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ABSTRACT

The concepts of fuzzy boundedness, fuzzy continuity and on intutionistic 2-fuzzy 2-normed linear space are introduced.
Using these concepts some theorems are proved and as a result the famous Open Mapping Theorem is established in
intuitionistic 2fuzzy 2-normed linear space.
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1. INTRODUCTION

The theory of fuzzy sets was introduced by L. Zadeh [9] in 1965. A satisfactory theory of 2-norm on a linear space has
been introduced and developed by Gahler in 1964[2]. The concepts fuzzy norm and o-norm were introduced by Bag
and Samanta in 2003[1]. Jialuzhang [3] has defined fuzzy linear space in a different way. The notion of 2-fuzzy 2-
normed linear space of the set of all fuzzy sets of a set was introduced by R. M. Somasundaram and Thangaraj Beaula
[6]. The concept of intuitionistic 2fuzzy 2-normed linear space of the set of all fuzzy sets of a set was introduced by
Thangaraj Beaula and D. Lilly Esthar Rani [7].

We have introduced the concepts of fuzzy boundedness, fuzzy continuity on intutionistic 2-fuzzy 2-normed linear
space. Using these concepts some theorems are proved and as a result the famous Open Mapping Theorem is
established in intuitionistic 2fuzzy 2-normed linear space.

2. PRELIMINARIES

For the sake of completeness, we reproduce the following definitions due to Gahler [2], Bag and Samanta [1] and
Jialuzhang [3].

Definition 2.1. [2] Let X be a real vector space of dimension greater than 1 and let ||e,¢|| be a real valued function on X
x X satisfying the following conditions:

1. ||x,y]|=0ifandonlyif x andy are linearly dependent,

2. yli= 1y x|,

3. Jlax,y|[=]a|llx,yl, where o is real,

4 Ixy+zl<lx,yll+[x,z].

|| o0 || is called a 2-norm on X and the pair (X, ||e,e||) is called a linear 2-normed space.

Definition 2.2. [1] Let X be a linear space over K (field or real or complex numbers). A fuzzy subset N of X x R (R,
the set of real numbers) is called a fuzzy norm on X if and only if for all X, u € X and ce K.

(N1) forallteRwitht <0, N (x,t) =0,

(N2) for all teRwitht >0, N (x,t) =1, ifand only if x = 0,

t
(N3) for all teR witht >0, N (cx, t) = N (X, m), ifc=0,
C

(N4) forall s,t € R, x, ueX, N (x+u, s +t) > min {N (x,s), N (u, t) },
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(N5) N (x,e) is a non decreasing function of R and lim N (x, t) =1
t—> o0
The pair (X, N) will be referred to as a fuzzy normed linear space.

Definition 2.3. [3] Let X be any non-empty set and F (X) be the set of all fuzzy sets on X. For U, Ve F(X) and k € K
the field of real numbers, define

U+tV={(x+y,Aru)|[(xr) eVl (yn) eV}

kU= {(kxA)|(x,A) e U}

Definition 2.4.[3] A fuzzy linear space X = X x (0, 1] over the number field K. where the addition and scalar

multiplication operation on X are defined by

(62 + (1) = (XY, hAp), B
k (x, A) = (kx, L) is a fuzzy normed space if to every (X,\) € X there is associated a non-negative real number, || (X,
A) ||, called the fuzzy norm of (x, 1), in such a way that

I (x,A) || = O iff x = 0 the zero element of X, Ae(0,1]

Ik (%) [I= 1Kl || (x,A) |[for all (x, ) € X and all k € K

G 2) + () < T OGA A [Ty, 2 Ap) |l for all (x, ) and (y, p) € X
106 VA= AT Al for e e (0.1]

