International Journal of Mathematical Archive-3(9), 2012, 3315-3325
@ IMA Available online through www.ijma.info ISSN 2229 - 5046

FIXED POINT THEOREMS IN COMPLETE METRIC SPACE
BY INTEGRAL TYPE MAPPING

Sarika Jain*
Department of Mathematics, Sagar Institute of Science Technology and Research, Bhopal (M.P.), India

Ramakant Bhardwaj
Department of Mathematics, Truba Institute of Engineering & Information Technology,
Bhopal (M.P.), India

(Received on: 24-08-12; Revised & Accepted on: 19-09-12)

ABSTRACT

In the present paper, we establish some fixed point theorem and common fixed point theorems for integral type
mapping in complete metric spaces. Our results are generalization and extension of various known results.
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1. INTRODUCTION AND PRELIMINARIES

Impact of fixed point theory in different branches of mathematics and its applications is immense. The most important
result on fixed points for contractive type mapping was Banach's contraction principle by S. Banach [1] in 1922. In the
general setting of complete metric space, this theorem runs as follows ([4] see Theorem 2.1 or [10] Theorem 1.2.2).

Theorem 1.1. (Banach's contraction principle) [1] Let (X, d) be a complete metric space, ¢ € (0, 1) and f: X — Xbe a
mapping such that for each x, y € X,
d(fx fy)<cd(xy) (1.2)

then f has a unique fixed point a € X, such that for each x € X, lim,,_, f*x =a

After this classical result, a number of mathematicians have been working on fixed point theory dealing with mappings
satisfying various type of contractive conditions (see [3], [5] [7], [8], [9] and [11] for details).

In 2002, A. Branciari [2] analyzed the existence of fixed point for mapping f defined on a complete metric space (X, d)
satisfying a general contractive condition of integral type

Theorem 1.2 (Branciari) [2] Let (X, d) be a complete metric space, c € (0,1) and let f : X — X be a mapping such
that for each x, y € X,

d(fx, d(x,
[ oy de<ce [ o) dt (1.2)

Where ¢: [0,+o) — [0, +00) is a Lesbesgue-integrable mapping which is summable on each compact subset of
[0, +0), nonnegative, and such that for each e > 0, f(f @(t) > 0,then f has a unique fixed point a € X such that for
eachx € X,lim, ., f"x = a

After the paper of Branciari, a lot of research works have been carried out on generalising contractive conditions of
integral type for different contractive mappings satisfying various known properties.

The aim of this paper is to generalise some mixed type of contractive conditions to the mapping and then a pair of
mappings satisfying a general contractive condition of integral type.
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In this paper, we obtain an extension of theorem 1.2 through rational expression.
2. MAIN RESULTS
Theorem 2.1. Let f be a self mapping of a complete metric space (X, d) satisfying the following condition:

d3(x f )+d3( f ) d2(x f y)+d? (y f x)

fod(fxvf}’)q)(t) dt <a fo[1+d2(x,fx)+d2 (y.fy) (p(f) dt +ﬂ f01+d(x.fJ’)+d (y'fx)(p(t) dt + yfod(xv}’)(p(t) dt (21)

for each x, y € X with nonnegative reals a, 8,y such that 2a + 28 + y < 1, where ¢: R* - R* is a Leshesgue-
integrable mapping which is summable on each compact subset of R*, such that

foreach e >0, [ ¢(t) dt>0 (2.2)
then f has a unique fixed point z € X and for each x € X, lim, ., f"x =2

Proof. For any arbitrary x, € X, there is x; in X such that x; = f x,. Proceeding the same way, we construct a sequence
{x,} of element of X, such that x,,;="fx,.

