International Journal of Mathematical Archive-3(11), 2012, 3954-3957
@IMA Available online through www.ijma.info ISSN 2229 — 5046

DOMINATOR COLORING OF SOME CLASSES OF GRAPHS

K. Kavitha* & N. G. David
Department of Mathematics, Madras Christian College, Chennai — 600 059, India

(Received on: 15-10-12; Revised & Accepted on: 25-11-12)

ABSTRACT

In this paper, dominator coloring of fan graph, double fan graph, helm graph, gear graph, flower graph and sun
flower graph are considered. We also obtain the corresponding chromatic number of the above graph families.
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1. PRELIMINARIES
In this section, we review the notions of fan graph, double fan graph, helm graph, gear graph, flower graph, sun flower
graph and dominator coloring [1, 2, 3, 4, 5].

Definition 1.1. The fan graph denoted by F, can be constructed by joining n copies of the cycle graph C; with a
common vertex. F, isa planar undirected graph with 2n+1 vertices and 3n edges.

Definition 1.2. Double fan F, ,, is a graph isomorphic to P, +2 K.

Definition 1.3. The helm H, is the graph obtained from a wheel graph W, , by attaching a pendant edge at each vertex
of the n — cycle.

Definition 1.4. Gear graph G, also known as a bipartite wheel graph, is a wheel graph W, , with a vertex added
between each pair of adjacent vertices of the outer cycle. Gear graph G has 2r+1 vertices and 3r edges.

Definition 1.5. A flower graph Fl, is the graph obtained from a helm by joining each pendant vertex to the central
vertex of the helm.

Definition 1.6. The sun flower graph Sf; is the resultant graph obtained from the flower graph of wheels Wy , by
adding n pendant edges to the central vertex. The vertex set of sun flower graph is defined as follows: wheel graph is
the graph on n+1 vertices constructed by connecting a single vertex to every vertex in an n cycle. By attaching a
pendant edge at each vertex of the n — cycle in wheel graph, we get a helm graph with (2n+1) vertices and 3n edges.
By joining each pendant vertex to the central vertex of the helm graph, we get a flower graph with (2n+1) vertices and
4n edges. By adding n pendant edges to the central vertex of the flower graph, we get a sunflower graph with

p = (3n+1) vertices and g = 5n edges. It is also defined as, V(n, p, q).

Definition 1.7. A proper coloring of a graph G is an assignment of colors to the vertices of G in such a way that no two
adjacent vertices receive the same color. The chromatic number x(G) is the minimum number of colors required for a
proper coloring of G. A Color class is the set of vertices, having the same color. The color class corresponding to the
color i is denoted by C;

Definition 1.8. A dominator coloring of a graph G is a proper coloring in which every vertex of G dominates every
vertex of at least one color class. The convention is that if {v} is a color class, then v dominates the color class {v}.
The dominator chromatic number %4(G) is the minimum number of colors required for a dominator coloring of G.

2. DOMINATOR COLORING ON SOME CLASSES OF GRAPHS
In this section, dominator coloring of fan graph, double fan graph, helm graph, gear graph, flower graph and sun flower
graph are consider and also obtain the corresponding chromatic number of the above graph families.

Corresponding author: K. Kavitha*
Department of Mathematics, Madras Christian College, Chennai — 600 059, India

International Journal of Mathematical Archive- 3 (11), Nov. — 2012 3954


http://www.ijma.info/�

K. Kavitha* & N.G. David/ DOMINATOR COLORING OF SOME CLASSES OF GRAPHS/IJMA- 3(11), Nov.-2012.
Theorem 2.1. For Fan graph Fp, n > 2, yq4(F,) = 3.
Proof. By the definition of fan graph, F, is obtained by joining n copies of the cycle graph C; with a common vertex.
Let V = {vi, V5, ..., Vonu1} be the vertex set of F, and let the vertex at the centre be labeled by v;. F, is a planar

undirected graph with 2n+1 vertices and 3n edges.

