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ABSTRACT

In this paper we introduce the concept of fuzzy £Zsemi-pre-boundary by using the arbitrary complement function &
and by using fuzzy g2semi-pre closure of a fuzzy topological space where £7[0, 1]— [0, 1] is a function. Let A be a
fuzzy subset of a fuzzy topological space X and let £he a complement function. Then the fuzzy ZZsemi-pre- boundary

of A is defined as SPBd zA = SFCI 21 A SPCIl o £4), where S£CI 2/ is the fuzzy ZZsemi-pre-closure of A and ZA(x)
= Z(4 (X)), 0 <x <1. In this paper we discuss the basic properties of fuzzy Z=semi-pre-boundary.

MSC 2010: 54A40, 3E72.
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1. INTRODUCTION
Athar and Ahmad [2] defined the notion of fuzzy semi boundary in fuzzy topological spaces and studied[1] the
properties of fuzzy semi boundary. The authors introduced the concept of fuzzy #-closed sets, fuzzy #-semi closed

sets, fuzzy Z-pre closed sets and fuzzy #-semi-pre-closed sets in fuzzy topological spaces, where Z7[0, 1]— [0, 1] is
an arbitrary complement function.

In this paper, we introduce the concept of fuzzy semi-pre-boundary by using the arbitrary complement function %

instead of the usual fuzzy complement function, and by using fuzzy % -semi-pre-closure instead of fuzzy semi-pre-
closure.

Such a generalized fuzzy semi-pre-boundary is defined as SPBd £A=SPClzAn SPCl 4 Z1), called the fuzzy Zsemi-
pre-boundary of A, where SPCIl & is the intersection of all fuzzy #-semi-pre- closed sets containing A and ZA(X)=%
(A(x)), 0<x< 1.

For the basic concepts and notations, one can refer Chang [7]. The concepts that are needed in this paper are discussed
in the second section. The third section is dealt with the concept of fuzzy - semi-pre-boundary.

2. PRELIMINARIES

Throughout this paper (X,t) denotes a fuzzy topological space in the sense of Chang. Let “: [0, 1]—[0, 1] be a
complement function. If X is a fuzzy subset of (X,t) then the complement A of a fuzzy subset A is defined by “A(x)
= 7 (M(x)) for all xeX. A complement function ~ is said to satisfy

(i) the boundary condition if ©(0) =1and ~ (1) =0,

(if) monotonic condition if x <y = “(x) > “(y), forall x, y € [0, 1],

(iii) involutive condition if (7 (x)) = x, for all x [0, 1].

The properties of fuzzy complement function “and A are given in George Klir [8] and Bageerathi et al [4]. The
following lemma will be useful in sequel.

Lemma 2.1[4]. Let ~: [0, 1] — [0, 1] be a complement function that satisfies the monotonic and involutive conditions.
Then for any family {A,: a€A } of fuzzy subsets of X, we have

(i) 7 (sup{ry (x): aeA}) = inf{ “ (A, (x)): acA}= inf{( “ L, (X)): acA} and

(i) 7 (inf{A, (x): aeA}) = sup{ “ (A, (X)): acA}=sup{( “ L, (x)): acA} for xe X.

Definition 2.2 [4]. A fuzzy subset A of X is fuzzy ~ -closed in (X,t) if “ A is fuzzy open in (X,t). The fuzzy « -
closure of A is defined as the intersection of all fuzzy “ -closed sets p containing L. The fuzzy “~ -closure of A is
denoted by CI .\ that is equal to A{p: p > A, “pet}.
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Lemma 2.3[4]. If the complement function  satisfies the monotonic and involutive conditions, then for any fuzzy
subset A of X, “(IntA) =Cl (7A)and “(ClI L) =Int(~A).

Lemma 2.4[4]. Let (X,t) be a fuzzy topological space. Let ~ be a complement function that satisfies the boundary,
monotonic and involutive conditions. Then for any family {), : ae A } of fuzzy subsets of X. we have “ (v{A,: acA})
= A{ 7 acA}and 7 (A{Aq: aeA}) = V{ “h, €A}

Definition 2.5 [Definition 2.15, [4]]. A fuzzy topological space (X t) is ~-product related to another fuzzy topological
space (Y o) if for any fuzzy subset v of X and  of Y, whenever “A 2 vand “u 2 {imply ZAx1v1x Fu>vx
€, where A € tand p eo, there exist A; etand weosuchthat @h >vor uw>Cand A x1lv1ix = Frx1
vix gu.

Lemma 2.6 [Theorem 2.19, [4]]. Let (X ) and (Y &) be Z*-product related fuzzy topological spaces. Then for a fuzzy
subset A of X and a fuzzy subset p of Y, Cle(A x ) = Clgh x Clgp.

Definition 2.7 [Definition 3.1, [6]]. Let (X,t) be a fuzzy topological space and Zbe a complement function. Then A is
called fuzzy #-semi-pre open if there exists a &> pre open set p such that u <A < Clgp.

Lemma 2.8[6]. Let (X, t) be a fuzzy topological space and let ~be a complement function that satisfies the monotonic
and involutive properties. Then a fuzzy set A of a fuzzy topological space (X,t) is

(i) fuzzy #Z+semi-pre open if and only if A < Clnt Clg(A).

(ii) fuzzy %+ semi-pre closed in X if Int ClgInt (A)) <.

(iii) fuzzy %= semi-pre closed if and only if &\ is fuzzy &> semi-pre open.

(iv) the arbitrary union of fuzzy & semi-pre open sets is fuzzy %> semi-pre open.

