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ABSTRACT 

In this paper we prove a common fixed point theorem for three mappings in Fuzzy metric space using the notion of 

weakly compatible. 

 

Keyword: Fuzzy metric space, Common fixed point, Compatible maps, weakly compatible maps, Continuous t-norm. 
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1. INTRODUCTION: 

The study of common fixed points of mappings in a fuzzy metric space satisfying certain contractive conditions has 

been at the center of vigorous research activity.  In 1965, the concept of fuzzy sets was introduced by Zadeh [36].  

With the concept of fuzzy sets, the fuzzy metric space was introduced by O. Kramosil and J. Michalek [25] in 1975.  

Helpern [19] in 1981 first proved a fixed point theorem for fuzzy mappings.  Also M. Grabiec [17] in 1988 proved the 

contraction principle in the setting of the fuzzy metric space.  Moreover, A. George and P. Veeramani [16] in 1994 

modified the notion of fuzzy metric spaces with the help of t-norm by generalizing the concept of probabilistic metric 

space to fuzzy situation.  Consequently in due course of time some metric fixed point results were generalized to 

fuzzy metric spaces by various authors. 

Gahler in a series of papers [13, 14, and 15] investigated 2-metric space. Sharma, Sharma and Iseki [30] studied for the 

first time contraction type mappings in 2-metric space. 

We know that 2-metric space is a real valued function of a point triples on a set X, which abstract properties were 

suggested by the area function in Euclidean spaces. Now it is natural to expect 3-Metric space, which is suggested by 

the volume function.   

In this paper we establish a common fixed theorem for three mappings for weakly compatible in fuzzy metric space.  

First we recall some definitions and known results in Fuzzy metric space. 

 

2. PRELIMINARIES: 

Definition: 2.1. A binary operation ]1,0[]1,0[: 4 →∗  is called a continuous t-norm if )],1,0([ ∗  is an abelian 

topological monoid with unit 1 such that 

22221111 dcbadcba ∗∗∗≥∗∗∗  Whenever  ,21 aa ≥  ,21 bb ≥  21 cc ≥  and  21 dd ≥  for all  
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212121 ,,,,, ccbbaa  and  21 ,dd  are in [0,1]. 

Definition: 2.2. The 3-tuple ),,( ∗MX  is called a fuzzy 3-metric space if X  is an arbitrary set ∗  is continuous 

t-norm monodies and M is a fuzzy set in  ],0[4 ∞×X  is satisfying the following conditions: 

:)1( −FM   0)0,,,,( =wzyxM  

:)2( −FM  ,0,0),,,,( >∀= ttwzyxM  

Only when the three simplex  ),,,( wzyx  degenerate 

:)3( −FM  −−−−−=== ),,,,(),,,,(),,,,( tyxwzMtyzwxMtwzyxM  

:)4( −FM  ),,,,(),,,,(),,,,(),,,,(),,,,( 4321321 twzyuMtwzuxMtwuyxMtuzyxMtttwzyxM ∗∗∗≥++   

:)5( −FM  ]1,0[)1,0[:),,,( →wzyxM  is left continuous,  .0,,,,,,,, 4321 >∈∀ ttttXwuzyx  

Definition: 2.3. Let  ),,( ∗MX  be a fuzzy 3-metric space: 

(1) A sequence  }{ nx  in fuzzy 3-metric space X  is said to be convergent to a point  ,Xx ∈  if  

        ,1),,,,(lim =∞→ tbaxxM nn  for all  ,, Xba ∈  and  .0>t  

(2) A sequence  }{ nx  in fuzzy 3-metric space X  is called a Cauchy sequence if  

        ,1),,,,(lim =+∞→ tbaxxM npnn  for all  ,, Xba ∈  and  .0, >pt  

(3) A fuzzy 3-metric space in which every Cauchy sequence is convergent is said to be complete. 

 

Definition: 2.4. A function M is continuous in fuzzy 3-metric space if  

,xxn →  yyn →  then  ),,,,(),,,,(lim tayxMtbayxM nnn =∞→  for all  ,, Xba ∈  and  .0>t  

Definition: 2.5. Two mapping  A  and S  on fuzzy 3-metric space X  are weakly commuting iff 

        ),,,(),,,,( taSuAuMtbaSAuASuM ≥  ,, Xba ∈∀ and .0>t  

 

MAIN RESULT: 

In this section we prove common fixed point theorems for six three mappings satisfying some conditions. 

