My*2)} forallx,y,z eX

2.12 Definition: An intuitionistic fuzzy set A = (X,u,A) in a Q-algebra X is called an intuitionistic fuzzy closed
implicative Q- ideal of X if it satisfies

iy (0*x) >p(x) and A (0*x) <A(X)

i, u(x*z) > min {p((*y)*z),u(y*2)}

iii. A(x*z) <max {A((X*y)*z, M(y*2)} forallx,y,z eX

2.13 Definition: Let A=(X,u,A) be an intuitionistic fuzzy set in a Q- algebra X the set U(u;s) ={xeX / u(x) > s} is
called an upper s-level of u and the set L (A; t) ={xeX /A (X) <t} }is called lower t - level of .

3. Intuitionistic Q- fuzzy implicative Q-ideal
In this section Q-fuzzy implicative Q-ideal, Q-fuzzy closed implicative Q-ideal, Intuitionistic Q-fuzzy implicative Q-

ideal, Intuitionistic Q-fuzzy closed implicative Q-ideal, homomorphism of Q-algebra are defined and some related
properties are discussed.
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3.1 Definition: A Q-fuzzy subset u:XxQ — [0,1] in a Q- algebra X is called a Q- fuzzy implicative Q- ideal of X if
i p(0,0) 2 p(x0)
ii. 1 ((x*2), q) = min {u((x*y)*z,q),u(y*z,q)} for all x, y, z € X, qeQ.

3.2 Definition: An intuitionistic Q-fuzzy set A in an non empty set X is an object having the form A={(X,u(x, q),A(X,
q))/xeX, qeQ},where the function p: XxQ — [0,1] and A : XxQ — [0,1] denote the degree of membership (namely
u(x, q)) and degree of non-membership (namely A(x, g)) and 0< p (X, @)+ A(x, q) <1, for all xeX and gqeQ .

For the sake of simplicity, we use the symbol A=(X,u,A) for the intuitionistic Q- fuzzy set A={(X, u(x, q),A(X, q))/x
eX, qeQ }.

3.3 Definition: An intuitionistic Q- fuzzy set A of a Q-algebra X is a subalgebra if

i n(ety, @) >min {u(x, ), nly, o)}
il A(x*y, q) <max{Ai(x, q), My, q)} forall x,y, z € Xand g € Q.

3.4 Definition: An intuitionistic Q- fuzzy set A=(X,u,A) in a Q- algebra is called an intuitionistic Q- fuzzy implicative
Q- ideal of X, if it satisfies the following axioms:
i u(0,0) 2p(x,q) and A(0,q) < A(x, q)

i p(x*z, q) = min {u((x*y)*z,q), n(y*z,q)}
iii. A(x*z, g) < max {L(x*y)*z, g), A(y*z, g)} for all X, y, z eX and g € Q.

3.1 Theorem: Let A=(X,u,A) be an intuitionistic Q- fuzzy implicative Q-ideal of a Q- algebra X. If x <y in X then,
H(x, 0) = u(y, a) and A(x, q) <Ay, 0).

Proof : Let x <y implies x*y=0

ux, @) = p(x*0, ) = min{u((x*y)*0,q), n(y*0,a)}
= min{p(0*0,q), n(y*0,q)}
= min{p(0,), n(y. )}
= n(y, a) (Since p(0) = u(y))

Therefore, u(x, q) > w(y, q)

Similarly, A(x, q) < A(y, q).

3.5 Definition: Let A=(X,u,A) be an intuitionistic Q- fuzzy set in X. then
i. JA=(X, p, u°) and

ii. OA=(X, A% 1)

3.2 Theorem: If A=(X,u,A) is an intuitionistic Q- fuzzy implicative Q- ideal of a Q- algebra X, then [CA=(X, p,u°) is
also an intuitionistic Q- fuzzy implicative Q- ideal of X.

Proof: Let A is an intuitionistic Q- fuzzy implicative Q-ideal of X. We have u(0, q) > u(x, q)
1-u° (0, q) 21-p° (x, Q)

u®(0,g) <pu°(x q)Foranyx e Xandqg e Q.
and u(x*z, q) = min {u((x*y)*z, q), n(y*z, )}
1- p® (x*z, g) = min {1-p1° ((x*y)*z, 0) ,.1- 1° (y*z, 0)}

K (€2, Q) < L-min {1-u° ((*y)*2, 0) 1- 1° (y*2,0)}
< max{u® ((X*y)*z,9), 1° (y*z,0)}

Hence [CIA=(X, p, pn°) is an intuitionistic Q- fuzzy implicative Q- ideal of X.