Foreachintegern=0,1,2.............ccoun...

from (2.1) we get

fod(xn+1rxn+2)(p(t) dt = fod(fxnvfxn+1)(p(t) dt

a3 (e frn)+d3 (na1f xnt1)
<aq f01+d2(xn fxn)+d? (eny1.f xn+1)(p(t) dt

4% (en f xp41)+d? Gina1 f Xn)

+B f01+d (enof xpn4+1)+d (xn+1 :fxn)(p(t) dt+ v fod(xnrxn+1) (p(t) dt

d3Gen an41)+d3 (a1 An42)
Z )
Saf()l+d (en xn+1)+d% (xn+1 'xn+2)(p(t) dt

d?(xn 'xn+2)+d2 (n+1xn+1)

P f01+d Gnn+2) 4 Gt ont) (1) it 4y fod(x"'x"H) @(t) dt

(d (en ang)+d (g1 20 42))[@2Gen xn1 1)+ (n 41 Xn42)
1+d2Cen , d? ,
<a fo +d%0en xn4+1)+de (xn41.xn42) <p(t) dt

d?(xn xn42)

+B f01+d(xn ,xn+2)(p(t) dt +y fod(xn.Xnﬂ)(p(t) dt

Safod (xn vxn+1)+d (xn+1 rxn+2)(p(t) dt +B fod (xn rxn+2)(p(t) dt"""{fod(xn'xn*—l)(p(t) dt
< ((1+'Y) J‘Od(xn'xn+l)(p(t) dt + a J‘Od (xn+1 rxn+2)(p(t) dt +B fod (en xn+1)+d (xn41 rxn+2)(p(t) dt

fd(xn+1'x"+2)(p(t) dt < wfd(x”'x'lﬂ)(p(t) dt

0 (1—a—p) 70
fod(xn+1'x"+2)(p(t) dt S r fod(xnrxn+1)(p(t) dt (2.3)
where %: r(say) < 1 (Since2a+28+y <1)

Thus by routine calculation
[Eommm) oy de < [0 () dt (2.4)

0

Taking limit of (2.4) as n—o, we get
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lim,, fod Con 1) () dt = 0

Which, from (2.2) implies that

limn—mo d (xn'xn+1) =0

(2.5)

We show that {x,} is a Cauchy sequence. Suppose that it is not. Then there exists an e > 0 such that for each p e N

there are subsequence {m(p)} and {n(p)} in N such that {m(p)} < {n(p)}< {m(p+1)} with

d (Xm@) » Xn)) Z€ + d (Xm@p)  Xn)-1) <€

Now
d (xm(p)—l 'xn(p)—l) <d (xm(p)—l 'xm(p)) +d (xm(p) 'xn(p)—l)

<d (Xnp)-1, %m@p)) * €

Hence
: d m =1"*n -
hmp—»oo fo (x (p)-1*n(p) l)w(t) dt < fOE(P(t) dt

Using (2.3), (2.6), and (2.8), we get

fOE(P(t) dt < fod (xm(p)'xn(p))(p(t) dt < rfod (tm @)1 'xn(p)—l)(p(t) dt < rfoe (p(t) dt
Which is a contradiction, since r € (0, 1). Therefore, {x,} is Cauchy sequence converges to z€e X.

From (2.1) we get

fod(z,fz) o) dt < fod(z,f xp)+d(f xn.f2) @(t) dt :fod(z'f *n) o(t) dt +f0d(f *n.f2) e(t) dt

s d32(xn ,fxn)+d3(zz,fz) a2 f2)+d? (2 f xn)
z.] x 1+d%@en f xp)+d= (z.f 2) 1+d (xn .f 2)+d (z.f xn)
Sfo n (p(t) dt +a fo xn.f Xn z,fz (p(t) dt +B fo xn.f 2z z.f xn (p(t) dt

+y [ () dt

d3§7€n .xn+1)+d3§z f7) a2(en f2)4d?% (2 xn41)
d(z,
Sf (an+l)(p(t) dt +0 f01+d (xn xp41)+d (z,fz)(p(t) dt+Bf01+d(xn,fz)+d (z,xn+1)(p(t) dt

0
+y [ (1) de

< fod(Z.xn+1) o(t) dt +0Lf0d (cn Xp41)+d (z f2) o(t) dt +p fod (e f 2)+d (z xn 1) o(t) dt

+y [ () dt

< (1 + B) fod(zrxn+1)(p(t) dt +o, fod (xn Xn+1)+d (Z'fz)(p(t) dt"‘Bde (xn vfz)(p(t) dt
+y [0 o) de

<@+B) [ o) de+a [T o) de + (ar B) [ O o0 de

0
(B [ (o) de

Taking limit on both sides as n—w, we get
lim [ p@)de=0
Which from (2.2), implies that lim d(z, fz)=0or fz=z

