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ABSTRACT

An out-dominating function (ODF) of a digraph 2 = (V, A) is a function f:V — [0,1] such that

S f(u) > 1forallv €V, where N [v] consists of v with all vertices adjacent from it. For a real valued
uweN+[v]
functionf : V' — R, the weight of f is |f| = > f(v). The fractional out-domination number of a digraph /2,

eV

denoted 7y,({?), equals the minimum weight of an ODF of /2. In this paper, we develop a method for finding
1o ( 1)) for an out-tree that satisfies specific condition. A supporting proof for this method is also given. We also apply
this method to the out-trees directed path and directed star.
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Subject Classification: MSC. 05C20.

1. INTRODUCTION

We use Harary[3] for notation and terminology which are not defined here. The concept of dominating function and
fractional domination number have been introduced in [6]. A dominating function (DF) of a Graph (< = (V, £} isa
function f : V' — [0, 1]suchthat S~ f(u) > 1forallv €V,

ueN v

where N[v] = {u € V/u is adjacent with »} U {v}. ADF f is called minimal dominating function (MDF)

if there is no DF g of (7 such that g(v) < f(v) forallv € V and g(vg) # f(vo) for some v, € V. For a real-

valued functionf : V' — R, the weight of fis|f| = S f(v)and S C V, f(S) =S f(v)solf| = f(V).
eeV oeS

The boundary set B; and the positive set /’; of a DF f are defined by By = {v € V/f(N[v]) =1} and

Pr={veV/f(v) >0}

Let A and 7 be the subsets of V/. We say that A dominates /3 and it can be written as A — I3, if every vertex in
B\ A is adjacent to some vertex in A. In this connection, the following theorem( Theorem 1.1) provides a necessary
and sufficient condition for a DF to be a MDF.

Theorem 1.1. [2] A DF f of (+ isa MDF if and only if By — I’.

For a graph (7, the fractional domination number -y, ( () is defined by ~;(G')=min{| f|/ f is a MDF of G}. Although
domination and other related concepts have been extensively studied for undirected graphs, the respective analogue on
digraphs have not received much attention. Of course, a survey of results on domination in digraphs by Ghoshal,
Lasker, and Pillone is found in Chapter 15 of Haynes et al. [4], but most of the results in this survey chapter deals with
the concepts of kernels and solutions in digraphs and also on dominations in tournaments. For a survey of dominating
functions, we also refer the research reviews by Haynes et al. [5]. As an initiation of the present research work, we
already transferred the concept of dominating function (DF) and fractional domination number ~y;((7) to digraphs,
called out-dominating function and fractional out-domination number ~,{£}) in [7]. In continuation, a method has
been developed for finding ~,(/?) for an out-tree that satisfies specific condition and it has been presented in the
present paper along with its specific application.
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2. OUT-DOMINATING FUNCTION

In this paper, we deal with digraphs which admit no self loops and no multiple arcs. Let 77 be a digraph with vertex
set V arcset A. Either v isadjacent from w or w is adjacent to v if (u, v') is an arc of 7. The out-degree od(v) of
a vertex = is the number of vertices that are adjacent from it and the in-degree id(#) is the number of vertices adjacent
to it. Let /N (v') denote the set of all vertices of /2 which are adjacent from ». Let N [v] = N*(v) U {v}.

Definition 2.1. [7]  An out-dominating function (ODF) of a digraph /2 = {V/, A) isafunction /' : V' — [0, 1]such
that Z f(u) > 1foralle € V.
|

weEN*[u

Definition 2.2. [7] An ODF f is called a minimal ODF if there is no ODF g of 72 such that ¢(v) < f(w) for all
v € Vandg(vg) # f(uvg) for some vy € V.

Definition 2.3. [7] The fractional out-domination number, denoted -y, ( 12), is defined by v, (/2)=min{| f|/f is a
minimal out-dominating function of 77},

Definition 2.4. [7] Let A and B be two subsets of /. We say that A out-dominates B and write A B every
vertex u € B\ A is adjacent from some vertex in A.

Notation 2.5.
1. B'f" = {7; = V/f(l\f"‘[z_!]) = 1}

2. Py ={vecuv/f(v) >0}

Theorem 2.6. [7] An out-dominating function f of a digraph /7 is a minimal out-dominating function if and only if
ot

Definition 2.7. [3] A source in 77 is a vertex by which all other vertices can be reached.