3.3 Theorem: Let A=(X, u, ) be an intuitionistic Q- fuzzy implicative Q-ideal of a Q-algebra X then 0A=(X, A, A) is
also an intuitionistic Q- fuzzy implicative Q-ideal of X.

Proof: Let A is an intuitionistic Q- fuzzy implicative Q-ideal of X. We have
L (0,0) <A (x0)
© 2012, IIMA. All Rights Reserved 2926



R. Muthuraj*, M. S. Muthuraman, M. Sridharan and P. Vijayalakshmi / ON INTUITIONISTIC Q-FUZZY IMPLICATIVE Q-IDEALS IN
Q-ALGEBRA/ IMA- 3(8), August-2012.

1-2° (0, q) < 1-3° (%, q)

A°(0,0) > A°(x, q) foranyx € Xand g € Q.

Now for any x,y, zeXand g € Q.

Mx*z, q) < max {A( (x*y)*2,0), Ay*z,0)}

1- 1° (x*z,q) < max {1- 1° ((x*y)*z,q), 1- A° (y*z,0)}

A° (x*z, g) > 1- max {1- A° (x*y)*z,q), 1- A° (y*z,09)}
= min {1° ((x*y)*z,0), A° (y*z,0)}

A (x*z,9) = min {A° ((x*y)*z,0), 1° (y*z,0)}
Hence 0A=(X, A%, A) is an intuitionistic Q-fuzzy implicative Q-ideal of X.

3.4 Theorem: Let A=(X,u,A) be an intuitionistic Q-fuzzy implicative Q-ideal of a Q-algebra if and only if A, OA are
intuitionistic Q-fuzzy implicative Q-ideal of a Q-algebra X.

Proof: It is clear.

3.6 Definition: An intuitionistic Q-fuzzy set A=(X,u,A) in a Q-algebra X is called an intuitionistic Q-fuzzy closed
implicative Q-ideal of X, if it satisfies the following condition

i pu(0*x, q) = u(x, q) and A(0*x, g) <A(x, q)}

ii. u(x*z,0) = min {u( (x*y)*z,0), u(y*z,0)}

iii.A(x*z,q) < max {A((x*y)*z,q), A (y*z,q)} for all x ,y, z eX and g € Q.

3.5 Theorem: If A=(X,u,A) be an intuitionistic Q-fuzzy closed implicative Q-ideal of a Q-algebra X, then
A= (X, p, p) is also an intuitionistic Q-fuzzy closed implicative Q-ideal of X.

Proof: For any x € Xand g € Q,
n(O0*x, q) >p(x, q)

1-p0°(0*%, q) = 1-p° (%, )
e (0%x, ) < p° (x, )
Hence [CIA= (X, p,p°) is an intuitionistic Q- fuzzy closed implicative Q-ideal of X.

3.6 Theorem: If A=(X,u,A) be an intuitionistic Q-fuzzy closed implicative Q-ideal of a Q-algebra X, then
OA=(X, A%, A) is also an intuitionistic Q-fuzzy closed implicative Q-ideal.

Proof: For any x € Xand g € Q,
L (O0*x, )< A(x Q)

1-2° (0*x, ) < 1-A%(x, q)
A (0*x, q) > A5(X, ).
Hence 0A=(X, A%, A) is an intuitionistic Q-fuzzy closed implicative Q-ideal of X.

3.7 Theorem: A=(X,u,A) be an intuitionistic Q-fuzzy closed implicative Q-ideal of a Q-algebra X if and only if (JA ,
QA are intuitionistic Q-fuzzy closed implicative Q-ideal of a Q-algebra X.

Proof: It is clear.

3.8 Theorem: Let A=(X,u,A) be an intuitionistic Q-fuzzy implicative Q-ideal of a Q-algebra X if and only if the non —
empty upper s-level cut U(w;s) and the non-empty lower t-level cut L(A;t) are implicative Q-ideals of X, for any
s, t €[0,1].
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Proof: Suppose A=(X, u, A) be an intuitionistic Q-fuzzy implicative Q-ideal of a Q-algebra X. For any s, t € [0, 1]
define the sets

U@u:s) = {(x,q) € XxQ/ u(x, q)=s }and L(A;t) ={(x, q) € XxQ/ A (X, q)<t}

Since U(u:s) # o, for (x, q) € U(w:s)

u(x, q) s

10, 9) = u(x,q) = s

u(0,q) > s implies (0, q) € U(u:s)

