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ABSTRACT

In this paper we investigate the comparative growth of composite entire or meromorphic functions and differential
monomials , differential polynomials generated by one of the factors which improves some earlier results .
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1 INTRODUCTION, DEFINITIONS AND NOTATIONS
For any two transcendental entire functions f and g defined in the open complex plane C, Clunie [3] proved that

lim "% = o and  lim D = o

r — 00 T(r.f) r — T(r.g9)

Singh [14] proved some comparative growth properties of log T(r, fog) and T(r, f) . He also raised the problem of
investigating the comparative growth of log T(r, fog) and T(r,g) which he was unable to solve. However, some
results on the comparative growth of log T (r, fog) and T (r, g) are proved in [8].

Letf be a non-constant mereomorphic function defined in the open complex plane C . Also let ngy;, nyj, ... ny; (k= 1)

k , o
be non-negetive integers such that for each j, Y n; =1. Wecall M[fl =4 (f)"% (fO)V....(f® )Y

i=0
k
where T (r, 4;) = S(r, f) to be a differential monomial generated by f. The numbers v, = ¥ n; and
T =0
k

Ty, = Y (i+1)n; arecalled respectively the degree and weight of M; [f] {[5].[13]} . The expression

i =50
Plfl= X2 M;[f] is called a differential polynomial generated by f The numbers y, = max vy, and

j=1 1<j<s
') = max T, are called respectively the degree and weight of P[f]{[5],[13]} . Also we call the numbers

1<j<s

yp = min v, and k ( the order of the highest derivative of f ) the lower degree and the order of P[f]
— 1<j<s

respectively. If y, =y, , P[f] is called a homogeneous differential polynomial. In the paper we further investigate the

question of Singh [14] mentioned earlier and prove some new results relating to the comparative growths of
composite entire or meromorphic functions and differential monomials , differential polynomials generated by one of
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the factors . We do not explain the standard notations and definitions of the theory of entire and meromorphic functions
because those are available in [17] and [6]. Throughout the paper we consider only the non-constant differential

polynomials and we denote by P,[f] a differential polynomial not containing f i.e., for which n,; = 0forj=1,2,...s.
We consider only those P[ f], P,[ f] singularities of whose individual terms do not cancel each other .

We also denote by M [f] a differential monomial generated by a transcendental meromorphic function f.
The following definitions are well known.

Definition 1. The order p, and lower order A of a meromorphic function f are defined as

; log T(r.f) .. clog T(r.f)
= limsup————= and A; = liminf —=——>-
pf r _)l(lxlz log r f r— oo log r
If f isentire, one can easily verify that
[2] [2]
7 = o0 ogr r— oo log r

where log®lx = log (log®* Yx) for k=1,2,3,...and log®x = x.

If pr < oo then f is of finite order . Also ps = 0 means that f is of order zero . In this connection Datta and Biswas
[4] gave the following definition:

Definition 2. [4] Let f be a meromorphic function of order zero. Then the quantities p¢* and A" of f are defined by

pf = limsupM and A" = liminf ~0) .
r_)oologr r — oo logr

If f isan entire function then clearly

pj = limsup=E""") and 2;* = liminf £
roow °© r—>oo logr

Definition 3. Let ‘a’ be a complex number, finite or infinite. The Nevanlinna’s deficiency and the Valiron deficiency
of ‘a’ with respect to a meromorphic function f are defined as

8(a;f) =1-limsup NOGD — Yiminf 208
rooo TN poow 10N

and
. . N@af) . m(r,a;f)
Ala;f)=1-1 f——= =1 T
(a;f) rlrglréo o) imsup =~

Definition 4. The quantity ®(a ; f) of a meromorphic function f is defined as follows

. N(r, a; f)
f)=1-1 — 7.
@(a ) 1 msup ( ,f)

Definition 5. [16] Forae C U {xo} , we denote by n(r,a; f | = 1) , the number of simple zeros of f-ain|z| <.
N(r,a; f | = 1) isdefined interms of n(r,a; f | = 1) in the usual way . We put

: Nerasf 1=1)
Si(a;f)=1-1 =
1(a;f) imsup ==

the deficiency of ‘a’ corresponding to the simple a-points of f i.e., simple zerosof f-a.

