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ABSTRACT
For some real a(a >1) using the Generalized Carlson - Shaffer operator a subclass M, (a, ¢; «) of analytic
functions f with f(0) =0 and f'(0) = 1 in U is introduced. The object of the present paper is to obtain the
results concerning the coefficient estimates for the functions f belonging to the classM, (¢, ¢; ).
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1. INTRODUCTION AND DEFINITION

Let A denote the class of functions fof the form,

flz)=z+ Z a,z" 1.1
n=2

which are analytic in the open unit disc /' = {z : |z| < 1}.

Let M () be the subclass of A consisting of functions f which satisfy the inequality,

R { “fgg) } <a (zeU) (1.2)

for some (v > 1).

Let NV («cv) be the subclass of A consisting of functions f which satisfy the inequality,

2f"(2) )
ﬂ?{1+ ) }<a (zeU) (1.3)

for some (v > 1).

Then, we observe that f € N («)ifand only if z f'(z) € M ().

Remark 1.1. The classes M («v) and N («v) were introduced by Owa and Nishwaki [2].

Remark 1.2. The classes M () and N(cv) for 1 < ov < % were introduced by Uralegaddi, Ganigi and Sarangi [5].

Remark 1.3. The classes M («v) and N () correspond to the case & = 2 of the classes M}, (er) and Ny (av)

respectively which were investigated by Owa and Srivastava [3].
It can be seen that,

i f(2) = 2(1 — 2)?2 U € M(a)
ii. g(2) = ﬁ{l — (1 =21 e N(a)
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Definition 1.4. Let M, (a, ¢; cv) denote the subclass of A consisting of functions | satisfying the inequality,

(S

ALyl f N _ oy
%{ Lu(a,c)f(2) }<- (Z€U)

where a{cv < 1) and L, (a, ¢)f is the Generalized Carlson-Shaffer operator defined as,

L(a,0)f(z) = ¢la,¢;2) = L, f(z)

where
= (a-')n—l
dla,cz) =z + =N
O(a, c; z) g O
and
Lof(2) = (1= ) f (=) + uf(2)
Equivalently,
Ly(a,0)f(z) =2+ Z Tola, ¢ p)a, 2"
n=2
where
Tula, o pu) = (@) [1+ p(n —1)]
(C)n—1

Note that My (1, 1; ) = M («v) and My(2, 1; cv) = N(ev).
2. INCLUSION THEOREMS INVOLVING COEFFICIENT INEQUALITIES
Theorem: 2.1. Ifijf e A satisfies,
z {tn=Fk)+ |n+k = 2a|} ma, ¢ p)an] < 2(a—1)
n=2

for some k(0 < & < 1) and some cx(cv > 1), then f € M, (a, c; ).

Proof. Let us suppose that
o0

Z {n—Fk)+|n+k—2a|} mu(a, e p)an] < 2(a—1)
n=2

for f € A.

It suffices to show that,

We note that,

( Lyla, ) flz))
Lo, c)f(z)
(L lae) f(2))
L,I"l:“': :’}lfl:?:l

i1 — k)4 ZI:?J. Eyra(a, o TAT

—3
. n=2i
=

2oy — &)

(1+k— 20) + Z[H + & — 20 )T . e ;r.}ff.,,z”_'

n=2
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(1 —Fk)+ ZI:'H — E)mu(a, e; p)|a,| |z

- m=2
(2ev — 1 —F) — Z [+ k — 20 ), (a, e )| |ag |27
n=12
(1 —Fk)+ Zlfn — kT, e p)|ag|

=2

(20 — 1 — k) Z [(n+ &k — 2a)m(a, o )| o)

This expressmn is bounded above by 1 if,

(1—Fk)+ Z(n — k)rala e p)|a,] < Qo= 1= k) =Y |(n+k = 20)m,(a, ¢; )| |

n=2 n=2

which is equivalent to condition 2.1. This completes the proof.

If we take & = 1 and some (1 < o < 2) in Theorem 2.1, then we have,

Corollary: 2.2 If f E A satisfies,

Ms

(n—a)ru(a, ¢ plla,| <a—1
2
3) then f € My(a, c; ).

A

for some (1 < «

Example 2.1. The function f given by

4(01—1) m
f(z) _Z+Z?T + D{( T?—k)+|n+k*20‘|}ﬂe(aCM)Z

belongs to the class M, (a, ¢; o).

Remark: 2.3 For the parametric valuesa =1, ¢ =1 and g = 0 Theorem 2.1 yields Theorem 2.1 of [2] and
Corollary 2.2 yields Corollary 2.2 of [2].

Remark: 2.4 For the parametric values @ =2, C =1 and g = 0 Theorem 2.1yields Theorem 2.3 of [2] and
Corollary 2.2 yields Corollary 2.4 of [2].

The coefficient estimates of functions f € M (a, ¢; «v) is contained in the following:

Theorem: 2.5If f € M, (a, ¢; «v), then

[]G+20-4)
=1

a., | <
ol < G =1

2.2)

Proof. Let us define the function p(z) by,

& —

() =
for f € M,(a,c o).

Then p(z)isanalyticin I/, p(0) = 1and R{p(z)} > 0(z € U).
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If, p(z) =1+ anzn then |pn| <2 (‘R > 1)

n=1

Since,

aL,(a,¢)f(z) —z(Ly(a,¢) f(z)) = (o — Dp(z)Ly(a, ) f(z)
we obtain that,

(1 - n)Tn(CL & ,UJ)LL” = (C‘t - l){pnfl =+ p-n.727-2(a'- & #)(12 + Pn—:ﬂ';%((la & ,U‘)a3+
--------- + P17n-1(a, ¢ p)an—1}

If n. = 2, then

Tola, ¢ p)ay < (o — 1)py
implies that
(@=Dlpil _ 2Aa—1)

ma(a,c;p) T mela, o p)

|as| <

Hence the coefficient estimate for (2.2) is true for n = 2.

Let us suppose that the coefficient estimate,

k
[1G+20 -4
=2
ap| < -
ol < e k1!
istrue forall k = 2,3,4, ........ , M.
Then we have,
NGyl = (O‘{ - 1){pn + ‘pnf27-2(a: e M-)Gz + p?3737_2(a: < Ju')a'li F o + plTn((I-, c )u')a-n}
so that,
T (@, ¢ ) |1 | < (200 = 2) (1 + mala, ¢ ) |as| + m3(a, ¢ )| as|
Freens + Tula, ¢ p)|a,|)

(200 — 2) (200 — 1)Jr

< (20— 2) (1+(2(k—2)+

T

G +20 -4

Jj=2

(n—1)!

e (200 — 1)(20) (20 + 1)......... (200 +n —4)
- (2“2)( n—2)!

(200 — 2) (200 — 1)(2c)...... (204 n —4)
N (n—1)! )

nt+1

116 +20—4)

i=2

(n—1)!
41

T[0 +20 -4

=2

T (a, ;) (n!)

= ‘a‘n+l‘ <
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Hence the coefficient estimate (2.2) holds true for the case of & = n + 1. Applying mathematical induction for the
coefficient estimate (2.2), we complete the proof of Theorem 2.5.

Remark 2.6 The parametric substitutions @ = 1, ¢ = 1, p& = 0 yield Theorem 2.6 and the substitutions @ = 2,
¢ = 1, u = O yield Theorem 2.7 of [2].
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