Let (x*y)*z, q) € U(u:s) and (y*z, q) € U(u:s)

n((x*y)*z, q) = sand pu(y*z, q) = s

Since p((x*z ) = min { u((x*y)*z ,q), n(y*z.0) }
>min {s, s} =5

u((x*z, q) > s implies (x*z, q) € U (u: s)
Hence U(u:s) is an implicative Q-ideal of X.
Similarly we can prove that L(A;t) is an implicative Q-ideal of X
Conversely,
Suppose that for any s, t €[0, 1], U(u:s) and L(A;t) are implicative Q-ideals of X.
If possible, assume Xo, Yoe X and goeQ such that p(0,qo0) < 1(Xo,q0) and A (0,90)> A (Yo,%o)
take So=(1/2) [u(0,Go)+ p1(Xo,00)]
Thatis Sp< p(Xo,qo) and 0 < pu(0,00) <So<1, (Xo,00)€ U(u:So) and (0,go) ¢ U(w:So)
Since U (w:sp) is an implicative Q-ideal of X we have (0, qo) € U(u:so) and pu(0,00) > So
Therefore Our assumption is wrong.
Hence p(0,q) > n(x,q) for all x e Xand g € Q.
Similarly by taking to= (1/2) [A(0,q0)+ A(Yo,00)]
We can show that A(0, g) <A(y, q) forally € Xand g € Q.
ii. If possible, assume that xo, Yo ZoeX and goeQ and such that
1 Xo*Zo, do) < Min {u((Xo™ Yo)* Zo, do), K( Yo* Zo, Go)}
Take so=(1/2) [1(X0*Z0 Go)+min { p((Xo™ Yo)™ Zo,qo), M((Yo™ Z0,00)}]
and  so<min { p((%o™ Yo)* Zo,o), 1((Yo* Zo,do)}] and So> u( Xo*Zo, o)
Therefore so < (%™ Yo)* Z0,0o) , So< (Yo™ Z0,qo) and Sp> p( Xo™Zo, do) (Xo*Zo, Qo) & U(u:So)
Since U(u:sp) is an implicative Q-ideal of X.
((X0™ Y0)* Zo,0o) € U(1:50) , (Yo Zo,0o) € U(p:80) imply that (Xo*2o, Go) € U(p:5o)
Therefore Our assumption is wrong.
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Hence p(x*z, q) > min {u( (x*y)*z, q), u(y*z, q)} for any x, y, z eX and q €Q.

Similarly we can prove that

A (x*z, q) <max {& ((X*y)*z, q), A (y*z, @)} for any x, y, z eX and q €Q.

Hence A is an intuitionistic Q- fuzzy implicative Q-ideal of a Q-algebra X.

3.9 Theorem: A=(X,u,A) be an intuitionistic Q-fuzzy closed implicative Q-ideal of a Q-algebra X if and only if the
non empty upper s-level cut U(u;s) and the non-empty lower t-level cut L(A;t) are closed implicative Q-ideals of X, for

anys, t €[0,1].

Proof: Suppose A=(X,u,\) be an intuitionistic Q- fuzzy closed implicative Q-ideal of a Q-algebra X.u(0*x, ) > w(x, q)
and A(0*x, q) <A (x,q) forany x e Xand q € Q.

For any (x, q) € U (1; s) =u(X, q) =s = p(0*x, q) >s = (0*x, q) € U(u;s) and
(X, 9) e L) =A (X, g) <t = A (0*x, g) <t = (0*x, ) € L(A;0)
Hence U(w;s) and L(A;t) are closed Q-ideals of X for s, t €[0,1].
Conversely,
U(w;s) and L(A;t) are closed Q-ideals of X for s, t €[0,1].
To show A=(X,u,A) is an intuitionistic Q- fuzzy closed Q-ideal of X it is enough to show that u(0*x, q) > w(x, q) and
A (0*x, g) < A(x, q) for any xeX and qeQ.
If possible assume that xo X and g, €Q such that p(0* Xo do) < u(Xo, o)
take so = (1/2) [W(0* Xo, 0o ) + p1(Xo, Go)]
= (0™ Xo, Go)< So <p(Xo, o)

=(Xo, 0o) € U(kiso) but ((0% Xo, Go ) & U(1;50)

which is a contradiction to the definition of closed Q-ideal.
Hence pu(0*x, q) > u(x, q) forany x e Xandq € Q.
Similarly we can prove that A(0*x, ) <A(x, q) forany x € X and g € Q.

3.7 Definition: Let f be a mapping on a set XxQ and A=(X,u,A) an intuitionistic Q- fuzzy set in X. Then the fuzzy sets
uand v on f (XxQ) defined by

u(y,q) = sup  p(x,q) and
x, q)  f(y, q)

v(y,q) = inf  A(x Q)
(x, a) <f (v, a)

for all (y, q) ef (XxQ) is called the image of A under f. If u, v are fuzzy sets in f (XxQ). Then the fuzzy setspy =u o f
and A = v o f are called the pre — images of u and v respectively under f.