> w b

Definition 2.5.[6] Let X be a non-empty and F(X) be the set of all fuzzy sets in X. If f e F(X) then f={ (x,n) | x ex
and pe (0,11} Clearly f is a bounded function for |f(x) |< 1. Let K be the space of real numbers, then F(X) is a linear
space over the field K where the addition and scalar multiplication are defined by

frg={x W+ n}={x+y,uan)/(x ) ef and (y, n) g}
kf = { (kx, ) / (x, ) ef} where ke K.
The linear space F(X) is said to be normed space if to every feF (X), there is associated a non- negative real number
|| f || called the norm of f in such a way that
1. |If||=0ifandonly if f=0.
For[[f]l=0< {ll (x, wIl/ (x,p) €} =0
<& x=0,une(0,1]
<=0
2. kE (= [k[If Il k e K.
For [ kf || = {Ilk (x, Wl / (x, n) ef, k e K}
= {kllx, D | () fy
= [kTIfl-
3.f+gll<|Ifll+] gl foreveryf, geF(X)

For,
f+gll =G+ (y, IV %,y €X, p, ne(0,1]}

={Ix+y), (wAan)ll/xy €X, n,me(0,1]}
<{lIx wAnll+lly, panll/ (x,p) € fand (y, n)eg}

=lfl+1all
and (F(X), |||]) is a normed linear space.
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Definition 2.6.[6] A 2-fuzzy set on X is a fuzzy set on F(X)

Definition 2.7.[6] Let F(X) be a linear space over the real field K. A fuzzy subset N of F(X) xF(X) x R. (R, the set of
real numbers) is called a 2-fuzzy 2-norm on X (or fuzzy 2-norm on F(X)) if and only if,

(N1) for all teR witht <0, N (fy, f5, t) =0,

(N2) for all teR witht >0, N (f, f, t) = 1, if and only if f; and f, are linearly dependent.
(N3) N (f, f,,t) is invariant under any permutation of fy, f;.

(N4) forall t € R, witht >0,

t
N (1, cfy, t) = N (fu, fz,ﬁ) if ¢ 20, ¢ e K (field)
C

(N5) forall s,t € R, N (fy, f, + f5, s +t) > min {N (fy, f5, s), N (f;, f3, t)}
(N6) N (f, fy,@): (0,00) — [0, 1] is continuous.
(N7) lim N (f, fp, t) =1

t—> o

Then F(X), N) is a fuzzy 2-normed linear space or (X, N) is a 2-fuzzy 2-normed linear space.

Definition 2.8. A binary operation *: [0, 1] x [0, 1] — [0,1] is a continuous t-norm if it satisfies the following
conditions:

* js commutative and associative

* |s continuous

a*1=a, forallae[0,1]

a*b<c*dwhenevera<cand b<danda,b,c,de[01]

Eall A

Definition 2.9. A binary operation ¢ : [0,1] x [0,1] — [0,1] is a continuous t - conorm if it satisfies the following
conditions:

1. ¢ is commutative and associative

2. ¢ iscontinuous

3. a0¢0=a, forallae[0,1]

4. adOb<codwhenevera<cand b<danda,b,c,de[0,1]

Note 2.10.
(1) For any ry, ry € (0,1) with ry > 1, there exist r3, r, € (0,1) such that ry *r3> r, andry 21,01,
(2) For any r5 €(0,1), there exist rg, r; € (0,1) such thatrg *rg>rsand r; 0 r; > rs

Definition 2.11. An intuitionistic fuzzy 2- normed linear space (i.f-2-NLS) is of the form A = {F(X), N (f;, f,, 1),

M(fy, fo, £) / (f1, F2) € F[(X)]*}where F(X) is a linear space over a field K, * is a continuous t-norm, ¢ is a continuous t-
conorm, N and M are fuzzy sets on [F(X)]*x(0,%) such that N denotes the degree of membership and M denotes the
degree of non-membership of (f;, f,, t) € [F(X)]? x (0, =) satisfying the following conditions:

(1) N (f, f, ) + M (f, f, 1) <1
(2) N(fli f25 t) > O
3) N(f;, fo, t) = 1 if and only if f;, f, are linearly dependent