Theorem: Let ),,( ∗φX  be a fuzzy 3-metric space with condition )6( −FM  and let FA,  and T  be self 

mapping of X and the pair ),( FA  and ),( TA  are weakly compatible satisfying:  

(1.1) )()()( XTXFXA �⊆   

(1.2)  for all ,, Xyx ∈  ),1,0(∈k   
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),,,,,(),,,,,(),,,,,([min{),,,,( tbaAyFxtbaAxFxtbaTyFxrktbaAyAx φφφφ ≥  

                             )}],,,,(),,,,,(),,,,,( tbaAxFxtbaTyAxtbaAyTy φφφ    

Where  ]1,0[]1,0[: →r  is continuous function such that  ,)( ttr >  .0>t  

(1.3) One of the ),(XA  )(XF  or  )(XT  is complete subspace of .X  

Then  FA,  and  T  have a unique common fixed point in  .X  

Proof: We define a sequence }{ nx such that nnn yAxFx 2212 ==+  and  ,121222 +++ == nnn yAxTx  

...........4,3,2,1=n  .  We shall prove that }{ nx  is a Cauchy sequence for  ...........4,3,2,1,0=n . 

     ;1),,( 1 <= + tAxAxG nnn φ  ...........4,3,2,1,0=n  

    ),,( 2122 tAxAxG nnn += φ  

          ),,,,,(),,,,,(),,,,,([min{ 2121212212 tbaAxFxtbaAxFxtbaTxFxr nnnnnn ++++≥ φφφ  

                   )}],,,,(),,,,,(),,,,,( 2221222 tbaAxFxtbaTxAxtbaAxTx nnnnnn φφφ +           

          ),,,,,(),,,,,(),,,,,([min{ 22122122 tbaAxAxtbaAxAxtbaAxAxr nnnnnn φφφ +−=  

                   )}],,,,(),,,,,(),,,,,( 2121212212 tbaAxAxtbaAxAxtbaAxAx nnnnnn −−+− φφφ  

          ),,,,,(),,,,,(),,,,,([min{ 22122122 tbaAxAxtbaAxAxtbaAxAxr nnnnnn φφφ +−≥  

                 )}],,,,(),,,,,(),,,,,(),,,,,( 212122212212 tbaAxAxtbaAxAxtbaAxAxtbaAxAx nnnnnnnn −−+− φφφφ  

          }],,,,1,,[min{ 1212212212 −−−−= nnnnnn GGGGGGr  

If  nn GG 212 >−  then  ,][ 12122 −− >> nnn GGrG  is a contradiction therefore  .212 nn GG ≤−  

and now   12122 ][ −− ≥≥ nnn GGrG  thus }0:{ 2 ≥nG n  is increasing sequence of positive real numbers in ]1,0[  

and therefore a limit .1≤L  It is clear that 1=L because if 1<L then on taking ∞→nlim  and we get 

1)( >≥ LrL  is a contradiction.  Hence .1=L  

Now for any integer ,m  

),,,,(......................),,,,(),,,,( 11
m

t
baAxAx

m

t
baAxAxtbaAxAx mnmnnnmnn +−+++ ∗∗≥ φφφ  

                   ),,,,(......................),,,,( 11
m

t
baAxAx

m

t
baAxAx nnnn ++ ∗∗≥ φφ  
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.1......................11),,(lim 1 =∗∗∗≥+∞→ tAxAx nnn φ   

because  

,1),,(lim 1 =+∞→ tAxAx nnn φ  for .0>t  

Thus }{ nAx  is a Cauchy sequence in .X  

Now suppose that )(XT  is complete subspace of .X   Note that subsequence }{ 12 +ny  is contained in )(XT  

and has a limit in ).(XT   Call it  .z   Let   ).(
1

zTu
−∈   Then .zTu =   Therefore by )2.1(  and using 

uy =  and  nxx 2=  then  

       ),,,,,(),,,,,(),,,,,([min{),,,,( tbaAyFxtbaAxFxtbaTyFxrktbaAyAx φφφφ ≥             

)}],,,,(),,,,,(),,,,,( tbaAxFxtbaTyAxtbaAyTy φφφ

),,,,,(),,,,,(),,,,,([min{),,,,( 22222 tbaAuFxtbaAxFxtbaTuFxrktbaAuAx nnnnn φφφφ ≥  

