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ABSTRACT

In the present paper we establish a fixed point theorem in Banach space taking new rational expression, which
satisfies the well-known results.
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INTRODUCTION&PRELIMINARIES

The study of Non-Contraction mapping concerning the existence of fixed point draws attention of various authors in
non linear analysis dealing with the study of Non —expansive mapping and the existence of fixed points.

It is well known that the differential and integral equations that arise in the physical problems are generally non linear,
therefore the fixed point methods specially “Banach contraction Principle ([1],1922) provides a powerful tool for
obtaining the solution of their equations which were very difficult to solve by any other methods.

It is also true that some qualitative properties of the solution of related equations are proved by functional analysis
approach. Many authors have presented valuable results with non contraction mapping ([27], 2007) in Banach space.

Definition 2.1: (Banach space) A Banach space (X, . ||)is a normed vector space such that X is complete under the
metric induced by the norm |[. ||

Example 2.1: The set of continuous functions on closed interval of real line with the norm ||. ||of function f given by

sup

Il = SR If )l

is a Banach space ,where sup denotes the supermom.

Definition2.2: (Normed linear space) let ||. ||denotes a function from a linear space X into R that satisfies the following
axioms

i) vxeX |lxl]l=0lxll=0iffx=0
i) vx,yeX, llx+uyll <llxll + Iyl
iii) vx e X, xeR,|lax|| = |alllxl|

[|x[lis called the norm of x and (X, ||.. ||) is called a Normed linear space.

Example -2.2.1:(R",II.lp), ¥x € R™,l|xll,, = max, " Ix,|

Example -2.2.2: (L, |l.llp), 1<p <ow,Vx €l, ={x:x € R, XL |x|" <o}, [Ix]| = (Z‘flxilp)l/l’

Definition 2.3: Asequence {x,} in a normed space is said to be a Cauchy sequence if||lx, — x|l 0 as m,n—- o
i.e. given € > O,there exist an integer N such that ||x,, — x,, |l < e forallmmn > N
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3. MAIN RESULT
Theorem 3.1: Let f be a mapping of a Banach space X into itself. If f satisfies the following conditions;

f2= 1, where | is identity mapping. (3.1.1)

eyl = COl+lx—F GOl —f DI+ lx =f Dllly £ GO
1709 - F@NI312) < o FE e |

+y [llx = FCOI+ lly = FOIIT +3 [llx = FOIN + lly = £ GO - lx =yl
For every x, y € X, where o, 8, 1> 0 and 5a +4y+26+n < 2, then f has a fixed point.
If o +286+n <1 then f has an unique fixed point.

Proof: Suppose x is a point in the Banach space X.
Taking y=>(f+1)()z=f(y) and u=2y-z wehave

iz = xll=lf &) = F2Cll = IifF &) = FF I

< a[lly—f(?f)llI|y—f(y)||+||y—f(y)||IIy—fZ(x)||+ IIy—fz(x)IIIIf(X)—f(y)H]
= lly —f CONlHIEG) ~E2 ()
+y[lly = fFON+IIF & = F2EI 8 [lly = F2@N + If &) = FOIT M lly = FEl

B lly —F G lly £ IHlly —F Gl =y 1+ llx—y lIF GO—F )
llz = xli= “[ Iy~ GOl Hr—f Gl ]
+y [lly = FOI+ llx — £ +8 [llx — yll + [1fx) — £ lly — FCOl

[Ily =y =f COll+llx =y ID+Hlx =y Il C)—F Il
[lx =yl

+y Uy = FOIN + llx = £FCONT+8 [llx =yl + 1) — £ -+ [y — £ GOl

|z - x[I<a

lz — x|I< 0L[Ily—f(y)llle—f(X)II+I|x—yIIIIf(X)—f(Y)II]

[lx =yl

+y Uy = fFOIN + llx = FEON 8 [llx = Il + 1f &) = FIT - lly = FGO

7 = xll< o LML 1) — )i ]

+y [y = fFOON + llx = FCONT +8 [llx — yll + I &) = fFOIT - lly — £

%ﬁ%%ﬁﬁ%+Mﬂ@—féuwkD@»Mwnw—ﬂwu+m—fwm]

#[|x-1 ¢ + D] +|fo -6 ¢ + ||| |l F + D@ -r@)|

|z - xll<a

lly —rOIlllx—fGIIl |, 1
z—x||<o|/—F—————+-|lx - f(x
Iz = xI [ e ﬂ)ﬂ

7y = FOI+ Il = F@IT +8 [2llx = Fll + 2l = FColl] +n 2 llx = £ GO

llz = xll< of2lly = FO + 3 lx = FEOlI]+ B2 lx = £
7Ly = FOI +lx = FEI 148 [lx = FEONlT 3 llx = FGOl