4) N(f,, f,, t) is invariant under any permutation of fy, f,
(5) N(fy, f5, t) : (0, 00) — [0,1] is continuous in t.
t

6)  N(fi cfy, t) = N (Fu, o, ﬁ), ifc=0,ceK
C

(7 N (fy, 2, 8) * N(fy, f3, t) < N(fy, fo + f3, s + )

(8) M (fl, fz, t) >0

9) M(fy, f5, t) = 0 if and only if f,, f, are linearly dependent
(10) M (fy, fy, t) is invariant under any permutation of f;, f,

t
(11) M (f, ch, ) = M (fy, 2, ﬁ) ifc#0,cek
C

(12) M (fli f25 S) <> M (fli f35 t) 2 M (fll f2 + f25 S+ t)
(13) M (f, fo, 1) 1 (0, 0) — [0,1] is continuous in t.
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3. FUZZY BOUDEDNESS AND FUZZY CONTINUITY ON INTUITIONISTIC 2- FUZZY NORMED
LINEAR SPACE

Definition 3. 1. A sequence {f,} in an (IF 2-NLS) is said to converge to f if for givenr > 0,t> 0, 0 <r < 1, there exists
an integer ngeN such that

N (fi—f, 9, ) >1—r, N(f—f, g, ) > 1 -1
M (f,—f, g1, t) <r, M (f, = f, 0o, t) <r where g;, g, are linearly independent (or) N (f.—f, gi,t) > 1asn— o

fori=1,2and
M (f.—f, gi,t) > 0asn—oowfori=1,2

Definition 3. 2. A sequence {f,} is a cauchy sequence if for given € >0,

N (fi—fngit) >1 - e, M(f—fn, g, ) < e, 0<e<1,t>0,q’sare linearly independent, fori =1, 2.

Definition 3. 3. Let A = {(F(X), N (f, f5, t), M (f,, f, t) / (1, f,) € [F(X)] )} be an intuitionistic fuzzy 2-normed linear
space then

N ((fy, f), (F 1, £2), 1) = N((F=F 1), (T ), 1)
M(fy, 2), (F'1, 2), ) = M((F.=F 1), (FF ), 1)
are intuitionistic 2-fuzzy metrics defined on A and (A, N, M, *) is an intuitionistic 2-fuzzy metric space ( i-2-f-m-s).

Definition 3. 4. Let (A, N, M, *) be an intuitionistic 2-fuzzy normed linear space. For t > 0, define the openball B((f,,
f,), r, t) with center (f;, f,) € Aand radius0<r<1as

B ((fy, f2), 1, ) = {(91, 92) € AN(fy, 9), (f2, 92), ) > 1 —r M (1 - g1), (f2— g2) <r}

Definition 3. 5. A subset G — A is said to be open if for each (f;, f,) € G, there existst >0 and 0 <r < 1 such that B((f,,
f), r, 1), rt)cG.

Definition 3. 6. Let 7 be the set of all open subsets of A, then it is called the the intuitionistic 2-fuzzy topology
induced by the intuitionistic 2-fuzzy norm.

Definition 3.7. Let (A, N, M, *) be an i-2-f-m-s then a subset D of A is said to be intuitionistic2- fuzzy bounded if
there existst >0 and 0 <r < 1 such that

M ((f1, f2), Q1. 92), ) > 1 =1, N (1, ), (91, 92), ) <1 for each (1, f2), (91, 82)) € [F(X)°
Definition 3.8. Let (A, N3, My, *) (B, N,, M,, *) be an intuitionistic 2-fuzzy normed linear space, a mapping T: A—>B

is said to be an intuitionistic fuzzy 2 - bounded if there exist constants m;, m, € R such that for every f € A and for
eacht> 0,

t
Ny(Tf, Tg, ) >N, | T, g, —
1

t
My(T, Tg, ) >M, | T, g, —
m2

Definition 3.9. Let T : A — B be a linear operator from IF 2-Banach Space A to IF 2 Banach space B. Then T is said to
be an intuitionist 2 -fuzzy continuous if for each € with 0 < € < 1, there exists 6, 0 < 8 < 1, such that

