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ABSTRACT

A partial hypergraph (of a given simple hypergraph) has the property that each hyperedge is contained in the smaller
vertex set on which this partial hypergraph is built. But this property does not hold for arbitrary subsets of the vertex
set of the given simple hypergraph. This gives scope for a generalized notion of restricted hypergraphs, so that partial
hypergraphs really turn out to be special cases of restricted hypergraphs.
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1. INTRODUCTION

Let V be a nonempty finite set. The cardinality (or, size) of V is denoted by | v | . The set of all subsets (including the
empty set @) of V is denoted by 2" which is called the power set [4] of V. The set of all nonempty subsets of V is
denoted by 2V7; that is, 2¥" = 2V - {o}.

A hypergraph [1] on V is a pair H = (V, E) where E is a family of nonempty subsets of V with U x . g X =V. The setV
is called the vertex set of H and each member of E is called a hyperedge of H. If the members of E are all distinct (that
is, no two members are equal as subsets of V; or, E € 2V") then H is called simple. If no member of E is a subset
(proper or otherwise) of another, then H is called a Sperner hypergraph. Some authors (instances: [1] and [2]) take
Sperner hypergraphs to be simple and vice versa but there is distinction between the two: Sperner hypergraphs are
necessarily simple but simple hypergraphs need not be Sperner [3]. If {y} € E for some vertex y, then {y} is called a
loop aty.

All the hypergraphs in the coming discussion are assumed simple unless there is some unambiguous indication to the
contrary. The motivation for this research work comes principally from the concept of partial hypergraphs [1].

2. PARTIAL HYPERGRAPHS AND PATCHES

Let H=(V, E), FE2¥ and W = Uy . X. Then W € 2""; and Hy = (W, F) is a hypergraph on W, and is called the
partial hypergraph (of H) on W.

2.1: Proposition. LetH =(V,E),A€ 2", e (A)={X€E|X S A}and p(A) = A - U xea) X.

Then for A, B € 2V, we have:

i)AcB=¢e(A)ce(B);
iIANB=¢=¢(A)NeB)=g9;

(i) e (A)=¢ =p(A)=A;

(V) p(A) =@ & Uxcepn) X=A;

(VVAeEE=p(A)=0;and

(vi) p(A) = ¢ = (A, e(A)) is the partial hypergraph (of H) on A.

Proof.
(i) Assume AC B. ThenXee (A) X< A=X<cB=Xee(B)

(if) Were X € e (A) N e (B), then X € A and X € B, contradicting AN B = ¢.
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(iii) e (A) = ¢ = p(A) = Ais immediate. On the other hand, suppose e (A) # ¢. Then it is clear that U x c¢a) X # ¢.
And clearly U x ¢a) X € A. From these we have that p(A) # A.

(iv), (v) and (vi) are obvious.

The set p (A) seen in 2.1 is called the patch on A in H (or, the patch on A in V under H). If p (A) # ¢ then A is called a
patched set in H (or, a patched set in V under H). If p(A) = A (equivalently, if e (A) = ¢), then A is a patch in H.

2.2: Example. The converse of 2.1(i) is not true. Let H = (V, E), where V = {1, 2, 3, 4, 5, 6}, E = {X4, X5, X3, X4}
with X; = {1}, X,={2, 3}, X5={3, 5} and X, = {4, 6}. Let A ={1, 3, 5, 6} and B={1, 2, 3, 4, 5}. Then e (A) = {X,,
Xz} and e (B) = {Xy, X3, X3}. Thene (A) c e (B) but A< B.

2.3: Example. The converse of 2.1(ii) is not true. Let H = (V, E), where V = {1, 2, 3, 4} and E = {Xy, X;, X3, X4},
with X; = {1, 2}, Xp={2, 3}, Xs = {3, 4} and X;={4, 1}. Let A={1, 3,4} and B = {2, 3}. Thene (A) = {Xz, X4}
and e (B) ={X;}. Thene(A)ne(B)=9pbut ANB+o.

2.4: Example. The converse of 2.1(v) is not true. LetVV and E be asin 2.2, and A = {1, 2, 3}. Then we have
e(A) = {Xy, Xo} and U x ) X = X; U Xp= A, from which p(A) = ¢ follows. Yet A ¢ E.