= z isa fixed point of f
© 2012, IJMA. All Rights Reserved
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FOR UNIQUENESS

Suppose that w (#z) be another fixed point of f, different from z i.e. f(w) = w. Then from (2.1) we have

IO e@ de= 7 o) dr

[ d3(z f 2)+d3w f w) d%(z,f w)+d? (w f z)

<a f 1+d2(z f 2)+d2 (w fw) o(t) dt +B f(m(p(t) dt +vy fod(z,w)w(t) dt

0

dz(z ,w)+d2 (w ,z)

zw W,z d(z,
Bf01+d( )+d ( )(P(t) dt+'Yf0 (ZW)(p(t) dt

IA

IA

d(zw d(z,w
B o) dt+y [ (o) dt

d (z,w)

INA

2B+ ) J, o(t) dt

Since, (2B+ v) < 1, this implies that

[ o) de=0

Which, from (2.2), implies that d(z,w) = 0, or z=w and so f has unique fixed point in X.
Theorem 2.2. Let f and g be self mappings of a complete metric space (X, d) satisfying the following conditions:
(i) fand g are commutative

[ d3a.f0)+d3(.g9y) d2(x,gy)+d% (v f X)

(”) fod(fxlg}’)(p(t) dt <o f0l1+d2(x.fx)+d2(y.g}’) (p(t) dt +ﬁ f01+d(x.g)’)+d (y,fx)(p(t) dt-‘ryfod(x'y)(p(t) dt (29)

for each x, y € X with nonnegative reals a, g, y such that 2a +28 + y < I, where - R* — R is a Leshesgue-
integrable mapping which is summable on each compact subset of R, and such that

foreach € >0, [ (t) dt >0 (2.10)
then f and g have a uniqgue common fixed point z € X.

Proof. For any arbitrary x, € X there is x; in X such that x; = fx, and x, = gx;. Proceeding the same way, we
construct a sequence {x,, } of element of X, Such that x, .;="fx,.and x,,,=0 x,,41.

For each integern =0, 1, 2.....

From (2.9) we get

fod(xn+1rxn+2)(p(t) dt = fod(fxnvgxn+1)(p(t) dt

d3z(xn ,fxn)+d3gxn+1 9 Xn+1) d2Gen gxn+0)+d? Gens1 f xn)
d , d , d , d P
<q J-1+ (n f xp)+d?® (xp+1 gxn+1)(p(t) dt +B f01+ (en gxn+1)+d (xn+1 an)(p(t) dt

0
+Y fod(xnrxn+l)(p(t) dt

d3§xn .xn+1>+d3§xn+1 Xn+2) d2Gen i 12)+d? Gen+1 Xn+1)
1+d , d , 1+d (xn, d ,
< af +de(xn xpn+1)+de (xn+1 x"+2)(p(t) dt +B fo +d (xn xp+2)+d (xn+1 xn+1)(p(t) dt

0
+Y fod(xnvxn+1)(p(t) dt

<a fod (xn rxn+1)+d (xn+1 rxn+2)(p(t) dt +B fod (xn rxn+2)(p(t) dt +'Y fod(xnvxn+1)(p(t) dt

<q fod (xn+1rxn+2)(p(t) dt +B fod (xn xn+1)+d (ep 41 'xn+2)(p(t) dt + ( at 'Y) fod(xnrxn+l)(p(t) dt

d (Xn+1 Xn+2) d(Xn,Xn+1)
S(a+p) f; T () dt + (at Bry) [ () dt
© 2012, IJMA. All Rights Reserved 3318
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fd (n+1 Xn+2) o(t) dt < +p+y) fod(x”'x”l) e(t) dt

0 (1—0—P)

fod (xn+1,xn+2)(p(t) dt<r J‘Od(xnrxn+l)(p(t) dt (2.11)
where %= r(say)<1(Since2a+28+y <1)

Similarly

[LCn D oy g < [ o) ar (2.12)

Thus by routine calculation

fod (xn ,xn+1)(p(t) dt <rm fod(xorxl)(p(t) dt (213)