N (f,g,t)>1-38and M, (f, g, t) <3,

implies N, (Tf, Tg,t)>1—- e and M, (Tf, Tg,t) < e
© 2012, IIMA. All Rights Reserved 3333
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Theorem3.10. A linear operator T: (A, Ny, My, *) — (B, N,, M,, *) is an intuitionistic 2- fuzzy bounded iff it is an
intuitionistic 2- fuzzy continuous.

Proof. Assume T: A — B is an intuitionistic 2-fuzzy bounded. Then there exist constants My, M, € R* such that for
every f e A and foreacht> 0,

t
N, (Tf, Tg,t) >N, | T, g, Vl and

t
M2 (Tf, Tg, ) <, | T, 9, — (1)
2
Suppose for €, with 0 < € < 1, choose 3,with 0 < & < 1, such that Ny(f, g, t) > 1-5 and My (f, g, t) < forany t >0

t
and Ny f,g,— >1-¢€
Ml
m, | f,0 ¢ <e (" My M,;>0) )
y Yy € . )
1 M 1 2

2
Using (2) in (1) we get
N, (Tf, Tg,t)>1— e and M, (Tf, Tg,t) < e
Hence T is an intuitionistic 2- fuzzy continuous.
Conversely, Suppose T is an intuitionistic 2- fuzzy continuous.
For e with0 < € <1, there exists  with0<d <1
such that Ny (f, gt)<1-8,M; (f, g, t) <&
implies N, (Tf, Tg,t) >1 - e, M, (Tf, Tg,t) < e 3)

Choose My, M, € R* such that

t
Ny f,g,v <1 - e for given Ny(f, g, t) >1 -5 and
1

M, f,g,ML > e for given My (f, g, t) <& 4)
2

Then applying (4) on (3) we get

t
N, (Tf, Tg,t)>1-e>N, | T, 0, —
1

{
M, (Tf, Tg, ) <d<Mm; | T, 0, —
2

Therefore T is intuitionistic 2- fuzzy bounded.
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Lemma 3.11. Let (F(X), N, M, *) be an intuitionistic 2-fuzzy normed linear space. Let T : F(X) — F(X) be an
intuitionistic 2- fuzzy continuous. If f,— f then T(f,) — T(f) as n—oo.

Proof. Given f,— fin (F(X), N, M, *)

Then for given € >0, t >0, 0 <t <1 there exists an integer ng € N such that N(f,-f, gi, t) >1 - e and M (f-f, g;, t) <
where gi's are linearly independent for alln > ng, i =1, 2.

Since T is is intuitionistic 2- fuzzy continuous,

(T(f—F), Tgi, ) >1— e and M (T(f,—F), Tgi, ) < e

implies N (Tf, —Tf, gi't) > 1-e and M (Tf, - Tf, g/',t) < e

Thus Tf, > Tfasn — .

Lemma 3.12. Let (F(X), N, M, *) be an intuitionistic 2-fuzzy normed linear space then N and M are jointly continuous.

Proof. If f, —» fand g, — g in (F(X), N, M, *) we have to prove that N(f,—f,g,—g,t)>1—-ecand M (f.-f, g, — g, ) < e
asn — o,

We know that [IM N(f—f, f/, )=1or>1- ¢, liM N(g.—g, f/, ) =1>1 - candlim M (f, - f, ", ) =0 < €,
n—o0 n—oo n—w

lim M(g—g, f/, t)=0< e
n—oo

N(f.—f, gr—g, t) > N(f—f, f/, /2) * N(g,—q, fi', t/2)
>(1-€)*(1-¢)
=1l-¢
And, M(f,—f, g.—g, t) < M(f,—f, f/, t/2) <> M(g,—g, fi’, t/2)
<e<>e=e¢

Definition 3.13. Let (F(X), N, M, *) be an intuitionistic 2-fuzzy normed linear space. A subset A of F (X) is said to be
is intuitionistic 2- fuzzy bounded if

N (f, g, t) > 1 — M and M(f, g,t) < M where M is a positive constant.
4. OPEN MAPPING THEOREM

If T is a continuous linear operator from the intuitionistic 2-fuzzy Banach space. (F(X), N;, My, *) onto the
intuitionistic 2-fuzzy Banach space (F(Y), N, M,, *) then T is an open mapping.