2.5: Proposition. Let H = (V, E) be Sperner and for A € 2V, let e (A) be as defined in 2.1. Let A, B € 2", Then:
()e (ANB)=e(A) N e (B)

(i) e (A)Ue (B)Ce (AUB)

(iiie (A-B)Se(A)-e(B);soe (A% =e (A)°, where A=V -Aand e (A)°=E —e (A).

Proof.

) Xee(ANB)=XeEand XS ANB;soXee(A)and X € e (B) follow. On the other hand if X €e (A)N e
(B), then X € A N B, and at once we have X € e (A N B).

(i) Xee(A)u e (B)= X € Eand either X € A or X € B, whence X € e (A U B).

(iiiy Xee(A-B)= XeE, XS Aand XN B=¢. Hence X € e (A) and X ¢ e (B). Replacing A and B by V and A,
respectively, we get the second part of (iii).

2.6: Example. Equality need not hold in 2.5(ii). LetHbeasin2.3. Let A={1,2,4}and B={1, 2,3}. Then
e (A) = {Xl, X4}, e (B) = {Xl, XZ} and e (A U B) = {Xl, Xz, Xg, X4}

2.7: Example. Equality need not hold in 2.5(iii). LetH be asin2.3and A, Bbeasin2.6. Then A-B = {4},
e(A-B)=¢ande (A)—e (B) = {Xs}.

2.8: Example. In general, e (AA B) and e (A) A e (B), where A denotes symmetric difference [4] of sets, are not
comparable by set inclusion.

If H=(V, E), let M (H) = {A€2""| p(A) = ¢} and P (H) = {A€2""| p(A) # ¢}. Then M (H) # ¢ because it
contains every member of E. Also, M (H) n P (H)=¢ and M (H) U P (H) = 2V".

2.9: Proposition. LetH=(V,E). IfA Be€ M (H)then AuB €M (H)-i.e., M (H) is closed under set union.

Proof. By hypothesis, Ux ey X = A and Ux g X = B. Invoking 2.5(ii), we have at once that U xcecy X = C,
where C= AU B. Invoking 2.1(iv), we have p(A U B) = ¢, whence A U B € M (H).

2.10: Examples. M (H) is not closed under set intersection, set difference, symmetric difference or complementation.
LetV={1,23,4,56,7,8} X;={1,3} X,={2,3,4}, Xs={4, 5,6}, X, ={7, 8} and E = {Xy, X, X3, X4} and
H=(V, E).

(hLetA={1,2,3,4}andB={1,3,4,5,6,7,8} Thene (A) = {X;, X} and e (B) = {Xy, X3, X4}; and A, BE M
(H). Further, AnB={1, 3,4}# ¢ and e (A N B) = {X;}. So p(An B) # ¢, whence AN B & M (H).

(iA={1,2,3,4rand B={4,5,6,7,8}. Itiseasytoseethat A B € M (H). Further, A—B={1,2,3},and
e(A-B)={X},soA-B¢&M (H).

(iii) A, B asin (ii). Here AAB={1,2,3,5,6,7,8} & M (H) because e (A A B) = {Xy, X4}

(iv)A={1,2,3,4}eM(H). ButA°={5, 6,7, 8} € M (H) because e (A%) = {X,}.
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2.11: Proposition. Let H=(V, E). Then P (H)=¢ < {x} € Eforeachx € V.
Proof. (=) Letx € V be given and A = {x}. By hypothesis, A € M (H). SO U x e X=A.
Butthene (A)=e ({x}) ={X €E | X € {x}}, whence {x} € E.

(<) Suppose {x} € E for each x € V. Let B € 2" be givenand let S = {{x} | x € B}. Clearly SCEand Ux s X =
B, whence B € M (H). Consequently 2¥* € M (H), from which P (H) = ¢.

The set P (H) is not closed under set union, intersection, difference or symmetric difference.
3. RESTRICTED HYPERGRAPHS

3.1: Proposition. Suppose H = (V, E). For A € 2V, let
(i) e (A) and p(A) be asin 2.1;

(i) C (A) = e (A) if p(A) = ¢, and C (A) = e (A) U {p(A)} if p(A) # o.