Taking limit of as n—o0, we get
limyo [ " o(0) de =0
Which from (2.10) implies that
lim, e d (X, , Xp41) =0 (2.14)

We now show that {x,} is a Cauchy sequence. Suppose that it is not. Then there exists an € > 0 and subsequence {m
(p)} and {n (p)} such that m (p) < {n(p)} < {m(p+1)} with

d (Xn@p) X)) = & (Xmpy » Xngpy-1) <€ (2.15)
Now
d (xm(p)—l 'xn(p)—l) <d (xm(p)—l 'xm(p)) +d (xm(p) 'xn(p)—l)

< d (Xm@py-1Xmep) * € (2.16)
Hence
lim,,_, [ G101 ) de < [€ (¢) de 2.17)

Using (2.15), (2.12), and (2.17), we get
[ o) de < [ Cne 06 o) ge < ¢ [ Cnem150-1) 1) de < r[€ p(e) dt

Which is a contradiction, since r € (0, 1).Therefore, {x,, } is Cauchy sequence converges to z € X.

From (2.9) we get

fod(zrfz)(p(t) dt :fod(z.gxn+1)+d(gxn+1 'fZ)(p(t) dt = fod(zlxn+2)+d(gxn+1er)(p(t) dt

:fod(zrxn+2)(p(t) dt+f0d(gxn+1rfz)(p(t) dt

a3 (n41 .9xn+1)+d3 (@ f 2)

d(z,xn zxn g Xn 2(zfz
</ @2 (1) dt +a fo”“ gD D ) () gy

d%(n41 f2)+d? (2.9xn41) d
H LTI T gy de oy [7 1 g(0) de

d3§xn+1 ,xn+2)+d3§z f 2)
d(z,
Sfo (an+2)(p(t) dt +a f01+d (Xn4+1 xn42)+d (z,fz)(p(t) dt
dz(xn+1 fz )+dZ (z xn42) 4
+ B f01+d (tn+1.f 2)+d (z :Xn+2)(p(t) dt +Y J‘O (xn+1rz)(p(t) dt
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Sfod(z'xn+2)(p(t) dt +a fod (xn+1 vxn+2)+d (Z'fz)(p(t) dt

+ B fod (xtn41.f 2)+d (z rxn+2)(p(t) dt +Y fod(xn+1tz)(p(t) dt
Taking limit on both sides as n—o, we get

lim fod @ f2) e(t)dt=0

n-—-oo

Which from (2.10), implies that lim d(z, f 2)= 0 or fz =z .Similarly it can be shown thatgz = z.

So fand g have a common fixed point z €X.

FOR UNIQUENESS:

We now show that z is the unique common fixed point of f and g. If not, then let w be another common fixed point of f
and g. Then from (2.9) we have

I @ de=[ 7 p(0) dr

[ d3§Z.fZ)+d3§W.gW) ] d2(z ,gw)+d? (w f 2) )
<a f01+d (z .f z)+d (w,gw)J(p(t) dt +B f01+d(z,gw)+d(w,fz)(p(t) dt+’yf0 zZ,W (p(t) dt

d(z,w d(zw
<B 24 o) de+y [19 oo dt

<@B+7) [ (o) dt

Since, (2B + v) < 1, this implies that

[ o) de=0
which, from (2.10), implies that d(z, w) = 0 or, z = w and so the fixed point is unique.
Theorem 2.3 Let f,g and h be self mappings of a complete metric space (X, d) satisfying the following condition:

(i) fg=gf and hg=gh (2.18)

[_d3.fg 0)+d3(y.hgy) ] d2(x,hgy)+d? (y fgx)

(”) fod(fgx’hgy)(p(t) dt <a f0l1+d2(x.fgx)+d2(y.hgy) (P(t) dt +ﬁ f01+d(x,hg)')+d (y.fgx)(p(t) dt""yfod(x’y)(p(t) dt (219)

for each x, y € X with nonnegative reals o, f, y such that 2a +28 + y < I, where 9. R* — R* is a Lesbesgue-
integrable mapping which is summable on each compact subset of R, and such that

foreach e >0, [ (t) dt >0 (2.20)
then f, g and h have a unique common fixed point z € X.