Iz = xll< G ++y + 8+ Dllx = F + Qo+ v) lly = FOIB.1.3)

Also

he—xll =2y —z—xll = [|2(¢F + D& —z—x||=IF @) - zl=llf @) - FD)I
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lu—x|| < 0L[le—yllIIx—f(JC)II+IIJc—f(x)IIIIx—f(y)II+ le—f(y)lllly—f(X)II]

lx =y ll-+lly =f (I

+y [llx = FI + Iy = FOIT+8 [llx = £ + lly = FCONT  llx =yl

LGNy I D+ le=f Oy —f GO
le—f Ol
+y lx =N+ lly = FOIIT+8 [lx = FO + lly = FCONT -+ llx =yl

lu — x|l <

Iz~ COlllly=f @I ]
— < _— e —_
llu = xll <o|=—= 705 +lly = FI

+ylllx = FCI+ My = FOIT+8 [llx = FOI + lly = FCONT 4 [lx =yl

lu = el < LA jly — £Go | llle = FGOI + lly = FOII +8 [llx = £+ 1ly = £ +n llx = vl

lx=f COlllly =f QI 1
e = xll <o [x-f(GE+D )| + ”5 + D —f(x)”]

Hyllle = FCON+lly = Fnls [[lx = £ (G € + D )| + 5 € + Do -]
=3 ¢+ D@ lhe—xl

lx=f Iy =fOIIl | 1
<of—r———+:llx —fx
[ e Sl £ )||]

£y [lle = FOO +lly = FOIIT 8 [3llx = F@I + 2l = F@ll] +n 2 llx = £ GO
e = xll < 2lly = FOI llx = FEN T+y [llx = FGIN + lly = FOIIT +8llx = FGI I+ mz llx = F GOl

lu=xll < G+y+8+Dlx = fFOI+ o+ lly = FOIIE.14)
Now,
Iz = ull=11(z =) = (e =l < (llz = xll+llx — ull)
<[G+y +8+Dlx = FEN +Qa+y)lly = FODIN + Gy + 8+ Dllx = FEN + Qa+y) lly = FOII]
lz — ull< (@ + 2y + 26 + n)llx — fFEI+@a +2y)lly — FO)I
Also
Iz = ull=1If ) ~ 2y - 2
=f&) -2y = fONI
=2lly = fII(3.1.5)
From (3.1.5)

2y = fOI<(a+p+ 2h+2u+ 2y + 28 + n)llx — fCOIl + da+2 1 +2y) ly — FO)II
[2 - da+2y +20)] lly = FOII

<@+B + 21+ 2u+ 2y + 26 + )llx — FI

ly — fI<qllx— fl

(a+B + 2 A+2p+2y+25+ 1)
[2 - (4a+22+2y)]

Where g =

Since 50+ 4y + 26+ n<2
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Let =L(f+1) then for every x € X
9=3 y

l92@) - g = llee)- v |l

= [+ vy-v]
= 2ly - ol
< dx - F@l

By the definition of g, we claim that {g"(x)} is a Cauchy sequence in X.
By the completeness, {g"(x)} converges to some element X, in X

i.e. lim,_. g™"(X) =Xp

which implies that g(Xo) = %o

hence f(Xq) = Xo

i.e. Xq is fixed point of f

For the uniqueness:

If possible let yy (#x0) be another fixed point of f then

llxo = yoll= 1 (o) = £ 0oy |

“u [IIXo—yo||||XO—f(x0)||+||xo—f Goyllllxo—f Goyll+ [Ixo—f Goyllllyo—f Gxo)ll
- llxo=yoll+llyo—f o)ll
+ [[lo = £ Geoy | + lyo = FON] +8 [llx = £F @Il + llyo — £ Ceo) I+ llxg — woll
llcg —yolI?
ll2xo — yoll< a%+28 llxo = yoll +n llxo — yoll
llxo=yoll

<a [lxg = yoll +28 llxg — yoll+n llxo — yoll
<a [lxg — yoll +28 llxg — yoll+n llxg — yoll

llxxo — woll= (e +28+m)llxo — yoll

Since o +26+m < 1

ll2xo — ¥ 1=0

Xo =Yo

This complete the proof
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