Proof. Let us prove the theorem in various steps.

Step 1. Let A be an intuitionistic 2-fuzzy neighbourhood of 6 =(0,0) in [F(X)]>. Let us show that 0 e (T (A))°.Let
B be the the intuitionistic 2-fuzzy balanced neighbourhood of 0 suchthat B + B < A.

Since T (F(X)) = F(Y) and B is absorbing, it follows that F(Y) = ﬂ T(nB)

There exists a positive integer ny such that T (nOB) has a non empty interior. Therefore 0« (T(B))O -
(T(®))°

Also
T(B)*-(B)r<((B))-T(B) cT(A)
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Sotheset T (K) includes the the intuitionistic 2-fuzzy neighbourhood (T (E) )’ —(T (E) )° of 0.

Step 2. Now it is shown that 6 e (T(A)) since 6 € A and A is an open set there exists 0 < ao< 1 and to € (0, o)
such that B ((0,0), a, ty) — A. But for 0< . < 1 a sequence {,} can be found such that €, — 0 and

1-a<lim[@-e)*(L-e)*...* (1 el

— 1
Again, OeT (B (0,0), en, t,)) where t',, = 2—n to, S0 by step 1 there exists 8, € (0,1) and t, > 0 such that B((0, 0), &,
ty T (B(0,0), € ,t.")

11
Since the set {B (0,0), =,= } isacountably locally base at zero and t,’ — 0 as n — oo.
nn

It is to be shown that B((0,0), &;, t;) < (T(A))° .Suppose (f,, fg) € B(0,0), &, t;). Then (f, f o) € T
(B(0,0), <, tz ') and so for 8, > 0 and €, > 0 the ball B(f,, fy'), 8, t;) intersects T(B(0,0), ;, t'). Therefore there
exist (fl,f ’1) € B(fo, fo'), 62, tz)

(ie) No[(fo, T ') — T(f1, F'1)] 03, t) >1 — &, and My((fo, fo") — T(f1, 1), Gi, t) < 8, 0r equivalently,
((Fa f0) = T (£, F2) € B0.0), 5, t) = T (B(0,0), €, 1")
and by the similar argument there exists (f,, f,’) in B(0,0), e, t'), such that
N, (fo, Fo) — T[(F, F1)+ (F2, F'2), gi, t3) = No (o, To') — T(fy, 1) — T(f2, £2'), 03, t3) > 1 — 8.
and M, ((fo, fo") — T([f1, f1") + (f2, £2)], G, ta) = My ((fo, fo') — T(f1, 1) —T(F2, £5'), i, t3) > Ss.
If this process is continued, it leads to a sequence {{f,, f.')} such that (f,, f,") € B ((0,0), €,, t,') and N, ((fo, fo) —

n-1
DT @A) ity <1-8,
j=1

n-1
Ma(fo, f0) = D T (6 £, g to) < &,
j=1

Now if n € N and {p,} is a positive and increasing sequence, then
n n+p, n+p,

Ny (Z(fpf,—') - Z(fwfj'),gwt) =N (Z(fpfj')’gi ’tj
j=1 j=1 =

2 Nl (fn+1, fn+1’)’ Oi, tl) *N1 (fn+2': n+2')r Oi, tZ) *.FNL (fn+pn, fn+pn')r Ois tpn)

where t; +t, + ... =t

" @(fj,fj') - ni:(fj,fj'), g., t): v, [(”zp”(fj, fj')j, g ,tj

j=n+1
< Ml ((fn+l! fn+1’)a Oi tl) 0..0M1 (fn+pn’ fn+pn’a Oi tn)
wheret; +t, + ... + tp, = t.