A procedure to obtain a dominator coloring of F, is as follows. Let the vertex v; be colored by color 1. The other two
vertices of each copy of C; are colored by colors 2 and 3.

The above procedure guarantees a dominator coloring of F, as vy dominates itself. Also vertices v; 2 <i < 2n+1
dominate the color class 1, since they are adjacent to v;.

Hence yq4(Fn) = 3.

The following example illustrates the procedure discussed in the above result.

Example 2.2. In figure 1, Fan graph F, is depicted with a dominator coloring.

W7 Wi

Figure: 1
The color classes of F 4 are C; = {v1}, Co={V2, V4 Ve, Vs}, C3 = {V3, V5 V7 Vo}. Therefore y4(F,) = 3.
Theorem 2.3. For Double fan graph Fp, , n > 2, x4(F2 ) = 3.

Proof. Observe from the definition of double fan graph that F,  is isomorphic to P,+2K;. Let V; ={v;/1<i<n} be

the vertices of the path P, and V, = {uy, u,} be the vertices of 2K;. Then V(F;, ) = ViU V.. It has (n+2) vertices and
(3n-1) edges.

A procedure to obtain a dominator coloring of F, , is as follows. Since u; and u, are non-adjacent, they are colored by
color 1. Since v;, 1<i <n is adjacent to u; and u,, these vertices are alternatively colored by colors 2 and 3. So 3
colors are required to color these vertices.

The above procedure guarantees a dominator coloring of F,, as v, 1<1i <n is adjacent to u; and u,, these vertices
dominate color class 1. Since u; and u, are adjacent to v; 1 < i <n, they dominate color classes 2 and 3. So the given
procedure gives a dominator coloring of F, . Hence yq (F2,n) = 3.

Theorem 2.4. For Helm graph H, n >4, yq(H,) = n+1.

Proof. By the definition of helm graph, H, is obtained from a wheel by attaching a pendant edge at each vertex of the
n—cycle. Let V(H,) = {vi}u V1 U V,, where v; is the central vertex, V, = {v;/ 2 <i < n+1} be the vertices on the n —
cycle and V3 = {v;/ n+2 <i < 2n+1} be the pendant vertices incident with n- cycle such that vy.; is adjacent with v;, 2 <
i <n+1. It has 2n+1 vertices and 4n edges.

The following procedure gives a dominator coloring of H,. Since vy and v, 2 <1 < 2n+1 are non-adjacent, these
vertices are colored by color 1. The remaining vertices v; 2 <i < n+1 on the n — cycle are colored by i, since these
vertices are adjacent to central vertex vy and pendant vertices v, n+2 <i<2n+1.

In H,, vi, 2 <i<n+1 dominate themselves. Since v; and vy, 2 <1< 2n+1 are adjacent to vj, 2 < j < n+1, these vertices
dominate the color class j. So the given procedure gives a dominator coloring of H,. Hence yq(H,) = n+1.
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Theorem 2.5. For Gear graph G, r > 3, xa(G;) =[ 2r / 31 +2.

Proof. It is clear from the definition of gear graph, G; is obtained from a wheel graph W, , with a vertex added between
each pair of adjacent vertices of the outer cycle of wheel graph Wy . Let V (G;) = {vi/1<i<2r+1}, where vy is a
central vertex. It has 2r+1 vertices and 3r edges.

In G;, vy is colored by color 1 and v, and v, are colored by color 2. When r = 3k, k > 1, the vertex vz 0 <i<r-1is
colored by color 3, the vertex vg;, 1 <i<(2r-1) / 6 is colored by color (2i+2), the vertices vy and Vyisp, 1 = 4, 7, 10, 13,
..., -2 are colored by [2((i-3)/3)]. When r = 3k+1, k > 1, the vertex vs:yi 0 <1 <r-1is colored by color 3, the vertex
Vei, 1< 1 < (r— 1)/3 is colored by color (2i+2), the vertices vy and Vs, | = 4, 7, 10, 13, ..., r-3 are colored by
[2((i-3)/3)]. When r = 3k+2, k > 1, the vertex Va4 0 <i<r - 2 is colored by color 3, the vertex vgi, 1 <i<(r-2)/3is
colored by color (2i+2), the vertices v, and Vyisp, | =4, 7, 10, 13, ..., r-1 are colored by [2((i-3)/3)] and V., is colored
by [2r / 3] +2.