Yang [15] proved that there exists at most a denumerable number of complex numbers ae C U {0} for which
aeC U {o}

Definition 6. [9] For ae C U {w}, let n,(r,a; f) denotes the number of zerosof f—ain |z| <7, where a zero
of multiplicity < p is counted according to its multiplicity and a zero of multiplicity > p is counted exactly p times ;
and N, (r,a; f) is defined in terms of n, (r, a; f) in the usual way. We define

4 Ny (r.a; f)
8,(a;f)=1-Ilimsup ~ron
T — oo
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Definition 7. [2] P[ f] is said to be admissible if
(i) P[f]is homogeneous, or
(if) P[f]is non homogeneous and m(r, f) = S(r, f).

Definition 8. A function p;(r) is called a proximate order of f relative to T(r, f) if
(i) py(r) is non-negative and continuous for r > ry , say ,
(ii) ps(r) is differentiable for r = r, except possibly at isolated points at which p}(r —0) and p}(r +0) exist,
(i) lim pe(r) = pf <o
T — o0 ,
(iv) lim 7pe(r)logr =0 and
T — ©
(v) limsup Tef) =,

r—>oorpf(r)_

Definition 9. A function A(r) is called a lower proximate order of f relative to T(r, f) if
(i) A¢(r) is non-negative and continuous for r > ry , say,
(i) A¢(r) is differentiable for r >, except possibly at isolated points at which A}(r —0) and A}(r + 0) exists
(i) lim A:(r) = A <o,
T — o0 ,
(iv) lim 7rAs(r)logr =0 and
T — o0

(V) liminf Tﬁ"{)) =1
roowr’fY

2. LEMMAS
In this section we present some lemmas which will be needed in the sequel.
Lemma 1. [1] If f is meromorphic and g is entire then for all sufficiently large values of r,

T(r,g)

T(r,fog) < {1+o0(1)} log M(r, g)

TM(r,9).f) -

Lemma 2. [8] If f be an entire function then for §(> 0) the function r?r*5=2r() js ultimately an increasing
function of r.

Lemma 3. [11] Let f be an entire function. Then for §(> 0) the function r*7*5=4( s ultimately an increasing
function of r.

Lemma 4. [2] Let Py[ f] be admissible . If f isof finite order or of non-zero lower order and

@a;f) =2 then lim “CHoUD_p
) Po[f]
a# o '

Lemmab5. [2] Let f be either of finite order or of non-zero lower order such that
O(o;f)= X &p(a;f)=10r 6(o;f)= ¥ &(a;f)=1. Then for homogeneous Py[f],
a # o a # o

: T(r,Polf]) _
r‘f‘w TGr.f)  'Polf]”

Lemma 6. Let f be a meromorphic function of finite order or of non zero lower order . If Y ©(a;f) =2, then

a + ©
the order ( lower order ) of homogeneous P,[ f]is same as that of f if f is of positive finite order .

L8 T Pol /D yists and is equal to 1.

log T(r, Pl f 1)

Proof. By Lemma5, r11_>moo log T(r.f)

Ppyif] = limsup

r oo logr
= limsup B | iy 870 Pol/ D
r—ow 87 r—oo logT.f)
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In asimilar manner, Ap sy = 4.
This proves the lemma.

Lemma 7. Let f be a meromorphic function of finite order or of non zero lower order suchthat ), a # o
épa; f = 1. Then the order (lower order) of homogeneous PO[ f] and f are same when f is of finite
positive order.

We omit the proof of the lemma because it can be carried out in the line of Lemma 7 and with the help of Lemma 6.
In a similar manner we can state the following lemma without proof.

Lemma 8. Let f be a meromorphic function of finite order or of non- zero lower order suchthat §(co;f)Y. a #
oo da; f = 1. Then for every homogeneous PO[ f], the order (lower order) of PO[ f]is same as that of f. when f is of
finite positive order .

Lemma 9. [10] Let f be a transcendental meromorphic function of finite order or of non-zero lower order and
D 61(a; f) =4.Then
aeC U {o}

. T(rMI[f])
rh_,mooTr(r_f) =TIy — Ty —vu)O(x;f),

where

. = —1i M.
O(0;f) =1 1;m_§1£mf)

Lemma 10. If f be a transcendental meromorphic function of finite order or of non-zero lower order and
D 61(a; f) = 4, then the order and lower order of M[f ] are same as those of f .
aeC U {o}

We omit the proof of the lemma because it can be carried out in the line of Lemma 6 and with the help of Lemma 9.

