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ABSTRACT
This paper presents a formal proof of the results found on [1] and [2] of Natividad.
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1. INTRODUCTION

Natividad [1] presents a formula for solving the missing terms of a Fibonacci-like sequence given a first term a and a
last term b. Also, he provides a solution for solving Pell-means, see [2]. He shows that the formula for the first term,
denoted by x,, for solving the missing terms of a Fibonacci-like sequence with first term a and last term b is given by,

_b-Fa

1
n+l

where n is the number of missing terms and F;, is the n-th term of the Fibonacci sequence.

On the other hand, the formula for solving Pell means can be found using the formula for x, defined by
_b-Pa
Pn+1 ,

where P, is the n-th term of the Pell sequence, as shown also by Natividad.

Natividad have derived the formula for the second term, W;=x, of the sequence dependent on the first and last term by
looking at each case of the number of missing terms. He also provided a table for the coefficient of a in the numerator
and the coefficient of the denominator and looked for a pattern as the number of missing terms increases.

In this note, we will derive the formula for solving the missing terms of the sequence by using the Binet’s formula of
the recurrence relation and using the fact that b is the (n+1)" term of the sequence with a as the first term. Thus, here
we present the same results shown by Natividad but of different approach.

2. PRELIMINARIES

From [1] and [2], we have the following definition:

Definition 2.1. If @, X4, X2, X3, . . ., Xn-1, Xn , D iS @ Fibonacci-like (or a Pell-like) sequence, then Xy, Xp, X3, . . . , Xp-1, and
Xn are called Fibonacci means (or Pell means) between a and b.

Before we proceed for the formula on solving the missing terms of a Fibonacci-like sequence as well as the formula for
solving Pell-means, we consider Horadam’s [3] second-order linear recurrence sequence {W,} defined by the
recurrence relation Wy.; = pW, + qW,, with Wy = a, W; = ¢, where a, ¢ and p, q are arbitrary real numbers for n > 0.
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The Binet’s formula for the recurrence sequence {W,} is given by
Aa" -Bp"
w -2 —BF )
a-p

where A=c-af, B=c-aa

Take note that the generating function of {W,} is a quadratic equation of the form, xX*=px+q. Solving for its roots we
obtain,
L PPt PP +4g
2

2
Notice thate: + B = p,a—B=+/p  +4q and af =—q.

B =

The sole purpose of considering the second-order linear recurrence sequence {W,} is to use its two special cases. When
p =1andq=1, W, is the n-th term of the Fibonacci-like sequence and when p =2 and q = 1, W, becomes the n-th term
of the Pell-like sequence. In terms of recurrence relation, we have the following special cases:
(i) ifp=21andq=1, wewill have a Fibonacci like-sequence defined by
Wit = Fpe=Fn + Fra where Wy=a, W;=c¢ (2)
(if) ifp=2and g =1, we will obtain a Pell-like sequence given by

Whi1 = Ppe1=2P,, + Ppa where Wy=a, W;=c¢ (3)

In the following section we shall provide an explicit formula for solving the general term W, of the recurrence relation

b-F
(2) and (3) using equation (1) as part of the proof of the following formula: X, = L for Fibonacci-like sequences

n+l

b—P, .
and x, = for Pell-like sequences.

n+l

3. MAIN RESULTS

We will use the Binet’s formula for the second-order linear recurrence sequence {W,} of the two special cases
mentioned above to prove the following theorems.

Theorem 3.1. For any real numbersaand b

_b—Fna %)
X, = F

n+1
where n is the number of missing terms, F, is the n-th Fibonacci number and, a and b is defined as the first term and
the last term of the sequence, respectively.

Proof. Let W, = a be the first term of the sequence and b be the last term of the sequence. If n is the number of missing
terms between a and b then, b = W,,;;. Now suppose that x; is the second term in the sequence, hence the Binet’s
formula for the sequence is given by

(% —ap)a" —(x —aa)["
W =
” V5

where a is equal to ¢ known as the golden ratioand f =1 - ¢.

This would imply that,
o (X —ap)a" - (x —aa) g™
NG
B (aml —ﬂ'”l)Xl _ (anﬂﬂ _ aﬂ”*l)a
NG
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~ (OCn+l—,Bn+l)X1—(0ln —,Bn)aa,B
5

= I:n+1X1 + I:na‘
This proves equation (4).

Theorem 3.2. For any real numbersaand b

_b—Pna )
X, = P

n+l
where n is the number of missing terms, P, is the n-th term of the Pell sequence, and a and b is defined as the first term
and the last term of the sequence, respectively.

Proof. The proof is similar to the previous theorem. Using the Binet’s formula for the Pell-like sequence with first term
W, = a and last term b, we have

I ) e e Vi
n 2\/5

where a is equal to 1+ \/5 known as the silver ratioand f =1 - o.

Letting n be the number of missing terms between a and b, we obtain

(Xj_ _ aﬁ)aml _ (X1 _ aa)ﬂml
b=W_,=
n+l 2\/5
_ (an+1 _ ﬂml)xgl _ (amlﬁ _ aﬁ””)a
242
~ (an+1 —ﬂn+1)X1 _(an —/)’n)aa/i’
2V2

= n+1X1 + Pna
Equation (5) follows.
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