The above procedure guarantees a dominator coloring of G, as v; dominates itself and even subscripted vertices
dominate the color class 1. When r =3k, k > 1, the vertex v, i = 3, 9, 15, ..., 2r — 3 dominates color class of v;.; and the
vertices v; and Vi, i =5, 11, 17, ..., 2r — 4 dominate the color class of vi;;. When r = 3k+1, k > 1, the vertex v;, i = 3,
9, 15, ..., 2r+1 dominates color of vi,; and the vertices v; and visp, i =5, 11, 17, ..., 2r — 3 dominate the color of vj;.
When r = 3k+2, k > 1, the vertex v;, i = 3, 9, 15, ..., 2r-1 dominates color of v;,, the vertices v; and vi:», i =5, 11, 17,

., 2r — 3 dominate the color of vj,; and the vertex v,..; dominates itself. So the given procedure gives a dominator
coloring of G,.

Hence y4(G,) =[2r/31+2.
3 ifniseven

Theorem 2.6. For Flower graph Fl,, n >3, FI )= L
arap Xa(Fly) {4 if nisodd.

Proof. By the definition of flower graph, Fl, is obtained from a helm graph by joining each pendant vertex to the
central vertex. It has 2n+1 vertices and 4n edges. We refer the labelling given in the proof of theorem 2.5.

In Fl,, vy is colored by color 1. When n is odd, the sequence of vertices v;, 2 <i<n on the rim are colored by colors 2
and 3 alternatively and vy, is colored by 4. The remaining vertices v;, Nn+2<1i < 2n+1 are colored by colors 3 and 2
alternatively. When n is even, the sequence of vertices v;, 2<1i<n+1 are colored by colors 2 and 3 alternatively and
the remaining vertices vi, n+2 <i < 2n+1 are colored by colors 3 and 2.

In Fl,, the vertex v; dominates itself. The vertex v;, 2 <i < 2n+1 dominates the color class 1, since it is adjacent to v;.

3 ifniseven

Hence g (Fln) :{4 if nis odd

3 ifniseven

Theorem 2.7. For Sun flower graph Sf,, n >3, Sf )= . .
grap Xa(Sfn) {4 if nisodd.

Proof. By the definition of sun flower graph, Sf, is obtained from a flower graph by joining each pendant edge to the
central vertex. Let V(Sf,) = {vi/ 1 <i<3n+1}, where v; is the central vertex. It has 3n+1 vertices and 5n edges.

In Sf,, vy is colored by color 1. When n is odd, the sequence of vertices v;, 2 <i<n on n — cycle are colored by colors
2 and 3 alternatively and v,.; is colored by 4. The vertex v;, n+2 <i < 2n+1 is colored by colors 2 and 3 alternatively
and the vertex v, 2n+2<1i < 3n+1, is colored by any one of the colors 2, 3 or 4. When n is even, the sequence of
vertices v;, 2<1i <n+1 are colored by colors 2 and 3 alternatively and the sequence of vertices v, n+2 <i < 2n+1 are
colored by colors 3 and 2 and the vertex v;, 2n+2 <i < 3n+1 is colored by any one of the colors 2 or 3.

In Sf,,, the vertex v, dominates itself. The vertex vi, 2<1i < 3n+1 dominates the color class 1, since these vertices are
3 ifniseven

adjacent to vi. Hence y 4 (an)z{4 it s odd
| IS .
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