Lemma 11. [7]Let g be an entire function with 4, <o and assume that a; (i =1,2,...n;n <) are entire

n
. . _ ) = : rrg) _ 1,
functions satisfying T (r,a;) = ofT (r,g)} . If i E 15(611 ;9) =1, then rll_)moo T

3. THEOREMS
In this section we present the main results of the paper .

Theorem 1. Let f be a meromorphic function of order zero and g be entire such that p, is finite . Also let
Y. ©(a;g)=2. Then for any a > 1

a # o 0

- T(r.fog) a+1 p;*.a g

I < + ) LZ—.

.}-lrgrclgT(r,Po[g]) - ( 1 0(1)) (a—l) Tpolgl
Proof. If pf* = oo, then the result is obvious . So we suppose that p;* <o . Since T(r, g) < log* M(r,g), we
obtain by Lemma 1 for & (> 0) and for all large values of r ,

T(r.fog)<(1+o(1) (ps +e)logM(r,g)

Since ¢ (> 0) is arbitrary , it follows from above that

.. T(r.fog) Kk Ye s log M (r,g)
1 f——=—< (1 1 1 f—=—". 1
PTG Polg D < (1+ o) 4} PTG Pol gD (1)
Since limsup Tﬁrg(gr)) =1, forgiven £ (0 < & < 1) we get for all sufficiently large values of r
T

T — o0

T(r,g) < (1 +¢&)rrs™ 2
and for a sequence of values of r tending to infinity

T(r,g) > A —&)rre® (3)
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Since log M(r, g) < (z—j) T(ar,g) , {cf. [6]} for a sequence of values of r tending to infinity we get that for any
§(>0

log M(r.g) _ (a_”) (+e)  _ (ar)Po* 1
T(r.g) a-1) (1-¢) (ar)pg+5_pg(“r) rPg ()

< (a_”) LX) pgte
a—1 (1-¢)

because by Lemma 2 , r #9+3=°s(™ js yltimately an increasing function of r . Since e(> 0) and §(> 0) are arbitrary ,
we obtain that

. . plog M(r,g) a+1
08 PALG) < (S22 . P
l‘ll’gll’;g T(r.g) (a—l) are . (4)
Now in view of (4) and Lemma 4 we get that
liminf 2Y T _ jiminf 8 M T -y )
‘r—)wT(rrPO[g]) r = oo T(r.9) ‘r—)wT(rrPO[gD
Py
< (%+1) @ .
- (a—1> FPO[Q] (5)

Thus from (1) and (5) it follows that
;irgilggrf(fﬂ < (1+0(1)) - (““) %
This proves the theorem .

Remark 1. If we take “ O(w;g)= Y db,(a;9)=1 or &(o;9)= Y d(a;9)=1" instead of
a F © a # o©
“ ¥ ©O(a;g) =2" in Theorem 1 and the other conditions remain the same then one can easily prove that

a #+ o

o Pg
r—oo VPo[g]

In the line of Theorem 1 and with the help of Lemma 9 we may state the following theorem without proof .

Theorem 2. Let f be a meromorphic function of order zero and g be entire such that p, is finite . Also let
D 6,(a;g)=4. Thenforany a > 1

aeC U {o}
**. pg
11m1nfM < (1+o0(1))- (aH) i

r— ol T~y ) ©Co3g)
In the line of Theorem 1 one can easily prove the following theorem using the definition of lower proximate order.

Theorem 3. Let f be a meromorphic function of order zero and g be entire with 1, <o . Also let ©(x;g) =
Y S,(a;g)=10r &(o;9)= ¥ b(a;9)=1.Then forany a>1

a # o a + o© ;
_y

liminf O < (14 0(1)) - (£]) - 2L
r -l « Tpolyg]

Remark 2. If we take ) ©(a;g)=2 ” instead of If we. “@®(w0;g9)= ¥ 6,(a;9)=1o0r 8(x;g)=
a #F o a + o©
Ya+o 8a;g = 1 inTheorem 3 and the other conditions remain the same then one can easily prove that

X!
T(r,fog) a+1 pPf-a g
liminf 20 < (14 0(1 :
rlrE)lr;OT(T Polg ( ( )) ( ) Tpolg]

Theorem 4 Let f be a meromorphic function of order zero and g be entire with 1, <oo . Also let
D 81(a;g) =4. Then forany a > 1
aeC U{oo}

. /19
hmme < (1+o(1)) - ("‘“) L i
r—- ol Ty —(Cu—yum) 0(0;g)