Definition 2.8. [3] A semi cycle is an alternating sequence vg. x4, vy, ..., v, = vg Of distinct vertices and arcs
starting and ending at v, but each arc i:; may be either (v; 1, v;) or (v, v;_1).

So, in an out-tree, the point with in-degree 0 is called source or arborescence.

Theorem 2.10 [3] A weak digraph is an out-tree if and only if exactly one point has in-degree 0 and all other points
in-degree 1.

3. AMETHOD FOR FINDING~, (/) OF AN OUT-TREE
In this method, the vertices of the out-tree are grouped into : different levels as follows:
1. Identify the vertices with out-degree 0. Let them be w114, ©12, . . ., U'1,,,. They can be called as level 1 vertices.

2. ldentify the vertices which are adjacent to at least any one or more of the level 1 vertices. Let them be
Va1, Vaz, . .., U2y, and they can be called as level 2 vertices.

3. Identify the vertices which are adjacent to at least any one or more of the level 2 vertices and not equal to any of the
level 2 vertices. Let them be v31, 32, . . ., '3, and they can be called as level 3 vertices.

4. ldentify the vertices which are adjacent to at least any one or more of the level 3 vertices and not equal to any of the
level 3 vertices.. Let them be 43, 40, . . . , v14,,, and they can be called as level 4 vertices.

These steps are to be proceeded, until all the vertices are identified. It is assumed that the vertices in an odd level are

not adjacent to vertices in the same as well as any other odd level. As a consequence, ~ys,(/?) shall be equal to
number of vertices in odd levels.
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m+ns+...+n, misodd

ny +ny+ ...+ n,_q mis even

(i.e)ys(D) = {

A supporting proof for this result is presented in the following theorem.

Theorem 3.1. Let 77 be an out-tree. The vertices of /) are grouped into n levels as per our discussion in this section.
It is assumed that the vertices in an odd level are not adjacent to the vertices in the same as well as any other odd level.
Then ~y4,( ) shall be equal to the number of vertices in odd levels

7+ g+ ...+ 1, mis odd ) o )
" , where n2; is the number of vertices in the i level.

(i) Yro(D) = {

1y 4 1y 4 ... R, 118 cven
Proof: Let 1, ¥42, . . . , 4y, be the vertices in the ilevel, i = 1,2,....m.

Let f{vi1) =1, f(vin) =1,.... f(vin,) = 1if iisoddandlet f{v;1) = 0, f(via) = 0,. .., f(v;n,) = Oif
i is even.

Since od(vy1) = 0, 0d(v12) =0, ..., od{v1,,) = 0, we get

N*H[v] = v11, NT[v12] = 012, . - ., N*[o1,,] = v1,,.

Since f{v11) = 1, f(v2) = 1...., f(v1,,) = 1, it follows that
FINHon)) = 1, (N o)) = 1, fF(N*[or,,)) = 1.

Every vertex in level 2 is adjacent to at least one vertex in level 1. Therefore,
SINT[var]) = 1, [(NT[vas]) > 1,..., J(NT[va,,]) = L

Since f{us) = 1. fvsa) = 1,..., f(van,) = 1, we get

SINTlog]) 2 1, f(NT[ose]) = 1., J(NFoz,]) = 1.

Continuing the process for all the levels, we get [{N*[v]) > 1 for all v € V. Since [ values at odd level vertices
are 1 and f values at even level vertices are 0, /%= all vertices at odd levels. If  is a vertex in an odd level, N [¢]
shall contain no vertex in odd levels other than ». Therefore, for a vertex at odd level, /'{ N*[¢]) = 1. Hence,
Py C B;L. (ie) Pr\ B;{ = ¢. (i.e) B}r RN I’. So, by theorem 2.6, f is a minimal out-dominating function of
D). Therefore, v+, (1)< | f| and | f|= Number of vertices at odd levels.

S0, 47(D) < {nl +n34+...+n, misodd "

ny +ny+ ...+ 1,y mis even

Let f be an out-dominating function of 7. Since od(v1) = 0,0d(v12) = 0,...,0d(v1,, ) =0, we get
Slon) =1 f(vi) = 1,..., f(v1,,) = L.
Now,

|fl = (Flon) + Flo) oot flow )+ (flea) + flos) +ooot floen,)) Ho o+ (F (o) +
S{vm2) + oo [ (Wn,, )
2

The vertices in an odd level are not adjacent to vertices in the same level. In addition, they are not adjacent to vertices
in any other odd level. If » is a vertex in an odd level, /N [¢] shall contain no vertex in odd levels other than ». Also,
NT[u] N N*t[v] = ¢ for any two vertices w and v. For , if NT[u] N NT[v] # ¢, letw € NT[u] N NT[v].