Proof. For any arbitrary x, € X, there is x; in X such that x; =f gx, and x, = hg x; . Proceeding the same way, we
construct a sequence {x, } of element of X, Such that x,, ;=

fgx,. and x,,2=hg x, 1.

For each integer n =0, 1,2...

From (2.19)

fod(xn+1rxn+2)(p(t) dt = fod(fgxnvhgxn+1)(p(t) dt
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P )+d? (41 .9 xn)
d3 (en fgxn)+d3 (ent1.hg xn41) n, hgxp41 n

Z 2 1+d d ( , )
S(lf01+d (xn f xp)+d (xn+1.gxn+1)(p(t) dt +B fO + (Xn, hgxn+1)+ xn+1.f xn (p(t) dt

+Y fod(xnrxn+1)(p(t) dt

d3§xn .xn+1)+d3§xn+1 Xn+2) d2(xp xp42)+d2 (in41 An+1)
1+d ¥ d p , E
< (Xf +d4(xn xpn4+1)+de (xn+1 Xn+2) (P(t) dt +B f01+d (en xn42)+d (xn+1 x"+1)(p(t) dt

0
+Y fod(xn'xn+l)(p(t) dt

Od (xn xn+1)+d (o1 vxn+2)(p(t) dt +B fod (xn rxn+2)(p(t) dt +Yf0d(xnvxn+1)(p(t) dt

J
fd

<a
<
<aj

(n41 ,xn+2)(p(t) dt +B fod (en xn+1)+d et .xn+2)(p(t) dt + (at+ v) fod(xn.xn+1)(p(t) dt

d (xp+1 %n d(xn,Xn
< (ot B) [ O o) de + (o Bry) [ () di

fd (*n+1 ,Xn+2)(p(t) dt < +p+y) fd(x"'x"+1)¢(t) dt

0 (1—a—p) ~0

fod (xn+1,xn+z)¢(t) dt<r J‘Od(xnrxn+1)(p(t) dt (2.21)
where (?;:BTJ_F[Z)): r(say)<1 (Since2a+28+y <1)

Similarly

fod (xn ,xn+1)(p(t) dt <r fod(xn—lvxn)(p(t) dt (2.22)

Thus by routine calculation

f G ooy de< e [T () de (223

Taking limit of (2.23)as n—oo, we get

limyo [ p(0) de =0

Which from (2.20) implies that

lim, e d (X, ,Xp41) =0 (2.24)

We now show that {x, } is a Cauchy sequence. Suppose that it is not. Then there exists an € > 0 and subsequence {m
(p)} and {n (p)} such that m(p) < {n(p)} < {m(p+1)} with

d (Xm@)  Xn@)) 2 € d (Xmp)  Xn)-1) <€ (2.25)

Now
d (xm(p)—l 'xn(p)—l) <d (xm(p)—l 'xm(p)) +d (xm(p) 'xn(p)—l)

< d(Xmpy-1,Xm(p) + € (2.26)
Hence
lim,,_, [ O @101 ) de < [€ (¢) de 2.27)
Using (2.25), (2.22), and (2.27), we get
[ o) de < [ Cn® 6 o) ge < ¢ [ Cnem1500-1) o) de < 1 fF p(e) dt
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Which is a contradiction, since r € (0, 1).Therefore {x,} is Cauchy sequence converges to z € X.

From (2.19) we get
fod(zrfgz)(p(t) dt SJ‘Od(Z‘hgxn+1)+d(hgxn+lrfgz)(p(t) dt = fod(zrxn+2)+d(hgxn+l tfgz)(p(t) dt

:fod(zrxn+2)(p(t) dt+f0d(hgxn+1vfgz)(p(t) dt

dz(x )+d2 (z,hgxn+1)
43 Gen i1 ghxn+1)+d3 (2 f92) nHl.fge .

d(z,xp an ghxn ZZ' z thd{xn 1 9% @z hgxn )
< AR o) e + @ [T RN I ) e 4 [ s R o gy
+Y fod(xn+1,z)(p(t) dt

d2(x y+d2 (z xn42)
d3(ena1 xn12)+d3(z fgz) n+lfgz nt

Z(x X 2 (z faz 1+d (xy, z d (z xpn+2)
Sfod(zlxnﬂ)(p(t) dt+0lf01+d (xn+1 xn+2)+d= (z fg )(p(t) dt +B fo + ( +1,fg )+ +2 (p(t) dt
+’Y fod(xn+1,z)(p(t) dt