The proof of the theorem can be established in the line of Theorem 3 and with the help of Lemma 9 and therefore it is
omitted.
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Theorem 5. Let fand g be two non constant entire functions such that f is of lower order zero and ;" and 4, are
finite . Also let ©(0;9) = ¥ §,(a;g) =1 o0r &(o;9)= ¥ d(a;g)=1.Then
a #* o a # o

l;”f‘if P[ ;2 (L4 o(1) Tirae) 49

Proof. If A;" =0 then the result is obvious. So we suppose that ;" > 0

For all sufficiently large values of r we know that
T(r,fog) == IogM{ M( ,9)+o(1), f}{cf [12]}

For e (0 <e<min{4;",1} ) we get for all sufficiently large values of r,
T(r,fog) = ; (% —¢) log{zM (%, g)+o(1)}
i.e.,T(r,fog) =3 (4 —¢€) log {z M (%, 9)}
i.e.,T(r,fog) = %(A}* —¢)log M(%,g) +§(/1}* —¢) Iog%

i.e.,T(r,fog) =3 (4 —€) T(%, g) +0(1) . (6)
Since llmlnf A( f’g =1, for given £(> 0) we get for all sufficiently large values of r
I d
T(r,g) > (1 —¢g)rte™ )

and for a sequence of values of r tending to infinity
T(r,g) <A +e)rts (8)

From (6) and (7) we get for §(> 0) and for all sufficiently large values of r

Ag+s-14(%)

I(r,fog) = %(/1 —¢&) (1—¢) (1+0(1)) ((L

Since r*9+9=49() js yltimately an increasing function of r it follows for all sufficiently large values of r that

T(r,fog) = L& — &) (1 — &) (1+ o(1)) 1oy - ©
So by (8) and (9) we get for a sequence of values of r tending to infinity
*x (1_5) T(r,g)
(A =€) oy (1 o(0) 1%

, T(r.fog) 1 7 0sx (1-¢) A+o0(1)) T(r.g)
L, 2> = -
L€ T pola D = 3( €) dre) 4297 T(r,PolgD

T(r,fog) =

Since e(> 0) and §(> 0) are arbitrary , in view of Lemma 5 it follows from above that

; T(r fog) . A
l;msup oo D) 2> > (1+ o(1) PR
Thus the theorem is proved .

Remark 3. If we take “ Y 0O(a;g)=2" instead of “ O(0;9)= Y ,(a;9)=1 or 6&(w;g)=
a # o a # o
Y a#to da ;,g=1" in Theorem 5 and the other conditions remain the same then one can easily prove that

M 2(1+ 0(1));1_1c

limsu
pT(r,Po[g]) 3'FP0[g] 419

T — o0

In the line of Theorem 5 and with the help of Lemma 9 we may state the following theorem without proof.
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Theorem 6. Let fand g be two non constant entire functions such that f is of lower order zero and A;* and 4, are
finite . Also let » 61(a;g) =4.Then
aeC U{oo}
1 Af
3. Tw—(Tw—rm)0(@9) 4%

: T(r.fog)
SR PN
I;msup oMl = (1+ o(1))-

Theorem 7. Let fand g be two non constant entire functions such that p;" and A, are finite . Also suppose that
there exist entire functions a; (i = 1,2, ....n;n < ) satisfying

DT@,a)=0{T(r,g)}asr-ow fori=12...,n
n
(ii) Y 8(a;;9) =1and
=1
(l") Z O(a;g)=2.

a #+ o

Then
s A;*

T(r.fog) s
34%9r1 =
* 7 Polgl

T(r,Polg]) ™ Tpyryg] '

< limsup
T — o0

Proof. For any two entire functions f and g, the following two inequalities are well known :
T(r.f) <log"*M(r,f) <3TQr,f). {cf.[6]} (10)

log M(r, fog) < logM(M(r,g) ,f) . {cf.[3] } (11)

and

For (> 0) we get from (10) and (11) for all sufficiently large values of r,
T(r,fog) < logMM(r,9),f)

i.e., T(r,fog) < (p}* +¢)logM(r,9)

T(r fog) logM(r.g)
T, PolgDd T (P ) T(r,Polg]
Hence we get from above that
T(r.fog) - log M(r,g)
hmsupT(P— < (p + e) hmsupm
T — o0
T(r fog) log M(r.g9) T(r.g)
i.e., limsu < + ¢) limsup———==" limsup ————
ST PE) = (pj"+¢) R S T B ST A

Since (> 0) is arbitrary , it follows from Lemma 11 and Lemma 4 that
T(r.fog) s
< . 12
T(r,Polg]) ™ Tpyrg] (12)

limsup
T — o0

Now suppose that 0 < € < min {Af*, 1} we get from (6) for all sufficiently large values of r that