Then , w: is adjacent from both w and . Therefore, id(w) > 2. This is a contradiction as /7 is an out-tree.
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Case (i): m is odd
From (1),

[f] = 141 timest (F(NF [on])+ F(NH[os]) 4. .+ F(NF [oa )+ (F(VH o ])+
SINTlose) + oo+ S(INT[osn ) + oo+ (F(NToa]) + SINTom]) + oo+ JIN T, ]) +

values at some vertices at even levels. (Reasoning: For a vertex » in an odd level, N *[¢] shall contain no vertex in
odd levels other than » and N [u] M N T[] = ¢ for any two vertices « and ).

Therefore,

|f] = (1+14+...+ntimes) + (14+1+ ... +nstimes) +...+ (1 + 1+ ...+ n,times)(i.e)
|f| = ny + n3 + ...+ n,, for any out-dominating function f of /).

Therefore, v, (D) > ny +ns + ...+ 1y,
Case (ii): m is even

This is similar to case (i) and it can be proved that vy;,( D) > ny + 13 + ... + 1y 1.

. ny+ns+...+n, m is odd
Hence 57,(D) > ¢ "1 mom o
g+ N+ ...+ Hy,oq M S even

T Y VO N B m is odd
Therefore, from (1) and (3) 77,(D) = { ’ " )
T+ Ny .o+ Py 1 11118 CVen

Note 3.2The method developed in this section in terms of number of levels and oddness or evenness of the number of
levels is applied for some special out-trees.

— — m
Corollary 3.3 For a directed path I°,,, v¢,(Pp) = (TW where [ ] is the smallest integer such that &z < [x']

—
Proof: Let /2, = (V, A), where V = {vy, va...., v band A = {(v1,v2), (va, v3). .. .. (U1, vm) } and
this is clearly an out-tree.

1. Identify the vertices with out-degree 0. w,,, is the only vertex with out-degree 0. This is the level 1 vertex and
therefore 1y = 1

2. ldentify the vertex which is adjacent to #,,,. v,,_4 is the vertex adjacent to #,,. This is the level 2 vertex and
therefore ny — 1.

3. ldentify the vertex which is adjacent to «,,,_+. #,,,_> IS the vertex adjacent to «,,,_+. This is the level 3 vertex and
therefore 74 = 1

Proceeding the process as above, the last level ( i.e the mt level) vertex is 1. Therefore, 1, = 1.
Clearly the vertices in an odd level are not adjacent to vertices in the same as well as any other odd level.

Case (i): m is odd

— m41
ﬁ}/fo(Pm,) = +nyt+...+n, = 9
Case (ii): m is even

— m
Yo P} =n1+n3+ ...+ npm1 = 5
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— ,
Hence, yfo( Pr) = (%w

. e e
Corollary 3.4. For a directed star K1 ,,, ﬁf‘fo(ﬁ 1,,.{)
T .
Proof: Let [i]_‘n = (V A), where V' = {"”D: V9. Vay oo, '«"‘ﬂ_}, and /1 = {(’UO: 'Ul)? (UO; "UQ),_ ey (UD: U.n)} and
this is clearly an out-tree.

1. Identify the vertices with out-degree 0. They are v, vs. . ... v,,. These are level 1 vertices and therefore ny = n.
2. Identify the vertices which are adjacent to at least any one or more of the level 1 vertices. v is the only vertex
adjacent to level 1 vertices. Therefore, v is the level 2 vertex and also it is the last level. So, ns = 1.

Clearly, the vertices in an odd level are not adjacent to vertices in the same level and not adjacent to vertices in any
other odd level.

e .
Therefore, 1.{f(_,(ﬁ 1n) =n1+ 73+ ...+ Mgy 171 (Since M=2)

. 7

(i.e)yro( K1) = n.

Hence, the developed method could be applied effectively to the directed path and directed star.

4. CONCLUSION

In this paper, we have developed a method for finding -y, ( ) for an out-tree that satisfies specific condition. We tried
to develop a method for finding ¢, (/) for any out-tree, but so far without success. So, we conclude the paper with
the following open problem.

Problem 4.1 Develop a method for finding ~,( /) for any out-tree /2
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