3.8 Definition: A function f: XxQ — YxQ is said to be a homomorphism of Q-algebras if
FIa)*(y.a)l = f(x.0) * f (y.a) = f (x*y,q)

3.10 Theorem: Let f: XxQ — YxQ be an onto homomorphism of Q-algebras. If B=(Y, u, v) is an intuitionistic Q-
fuzzy implicative Q-ideal of Y then the pre-image of B under f is an intuitionistic Q- fuzzy implicative Q-ideal of X.
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Proof: Let A=(X,p,A) where p=uofand A =v o f is the pre-image of B=(Y, u, v) under f.

Since B=(Y, u, V) is an intuitionistic Q- fuzzy implicative Q-ideal of Y we have
u (04,0) > u (f(x, @)) = u°f (x, 4) =  (x, g) and v (0",) < v (f(x, @)) = v°f (x, @) = & (x, Q)

on the other hand,
u (0%,g)=u (f(0,0)) = uf(0,q) = 1 (0,0) and v (0",q) = v (f(0,4)) = v°f (0,q) = % (0,q)
1 (0,0) = u (0%,0) 2 u (x, ) implies  (0,0)) > u (x, )
A (0,0)=v (04,0) < A (x, q) implies A (0,q) < A (x, q). for all x, y € X and qeQ.
ii. Now show that  p(x*z, g) = min {u( (x*y)*z, q), u(y*z, @)} and
A (xX*z, q) <max {& ((X*y)*z, q), A (y*z, @)}, for all x, y, z € X qeQ.
We have, u(x*z,q) = u°f (x*z, q) = u(f (x*z, q))
= U (f(x,0)*f(z,q))
> min {u (f (x*y),q) *f(z,0)), u (f(y*z,q))}
=min {u (f ((x*y)*z,0) , u (f(y*z,0))}
=min {u°f ((x*y)*z, q), u°f (y*z, Q)}
= min {u((x*y)*z, q) , n(y*z, )
Hence p(x*z, q) > min {u((x*y)*z, q), u(y*z, q) istrue for all x, yeX and qeQ.
Similarly, we can prove that A (x*z, g) < max {\ ((x*y)*z, q), A (y*z, q)} for all X, ye X and qeQ.
Hence the pre-image A=(X,u,A) of B is an intuitionistic Q- fuzzy implicative Q-ideal of X.
REFERENCES
[1] Atanassov.K.T, 1986. “Intuitionistic fuzzy sets”, Fuzzy sets and systems 20, pp.87-96.

[2] Atanassov.K.T, 1994. “New operations defined over the Intuitionistic fuzzy sets”, Fuzzy sets and systems 61,
pp.137-142.

[3] Jun.Y.B. and Kim.K.H.2000, “Intuitionistic fuzzy ideals of BCK- algebras”, International Journal of Maths and
Mathematical Sciences 24,pp.839-849.

[4] Joseph Neggers, Sun Shin Ahn, and Hee Sik Kim “On Q-Algebras”, International Journal of Maths and
mathematical Sciences 27, 12(2001) 749-757.

[5] Kyung Ho Kim, 2006.”0On Intuitionistic Q-fuzzy semi prime ideals in Semi groups”, Advances in fuzzy
mathematics, Vol 1, No.1, pp.15-21.

[6] R. Muthuraj, M. Sridharan and P. M. SitharSelvam “Fuzzy BG-ideals in BG-algebra”, International Journal of
Computer Applications (0975-8887) Volume 2-No.1, May 2010.

[7] Samy M. Mostafa Mokhar A. Abdel Naby Osama R. Elgendy “ Inter-Valued Fuzzy Q-ideals in Q-algebras” World
Applied Programming ,Vol.(1),No(3),August 2011.201-208

[8] Satyanarayana. B. Bindu Madavi. U and Durga Prasad.R 2010. “On Intuitionistic fuzzy H-ideals in BCK-algebras”.
International Journal of Algebra, Vol4, 15, pp.743-749.

[9] Sun Shin Ahn and Hee Sik Kim “On QS-Algebras”, Journal of the Chungcheong Mathematical Society, Volume
12, August 1999.

[10] Zadeh. L.A. 1965. “Fuzzy sets”. Information Control 8, pp.338-353.

Source of support: Nil, Conflict of interest: None Declared
© 2012, IIMA. All Rights Reserved 2930