_T@.fog) _ N eM(ze) T(e) _rog
T(r,Polg ) ( ¢) T(f9) T@9) o rtgn T O (13)

From (7) and (8) and in the line of Lemma 3 we get for a sequence of values of r tending to infinity and for §(> 0)

o) 1 @77 4

T(r.g) — 14¢ Ag+6—/lg(£) T Ag®
@
1-¢ 1

14+¢ 419 +6

Since e(> 0) and (> 0) are arbitrary we get from (13), Lemma 4, Lemma 11 and above that
Tfog) o TA
T(r,Polg]) ~ 34%9Tp 1,

limsup
T — o0

(14)

Thus the theorem follows from (12) and (14).
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Remark 4. If we take “ O(w0;g9)= Y d,(a;9)=1 or 8(o;9)= Y 6(a;g9)=1" instead of
a # o a * o
“ ¥ 0O(a;g)=2"inTheorem 7 and the other conditions remain the same then one can easily prove that

a # o
nlf

. T(r, 123
———— < limsup wlog) o TP,
34% Ypo1g1 T 4 op T POLGD T YpgLg)

In the line of Theorem 7 and with the help of Lemma 9 we may state the following theorem without proof.

Theorem 8. Let f and g be two non constant entire functions such that p;* and A, are finite. Also suppose that there
exist entire functions a; (i = 1,2, ....n;n < «) satisfying

@A) T (r,a)=0{T (r,g)} as r- o for i=1,2,...,n,
n
(i) 'Z 5(a;;9) =1and

-1
i) Y Suasg)=4.
aeC U{oo}

Then
bis A}*

T(r.fog) ™ pf
7 <
34%9.Ty—Tm—-ym)O(o;g)

TG Mlgh = Tu—Cm—rm)0(;g)

< limsup
T — o0

Theorem 9. Let f and g be any two entire functions such that 0<A; <p; <o and pg" >0 . Also let
Y. O(a;f)=2.Then

a # oo
log T(r.fog) Arpg"

log T(r4,Polf1) — Apy

limsup
- -y r _) w
where A is any positive real number .

Proof. We know that for r > 0 [12]
1 1 r
T(r,fog) 25log M {gM (5.9)+0(1), }. (15)
Let us suppose that 0 <e<min{ 4, p;"}.

Now from (15) we have for a sequence of values of r tending to infinity that
log T(r, fog) = (Af — s) log M(% ,g) +0()
i.e,logT(r, fog) = (Af - s)( Py — s) logr+0O(1). (16)
Again from the definition of pp [ 7 we have for arbitrary positive € and for all sufficiently large values of r,
log T(r*, Pyl f1) < A(ppys) +€)logr

ie,logT@*, Pl f1)< A(ps +€)logr. (17

So combining (16) and (17) we get for a sequence of values of r tending to infinity that

logT(r.fog) (lf—e)(p)*c*—e) log r +0(1)
log T4, Po[f]) — A (pf +e)log r

log T(rfog) o ArPg

i.e., limsup g TG Pol £ ) = 4pg

T — o0
This completes the proof.

Remark 5. Under the same conditions of Theorem 9, if f is of regular growth then

log T(r.fog) Py
log T(r4,Po[f1) — 4

limsup
T — ©
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Remark 6 . In Theorem 9 if we take 13" > 0 instead of pz* > 0 and the other conditions remain the same then it can
be shown that
.. log T(r,fog) Af Ay
1 f > .
P g TG A Pl D) = Ay

In addition if f is of regular growth then

liminf —/°0) _ > A5
r - wT(rArPO[f]) - A

Remark 7. Also if we consider 0 < A; <o or 0< p, < oo instead of 0 <A, < p, < oo in Theorem 9 and the
other conditions remain the same , then one can easily verify that

log T(r,fog) > l_fq*

limsup 3 e ol D = 4

T — o0

Remark 8. The conclusions of Theorem 9 , Remark 5, Remark 6 and Remark 7 can also be drawn under the
hypothesis ®@(0; ) = ¥ &,(a;f)=1o0r 8(o;f)= Y d(a;f)=1insteadof Y O(a;f)=2.
a #+ o a #+ o a #+ o

Theorem 10. Let f and g be two entire functions such that 0< A, <p; <o and pg">0 . Also let
D 61(a;f)=4. Then
aeC U{oo}

log T(r.fog) -, Afpg

nSUp A M D = ey

i . T — ©
where A is any positive real number .