By putting t, = min {ty, t,... t,n} since t," — 0 so there exists no such that 0 <t < t, for n > n,.
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Therefore,

N1 ((fn+1y fn+1’)a Oi to) LF Nl(fn+pna fn+pn’)v Oi t0) 2 Nl ((fn+ly fn+1’)y tn+1’) L Nl(fn+pny fn+pn,)a tn+pn’)

>2(1-epm) ™. (1~ En+pn)
Also,

Ml ((fn+1: fn+1’)’ tO) 0..90 Ml(fn+pn: fn+pn')r tO) < Ml ((fn+1: fn+1’)’ tr1+1’) 0..90 Ml(fn+pn’ fn+pn’)’ tn+pn’)

Stn+1<> 0 En+pn

- n+p, - - *(1_ -
Hence LIDO] Ny (j%(fj,fj'),tj2 LLFQ (1= €nn) * . * (1= €pepn) = 1

That is N{ni"(f_ £ t) —1for all t>0
i n

j=n+1

H n+p, .
and !]IDQ M; (Z(fj’fj')’tjg LIL‘Q €10 .o O Enupn

j=n+1
=1

n+p,
That is M, ( Z(fj,fj Y, t)—ﬂfor all t>0

j=n+1

n 0
So the sequence {3 (f;,f")} is said to be a Cauchy sequence and consequently Y (fj,f;") converges to some point (f,f E
=1 S

F(X), because F(X) is complete.

By fixing t>0, there exists nq such that t>t, for n>n,, because t, —0, it follows

n-1 n-1
N ((For £0)-T QT (6, £, i) = Na (o )T (. T (6 ), gito)

=1 =1
> 1- o,

n-1
Thus Na ((Fo, f6)-T (O T (F, ), gt) — 1
j=1

n-1 n-1
Also M; ((fo, fo)-T (O, T (6, ), i) < Mz ((Fo, F0)-T (D T (£ 1), gits) < &

=1 j=1
n-1
Therefore M, ((f, fo)-T (Z T (fi, §i'), git) > Lasn -
j=1

n-1
Hence (fo fo) = liM T (O_ T, ) =T (1)

j=1
n
But Ny ((f,f"), gi,to)) > limsup N; QC(£,f; ), 0i,te) = limsup ((1- 1) *....* (1- )
i
J =1-a
n
and My ((f,f"), gi,to) < liminf M, (Zit],fj), i to)
J:

< liminf (8,0 .... 0 8y)
n=a
Hence (f,f") € B((0,0), a,tp)
Step 3. Let G be an open subset of [F(X)]? and (f,f')eG. Then

T(G) = T(Ff W+T((-F,F)+G) O T(Ef ) +(T(-(F,f )+G))°
Hence T(G) would be open because it includes a neighbourhood of each of its points.
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Definition4.2. A fuzzy 2-linear functional F is a real valued function on A xB where A and B are subspaces of (F(X),
N) such that

(i) F(f+h, g +h") = F(f, g) + F(f, h') + F(h, g) + F(h, i)

(ii) F(of, Bg) = of F(f, ), a p € [0,1]

F is said to be bounded with respect to a-2-norm if there exists a constant ke [0,1] such that |F(f, g) | < k ||(f,9)|]..
IFll =g 1b{k:[F(f, g)l<k||(f, 9) |l for every (f,g) € A x B}

Theorem 4.3. Let T be an intuitionistic 2-fuzzy linear operator from intuitionsitic fuzzy 2-Banach space (F(X), N3, My,
*) to intuitionistic fuzzy 2- Banach space (F(Y), N, My, *). Suppose for every {f,, f,'} € (F(X), N,M,) such that (f,, f,")
— (f, ') and (Tf,, Tf,") > (9, @) for some f, f' € F(X), g, g’ € F(Y) follows T(f, f') = (g, g’). Then T is continuous.