Then (A, C (A)) is a hypergraph on A.

Proof. Clearly C (A) is a nonempty subfamily of 2¥". Note that A = (U x cen) X) U p(A), so that given x € A we have
either x € X for some X € e (A) or X € p(A). Also, U x ey X and p(A) make a partition of A, whence (A, C (A)) is a
hypergraph on A.

The hypergraph (A, C (A)) seen in 3.1 is called the restricted hypergraph on the subset A of V, and is denoted by H|a.
We also call this hypergraph the restriction of Hto A. If A=V, thene (A) = E so that H|y, = H.

3.2: Proposition. Given H = (V, E). Then a unique H|, exists for each A € 2"".
Proof. The existence follows from 3.1. For A € 2V, the sets e (A) and p(A) are unique, and so is C (A).

3.3: Proposition. If H|ais non-trivial, then e (A) # ¢. (A hypergraph is nontrivial if some hyperedge X does not equal
the vertex set V.)

Proof. Ife (A) = ¢, then p(A) = A, so that C (A) = {A}, whence H|4 is trivial.

3.4: Example. The converse of 4.4 is not true. Let H = (V, E) be Sperner, and A € E. Then p(A) = o, so € (A) = {A}.
But H|, is trivial because C (A) = {A}.

3.5: Proposition. H|a is simple for each A € 2",

Proof. Let A € 2" be given and H|a= (A, C (A)). Ife (A) = ¢, then H|xis clearly simple. In the case e (A)# ¢, then
write e (A) = {Y, ..., Y} for some positive integer t. It is clear that p(A) is disjoint with every member of e (A). Were
H|a not simple, then for some distinct positive integers j and k (both < t) we would have Y; = Y in e (A). But then H
would not be simple.

3.6: Proposition. If p (A) = o, then H|a is the partial hypergraph on A generated by e (A).

The proof follows from the preceding discussions on e (A), p (A) and H|a.

4. SUMMING UP

(i) Given simple hypergraph H, patches in a subset of vertices are aggregates of vertices in the subset whose union
cannot contain any hyperedge.

(i) A partial hypergraph is a special case of a restricted hypergraph (3.6).

(iii) The only class of hypergraphs that cannot have any patches is that of the ones in which there is a loop at every
vertex (consequence of 2.11). This class is very rarely dealt with in applications.

So, a majority of simple hypergraphs do have patches. This could have applications in image processing.
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(iv) In a restricted hypergraph, at most one hyperedge is a patch. This patch could be of negligible size, and this could
be of interest in image processing applications involving thresholds. The authors are studying such application
possibilities.

ACKNOWLEDGEMENT

The corresponding author expresses his thanks to Professor R. Sethuraman, Vice Chancellor, SASTRA University, for
the latter’s unstinted encouragement and support.

REFERENCES
[1] C. Berge, Hyper graphs: Combinatorics on finite sets, North-Holland Mathematical Library, Amsterdam (1989).

[2] T. Eiter and G. Gottlob, Identifying the minimal transversals of a hypergraph and related problems, SIAM Journal
on Computing, 24 (1995), 1278-1034.

[3] D. Ramachandran and R. Dharmarajan, On trimming simple hypergraphs, Global Journal of Science Frontier
Research, Vol. 12, issue 9 (2012), 21-26.

[4] R.R. Stoll, Set Theory and Logic, Dover, New York (1963).

AUTHORS DETAIL

D. Ramachandran is the Director of the Abel-Jacobi Research Foundation that is devoted to research in pure and
applicable mathematics. He retired as a communications engineer from the Department of Telecommunication
(Government of India) after a service of thirty five years during which he headed several engineering projects. His
research interests include Differential Topology, Graph theory, Hypergraph theory and Mathematical Logic.

R. Dharmarajan is an Assistant Professor of Mathematics with SASTRA University, Thanjavur. His research

interests include Graph theory, Hypergraph theory and Image Processing.

Source of support: Nil, Conflict of interest: None Declared

© 2012, IJMA. All Rights Reserved 3329