The proof is omitted because it can be carried out in the line of Theorem 10 and with the help of Lemma 10.
Remark 9. Under the same conditions of Theorem 10 if f is of regular growth then

log T(r.fog) o Py,
log Tr4 M[fD) — A

limsup
T — o0

Remark 10. In Theorem 10 if we take 43" > 0 instead of pg* > 0 and the other conditions remain the same then it
can be shown that

.. log T(r,fog) lflfq* .

i T A MU D = s

In addition if f is of regular growth then

liminf —/2%0)_ > 48",
r oo TTAMIFD) ~ 4

Remark 11. Further if we consider 0 <1, <o or 0 <p, < o instead of 0 < 4, < p, < o in Theorem 10 and
the other conditions remain the same , then one can easily verify that

log T(r,fog) >/1_§*_

limsup log Tr4d M[f]) — A

T — o0

Theorem 11. Let f be a transcendental meromorphic function with the maximum deficiency sum and g be an entire
function such that 0 < Ar < py <0 and p;* <. Alsolet &§(o;f)= Y &(a;f)=1.Then
a + ©

log T(r.fog)  _ PiPg
log T(r4 Pyl f 1) = Al

limsup
T — oo
for any positive real number A .

Proof. Inview of Lemma 1 and the inequality T(r, g) < log®™ M(r, g) we get for all sufficiently large values of r,

T(r,fog) <{1+o(M}TM(, 9).f)
i.e.,1ogT(r,fog) < (ps +¢)logM(r,g) + 0(1)
i.e.,logT(r, fog) < (pf +e)( py + )+ 0(1). (18)
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From the definition of A,,[ 7 we have for arbitrary positive & and for all sufficiently large values of r,

1\

log T(r*, Po[f1) = A(Apys1-€) logr
i logT(r*, P[f1) = A(A-€) logr. (19)

Now combining (18) and (19) we get for all sufficiently large values of r,

log T(r.fog)  _ (pf+e)pg +2)+0(1)
log T(r4 ,Po[f1]) — A@p—e) log r

log T(r.fog)  _ PrPy”
log T(r4 ,Po[f 1) — Alg

i.e., limsup
T — o0
This completes the proof .

Remark 12. Under the same conditions of Theorem 11 if f is of regular growth then

log T(r.fog)  _ Py .
log T(r4,Po[f1) = 4

limsup
T — o0

Remark 13. In Theorem 11 if we take A7 < oo instead of pg* < oo and the other conditions remain the same then it
can be shown that

. log T(r, g
liminf —% (:fog) <.
r - oo log T(r JPolf D) Apf

In addition if f is of regular growth then
liminf 2 10/09) _ o Prty
r - oo log T4, Polf) — Apf '

Remark 14. If we take 0 < pr <o or 0< A < oo instead of 0 < A; < py < oo in Theorem 11 and the other
conditions remain the same, then one can easily verify that

liminf & 7Cf09) _ _ pg
r - wlOg T(TAvPO[fD - A

Remark 15. The conclusions of Theorem 11 , Remark 12 , Remark 13 and Remark 14 can also be deduced if we

replace 6(o;f) = Y 8(a;f)=1by 0(o;f)= ¥ §,(a;f)=1or ¥ O(a;f)=2respectively.
a #+ o a #+ o a #+ o

In the line of Theorem 11 and with the help of Lemma 10 we may state the following theorem without proof.

Theorem 12. Let f be a transcendental meromorphic function with the maximum deficiency sum and g be an entire
function such that 0 < A < py < o0 and pg* < oo . Also let > 61(a;f) =4.Then
aeC U{oo}

log T(r.fog) PrPy"

limsup log T(rA M[f]) = Alf

T — o0

where A is any positive real number .
Remark 16. Under the same conditions of Theorem 12 if f is of regular growth then

log T(r.fog) _ Py,
log Tr4 M[f]) — A

limsup
T — o0

Remark 17. In Theorem 12 if we take 43" < oo instead of p;* < co and the other conditions remain the same then it
can be shown that

..o log T(r, Ag'
liminf —810/09) _ o Pi%a
r — olog TG4 M[f]) Alf

In addition if f is of regular growth then

- log T(r,fog) g
liminf ————— < .
r > colog T4 M[f]) A
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Remark 18. If we take 0 < pf <o or 0< A < oo instead of 0 < Af < py < co in Theorem 12 and the other
conditions remain the same , then one can easily verify that

.. log T(r,fog) .
l}l’E}ll’cl)g log T(r4 M[f1]) A
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