Sfod(z.xnﬂ)(p(t) dt +af0d(xn+1 Xn42)td(z ,ng)(p(t) dt +B fod(xnﬂ,fgz )+d(z 'xn”)(p(t) dt
+Y fod(xn+1,z)(p(t) dt

5(1 + B) fod(z'xn+2)(p(t) dt+af0d(xn+1rxn+2)(p(t) dt +((X+B) fod(zrfgz)(p(t) dt
d(xn+1,z
+B+) [ e dt

Taking limit as n—oo, we get

lim [P @ de=0

Which from (2.20), implies that lim d(z, fg z)= 0 or fg z = z . Similarly it can be shown that hgz =z. So f, g and h
have a common fixed point z eX.

FOR UNIQUENESS

We now show that z is the unique common fixed point of f, g and h. If not, then let w be another common fixed point
of f, and g . Then from (2.19) we have

I @ de=[ 7 p(0) dr

[ d3§Z.fZ)+d3§W.gW) ] d2(z ,gw)+d? (w f 2) )
<a f01+d (z .f z)+d (w,gw)J(p(t) dt +Bf01+d(z,gw)+d(w,fz)(p(t) dt+’yf0 zZ,W (p(t) dt

<B 2" o) de +v [ o(0) dt

<@B+7) [ (o) dt

Since, (2B +7v) < 1, this implies that
d(zw
fo( Do) dt =0
which, from (2.20), implies that d(z, w) = 0 or, z = w and so the fixed point is unique.
Now we prove another fixed point theorem which is generalization of theorem 2.3

Theorem 2.4 Letf, g and h be self mappings of a complete metric space (X, d) satisfying the following conditions:

(1) f(X) < h(X) and g(X) < h(X) (2.28)
d3 (hx f x)+d3 (hy.gy) d2 (hx,gy)+d? (hy fx)

(ii) fod(fx,gJ/) o) dt <a fo[1+d2(hx f x)+dZ (hy.gy) o) dt +p f01+d (hx,gy)+d (hy fx) () dt+y fod(hx'hy) @(t) dt (2.29)
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(iii) fg=gf,fh=hf and gh = hg

for each x, y € X with nonnegative reals o, f, y such that 2a +28 + y < I, where 9. R* — R* is a Lesbesgue-
integrable mapping which is summable on each compact subset of R, and such that

foreach € >0, [ (t) dt >0 (2.30)
then f, g and h have a unique common fixed point z € X.

Proof. For any arbitrary x, € X, there is x; in X such that fx, = h x; =y, and gx; = hx; = y;. Proceeding the same
way we construct a sequence {x, } of element of X, Such that

fxn = hxn+1 = Yn- and IXn+1= hxn+2 = Yn+1-
For each integer n =0, 1,2......

From (2.29)

d(Ynyn — (4 xn.gxn
fo Oy +1)(p(t) dt = J‘O (fxn.gx +1)(p(t) dt

d3§hxn 'fxn)+d3gh *n+1.9%Xn+1) d2 (h xn,gxn+1)+dz (hxn+1.fxn)
1+d4(hxp , d“(h B ) )
<a f +d%(hxn fxn)+d“(h xn41 gxn+1)(p(t) dt +B f01+d (hxn,gxn+1)+d (h xn+1.fxn) (P(t) dt

0
+Y fod(hxnrhxn+1)(p(t) dt

d3g}’n—l Yn )+d3(zyn. Yn+1) d?Gn-1yn+1)+d%Gn, yn)
d 1, d , dOyn—1., dOn,
<a f1+ n-1.yn )+d“On Yn+1)(p(t) dt +B f01+ On—1yn+1 )+d0n )’n)(p(t) dt

0
+Y fod(YH—LYn)(p(t) dt

d(n—rn)+d nJon d(n—:n) dTl—'Tl
Safoy 1Y (yy“)(p(t)dt +Bf0y 1Yn+1 (p(t)dt+yf0(y 1y><p(t)dt

d non d n—1on
(L-o- B) [0 (1) de< (ot Bry) fi O o(0) dt

fod(}’nr}’n+1)(p(t) dtS r fod(yn—lr}’n)(p(t) dt (231)