Proof. N and M on (F(X), Ny, My, *) X (F(Y), Ny, M,, *) is given by
N ((f1, F2), (91, 92), 1) = min {Ny (fy, f2, 1), N2(gs, 92, )}

= Nl (fl, fz, t) * N2 (gll 02, t)
M ((F £2), (@1 62), 1) = max Ny (fy, f2,1), M (fy, 2, )}

where * is the usual continuous t-norm and <> is the usual continuous t-conorm. With this norm and conorm (F(X), Ny,
My, *) X (F(Y), N2, M2, *) is a complete intuitionistic 2-fuzzy normed linear space.

For each (f;, f,), (f/, ;') € F(X) and (g1, 92), (91, 92") € F(Y) and t, s > 0 it follows that

N(fy, f2), (91, 2), ) * N (f', '), (91", 92), 8) = [N1 (fi, 2, 1) * N2 (92, 92, )] * [Na (2, £2', 5) * N2 (94", 62", 9)]
= [No (o, f2, 1) * No (f, 12/, 8)] * [N2 (92, 92, 1) * N2 (94, 92', )]
SNy (f+ )/, f+f,s+t) *N, (9, + 091, 92+ 92/, t+5)

=N((f+f/ o+ R), (01 + 01,92+ G2), s+ 1)
Again

M ((f1, 2), (91, 92), 1) O M ((fr', 1), (91", 92'), ) = [My (f1, F2, 1) O M2 (91, 92, )] O [My (1, £/, 8) 0 M2 (91", 92", 5)]
=[M (f1, f2, 1) O Mu(fy', £/, )] 0 [M2 (91, 92, 1) O M2 (91, G2, 9)]
>My (fr+f), L+, stt) OMy (9 + 01, 02+, t+9)
=M ((fi+ ' L+ F) (9 + 01, g2+ G2) s +1)

Now if {(f., f."), (gn, 9')} is @ cauchy sequence in

(F(X) x F(X) x F(Y) x F(Y), N, M, *) then there exists no € N such that

N ((fa, F2), (G0, G0) = (i, T'), (@, O), ) > 1 — €

M ((f., £.), (@0, 90") — ((Fis Ty (Omy O'), 1) < € forevery e >0and t>0

Form,n>ng

Na(fo—fm, fo" = ', ) * N2 (G0 = e O’ O’y 1) = N((Fofim, 0" —Fr'), (90 =G, 90" = 9), 1)

=N ((fo, ), (Gn: 90), (Fny ), (GOm0 '), 1)
>1-¢

My (fo—fm, o' = ', ) © Mz (00— G" = G, ) = M ((Fi—fin, ' —F'), (G0=Gimy 9’ G'), 1)
=M ((fa ). (@0 90, (Fns ), (O, '), 1)

<e
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Therefore {(f,, f.)} and {(g., 9,)} are cauchy sequences in (F(X), N3, My, *) and (F(Y), N,, M,, *) respectively and
there exists f € F(X) and g € F(Y) such that (f,, f,) — (f, f’) and (g, 9.") — (9, g') and consequently {(f,, f.),
(9n,0n)}converges in the intuitionistic 2-fuzzy normed linear space. Hence

(F(X) x F(X) x F(Y) x F(Y), N, M, *) is a complete intuitionistic 2-fuzzy normed linear space.

Here let G = {(f,,, f,), T(f,, f.)} for every (f,, f,") € F(X) x F(X) be the graph of the fuzzy 2-linear operator T.

Suppose (f,, f,') = (f, ) and T(f,, f,') > (9, 9').

Then from previous argument,

{(f., f."), (Tf,, Tf,)} converges to ((f, f), (g, g')) which belongs to G.

Therefore, T (f, ") = (g, g'). Thus T is continuous.
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