                        )}],,,,(),,,,,(),,,,,( 222 tbaAxFxtbaTuAxtbaAuTu nnn φφφ  

Taking ∞→nlim  then we have, 

),,,,,(),,,,,(),,,,,([min{),,,,( tbaAuztbazztbazzrktbaAuz φφφφ ≥

)}],,,,(),,,,,(),,,,,( tbazztbazztbaAuz φφφ  }]1,1),,,,(),,,,,(,1,1[min{ tbaAuztbaAuzr φφφ≥  

Thus, 

                          ),,,,(.),,,,( tbaAuzrktbaAuz φφ ≥  

Thus .zAu =  Since zTu =  therefore .zAuTu ==  

 

i.e.  u is co-incidence point of T  and .A  

 

Again now suppose that )(XF  is complete subspace of .X  Note that subsequence }{ 12 +ny  is contained in 

)(XF  and has a limit in ).(XF   Call it  .z   Let ).(
1

zFv
−∈  Then .zFv =  Therefore by )2.1(  and 

using vx =  and  12 += nxy  then 

),,,,,(),,,,,(),,,,,([min{),,,,( tbaAyFxtbaAxFxtbaTyFxrktbaAyAx φφφφ ≥

)}],,,,(),,,,,(),,,,,( tbaAxFxtbaTyAxtbaAyTy φφφ  

),,,,,(),,,,,(),,,,,([min{),,,,( 121212 tbaAxFvtbaAvFvtbaTxFvrktbaAxAv nnn +++ ≥ φφφφ
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)}],,,,(),,,,,(),,,,,( 121212 tbaAvFvtbaTxAvtbaAxTx nnn φφφ +++  

Taking ∞→nlim  then we have, 

),,,,,(),,,,,(),,,,,([min{),,,,( tbazztbaAvztbazzrktbazAv φφφφ ≥  

                   )}],,,,(),,,,,(),,,,,( tbaAvztbazAvtbazz φφφ  

)}],,,,(),,,,,(,1,1),,,,,(,1[min{),,,,( tbaAvztbazAvtbaAvzrktbazAv φφφφ ≥   

),,,,(.),,,,( tbaAvzrktbazAv φφ ≥  

Thus .zAv =   Since zFv =  therefore .zFvAv ==  

i.e.  v is co-incidence point of F  and .A  

 

Now we shall prove that .zAz =   Now since the pair },{ TA  is weakly compatible therefore for some ,Xu ∈  

TAuATu =  whenever .TzAz =  Therefore by )2.1(  and using uy =  and  nxx 2=  then  

),,,,,(),,,,,(),,,,,([min{),,,,( tbaAyFxtbaAxFxtbaTyFxrktbaAyAx φφφφ ≥  

                    )}],,,,(),,,,,(),,,,,( tbaAxFxtbaTyAxtbaAyTy φφφ  

),,,,,(),,,,,(),,,,,([min{),,,,( 22222 tbaAuFxtbaAxFxtbaTuFxrktbaAuAx nnnnn φφφφ ≥  

                    )}],,,,(),,,,,(),,,,,( 222 tbaAxFxtbaTuAxtbaAuTu nnn φφφ  

),,,,,(),,,,,(),,,,,([min{),,,,( 22222 tbaAzFxtbaATxFxtbaTzFxrktbaAzATx nnnnn φφφφ ≥  

                    )}],,,,(),,,,,(),,,,,( 222 tbaATxFxtbaTzATxtbaAzTz nnn φφφ  

),,,,,(),,,,,(),,,,,([min{),,,,( tbaAzFztbaATzFztbaTzFzrktbaAzATz φφφφ ≥                      

),,,,,(),,,,,(),,,,,([min{),,,,( tbaTzztbazztbaTzzrktbaTzz φφφφ ≥  

                    )}],,,,(),,,,,(),,,,,( tbazztbaTzztbaTzTz φφφ  

}]1),,,,,(,1),,,,,(,1),,,,,([min{),,,,( tbaTzztbaTzztbaTzzrktbaTzz φφφφ ≥  

),,,,(.),,,,( tbaTzzrktbaTzz φφ ≥  

This is contradiction.  So .1),,,,( =ktbazTzφ  

Hence z is fixed point of .T  

i.e. z  is common fixed point of T  and .A  
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Again since the pair },{ FA  is weakly compatible therefore for some ,Xv ∈  FAvAFv =  whenever 