(@+p+v)
(1-a—p)

where =r(say) <1 (Since2a+28+y <1)

Thus by routine calculation

fod()’nr}’n+l)(p(t) dtSrn fod(YO‘YQ(p(t) dt (232)

Taking limit of (2.32) as n—oo, we get
limn—>oo fod(YHrYH+l)(p(t) dt =0
Which from (2.30) implies that

liInn—wo d(Yn' yn+1) =0 (233)

We now show that {y,} is a Cauchy sequence. Suppose that it is not. Then there exists an € > 0 and subsequence {m
(p)} and {n (p)} such that m( p) <{n(p)} < {m(p+1)} with

d (Yme) » Yne)) 2 € & (Vme) » Yn)-1) <€ (2.34)
Now
d (Ym)-1:Yn)-1) < d Ume)-1Yme)) 4 me) » Ynpr-1)

<d (ym(p)—l 'ym(p)) t o€ (2.35)
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Hence
limp—)oo fod m(p)—1 'Yn(p)—l)(p(t) dt < foe o(t) dt (2.36)

Using (2.34), (2.31), and (2.36), we get
[fo@ de < [ U@ @) gy ae < [ Um0 o) de < rff () dt

Which is a contradiction, since r € (0, 1).Therefore, {y, } is Cauchy sequence converges to z € X.

From (2.29) we get

fod(fzvz)(p(t) dt = fod(fzr}’n+1)+d(}’n+1rz)(p(t) dt = fod(fzrgxn+1)+d(yn+1 'Z)(p(t) dt

[ d3(2hz,fz)+d3(2hxn+1 9% n+1) dz(hz,gxn+1)+dz (hxpn41.fz)
d4(hz, d4(h B ) )
<a foll+ (hz fz)+d4(hxp+1.9%n+1) (p(t) dt +B f01+d(hzgxn+1)+d(hxn+1 fZ)(p(f) dt

+,yf0d(hzvhxn+1)(p(t) dt + fod(hxn+2,z)(p(t) dt

<a fo[d(hz ,fZ)+d(th+1 ‘gxn+l)] (p(t) dt +B fod(hzrgxn+l)+d(hxn+l 'fZ) (p(t) dt

+"{f0d(hz‘hxn+l)(p(t) dt + fod(hxn+2,z)(p(t) dt

<a fo[d(z Sfz)+d(yn vyn+1)](p(t) dt +B fod(zvyn+1)+d(}’n rfz)(p(t) dt+yf0d(z'y")(p(t) dt+f0d(yn+1'2)(p(t) dt

A—a- B 17 o) dt <a [0 g(e) de+ (1+B) [19 @0 de + (B +y) [ (1) dt

Taking limit on both sides as n—w, we get
lim  [f o) de=0
n—-oo

Which from (2.30), implies that lim d(z, f z)=0 or f z = z .Similarly it can be shown thatgz =z. Sof,gandh have a
common fixed point z € X.

FOR UNIQUENESS

We now show that z is the unique common fixed point of f, g and h. If not, then let w be another common fixed point of
f and g . Then from (2.29) we have

I @ de=[ 7 o(0) dr

[ d3§Z.fZ)+d3§W.gW) ] d2(z ,gw)+d? (w f 2) )
<a f01+d (z f z)+d (w,gw)J(p(t) dt +Bf01+d(z,gw)+d(w,fz)(p(t) dt+’yf0 zZ,W (p(t) dt

d(z,w d(zw
<B 24 o) de+y [19 oo dt

<@B+7) [ (o) dt

Since, (2B +7v) < 1, this implies that
[1e) o) de =0

0

which, from (2.30), implies that d(z, w) = 0 or, z = w and so the fixed point is unique.
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REMARKS

(@) In theorem 2.1,

(i) if we take 0. = =0 and vy € (0,1) gives Branciari mapping of integral type.

(i) by taking @(t) = 1 over R", the contractive condition of integral type transforms into a Banach contractive
condition.
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