.FzAz =  Therefore by )2.1(  and using vx =  and  12 += nxy  then  

),,,,,(),,,,,(),,,,,([min{),,,,( tbaAyFxtbaAxFxtbaTyFxrktbaAyAx φφφφ ≥  

                       )}],,,,(),,,,,(),,,,,( tbaAxFxtbaTyAxtbaAyTy φφφ  

),,,,,(),,,,,(),,,,,([min{),,,,( 121212 tbaAxFvtbaAvFvtbaTxFvrktbaAxAv nnn +++ ≥ φφφφ  

                       )}],,,,(),,,,,(),,,,,( 121212 tbaAvFvtbaTxAvtbaAxTx nnn φφφ +++  

),,,,,(),,,,,(),,,,,([min{),,,,( 121212 tbaAFxFztbaAzFztbaTxFzrktbaAFxAz nnn +++ ≥ φφφφ  

                       )}],,,,(),,,,,(),,,,,( 121212 tbaAzFztbaTxAztbaAFxTx nnn φφφ +++  

),,,,,(),,,,,(),,,,,([min{),,,,( tbaAFzFztbaAzFztbaTzFzrktbaAFzAz φφφφ ≥  

                       )}],,,,(),,,,,(),,,,,( tbaAzFztbaTzAztbaAFzTz φφφ  

),,,,,(),,,,,(),,,,,([min{),,,,( tbazFztbaFzFztbazFzrktbazFz φφφφ ≥                  

                       )}],,,,(),,,,,(),,,,,( tbaFzFztbazFztbazz φφφ  

}]1),,,,,(,1),,,,,(,1),,,,,([min{),,,,( tbazFztbazFztbazFzrktbazFz φφφφ ≥  

),,,,(.),,,,( tbazFzrktbazFz φφ ≥                                        

This is contradiction.  So .1),,,,( =ktbazFzφ  

Hence z is fixed point of .F  

i.e. z  is common fixed point of F  and .A  

 

UNIQUENESS: 

Suppose that there is an another point uv ≠  then 

),,,,,(),,,,,(),,,,,([min{),,,,( tbaAyFxtbaAxFxtbaTyFxrktbaAyAx φφφφ ≥  

                    )}],,,,(),,,,,(),,,,,( tbaAxFxtbaTyAxtbaAyTy φφφ  

),,,,,(),,,,,(),,,,,([min{),,,,( tbaAvFutbaAuFutbaTvFurktbaAvAu φφφφ ≥      

                    )}],,,,(),,,,,(),,,,,( tbaAuFutbaTvAutbaAvTv φφφ  

),,,,,(),,,,,(),,,,,([min{),,,,( tbavutbauutbavurktbavu φφφφ ≥  

                     )}],,,,(),,,,,(),,,,,( tbauutbavutbavv φφφ  
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}]1),,,,,(,1),,,,,(,1),,,,,([min{),,,,( tbavutbavutbavurktbavu φφφφ ≥  

                      ),,,,(.),,,,( tbavurktbavu φφ ≥  

This is contradiction.  So .uv =  

Hence FA,  and T  have unique common fixed point. 

Corollary: Let ),,( ∗φX  be a fuzzy 3-metric space with condition )6( −FM  and let F  and T  be continuous 

mapping of X  in .X  Let A  be a self mapping of X satisfying the pair ),( FA  and ),( TA  are R- weakly 

commuting and  

(1.1) )()()( XTXFXA �⊆   

(1.2)  for all ,, Xyx ∈   

),,,,,(),,,,,(),,,,,([min{),,,,( tbaAyFxMtbaAxFxMtbaTyFxMrtbaAyAxM ≥  

             )}],,,,(),,,,,(),,,,,( tbaAxFxMtbaTyAxMtbaAyTyM  

Where  ]1,0[]1,0[: →r  is continuous function such that  ,)( ttr >  10 ≤≤ t  and 1)( =tr  for 1=t  and   

., Xba ∈  Then the sequence }{ nx  and  }{ ny  in X  such that  

,xxn →  ),,,,(),,,,( tbayxMtbayxMyy nnn →�→  Where .0>t  

Then  FA,  and  T  have a unique common fixed point in  .X  
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