Lemma 2.9 [3]. If &y, Ay, A3, A4 are the fuzzy subsets of X then
(A ARg) x (ha A Rg) = (Ag x hg) A (R X Rg).

Lemma 2.10 [Lemma 5.1, [4]]. Suppose f is a function from X to Y. Then f *( Zu) = & “(u)) for any fuzzy subset p
of Y.

Definition 2.11 [9]. If A is a fuzzy subset of X and p is a fuzzy subset of Y, then A x p is a fuzzy subset of X x Y,
defined by (A x ) (X, y) = min {A(x), n (y)} for each (x, y)e X x Y.

Lemma 2.12 [Lemma 2.1, [3]]. Let f: X — Y be a function. If {/ta} a family of fuzzy subsets of Y, then

(i) f'l(vﬂa y=vit (A4,)and

(ii) f'l(A/’ta Yy=Aft (A,).

Lemma 2.13 [Lemma 2.2, [3]]. If A is a fuzzy subset of X and p is a fuzzy subset of Y, then €(Axp) = A x1lv1ix &
W

3. FUZZY #-SEMI-PRE-BOUNDARY
In this section, the concept of fuzzy #- semi-pre-boundary is introduced and its properties are discussed.

Definition 3.1. Let A be a fuzzy subset of a fuzzy topological space X and let Zbe a complement function. Then the
fuzzy #-semi-pre-boundary of A is defined as SPBd ¢A = SFPCI AASFCl & ( ZN).

Since the arbitrary intersection of fuzzy #-semi-pre-closed sets is fuzzy #-semi-pre closed, SPBd A is fuzzy #semi-
pre closed.

We identify SPBd A with SPBd(L) when &(x) = 1-x, the usual complement function.

Proposition 3.2. Let (X,t) be a fuzzy topological space and Zbe a complement function that satisfies the involutive
condition. Then for any fuzzy subset A of X, SPBd ¢\ = SPBd & ZN).
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Proof. By using Definition 3.1, SPBd A = SPCI 2AASFCl & ( Z)). Since Zatisfies the involutive condition
F(ZN) = A, that implies SPBd A = SPCl ( EAASFCl £ Z( ZN).

Again by using Definition 3.1, SPBd A = SPBd & ( EL).
The following example shows that, the word “involutive” can not be dropped from the hypothesis of Proposition 4.2.

Example 3.3. Let X ={a, b, c} and 1 = {0, {a.5, b.7}, {a.s, b.,, C.6}, {a.5, b7, C.6}, {a3, b.o}, 1}

0 < x £ 1, be the complement function. We note that the complement function #°does not satisfy

1—
Let Z(x) = 1oyl

+ X
the involutive condition. The family of all fuzzy #-closed sets is Z(t)={0,{a.642, D.201, C1}.{2.2,0.769, C.204}, {24, D.201,

C.204} {8622, D.760,C1}, 1}
Let A = {a.s, b.g, C.4}. Then it can be calculated that SPCl A = {a.5, b.g, C.4}.

Now Z°A = {a.4, b.125, C.57} and the value of SPCl & ZA = {a.4, b.122, C.517}. Hence SPBd A = SPCIAASPClo( Z\) =
{a.4, b1z, Csi7}. Also E(ZN) = {a.s17, Duggs, C.sar}, SPCILZ(ZN) = {@517, D.ges, Cozgr}. SPBde A = SFCle Zh A
SFCI gg( %) = {a. 4, b.122, C.381}. This Implles that SPBd FN# Emdg%

Proposition 3.4. Let (X,t) be a fuzzy topological space and #he a complement function that satisfies the monotonic
and involutive conditions. If A is fuzzy #&-semi-pre closed, then SPBd A < A.

Proof. Let A be fuzzy % -semi-pre- closed. By using Definition 3.1, SPBdg A = SFPCle AASFCle (Z°)). Since &
satisfies the monotonic and involutive conditions, by using Proposition 5.6(ii) in [6], we have SCls A = A. Hence
SPBd g < SPCl g\ = M.

The following example shows that if the complement function % does not satisfy the monotonic and involutive
conditions, then the conclusion of Proposition 3.4 is false.

Example 3.5. Let X ={a, b, c} and = {0, {a.s, b.o}, {a.7, b.s}, {a., b.2}, {a.7, b.o}, 1}
2X

Let Z(x) =1—, 0 < x <1, be a complement function. From this, we see that the complement function #&’does not
+ X

satisfy the monotonic and involutive conditions. The family of all fuzzy % -closed sets is given by #°(t) = {0, {a.7s,
D.947}, {824, D.sso}, {8.75,0.462}, {@.824,0.947}, 1}. Let A = {a.g, b.3}, it can be found that Int A = {a.7, b.s}, ClgInt A =
{a.g24, b.4e2} and Int ClzInt A = {a.7, b.3}. That implies Int Cl A < A. This shows that A is fuzzy - pre closed. Further
it can be calculated that SPCl g\ = {a.gs, b.s32}. Now ZA = {a.ggg, b.67} and SPCl & Eh = {a.gg0, b.67}. Hence SPBd A =
SPCl g A SPClo( Z\) = {a.gs, b.ss2}. This implies that SPBdA £ A. This shows that the conclusion of Proposition
3.4 is false.

Proposition 3.6. Let (X,t) be a fuzzy topological space and Zbe a complement function that satisfies the monotonic
and involutive conditions. If A is fuzzy #-semi-pre open then SPBd gl < ZA.

Proof. Let A be fuzzy #semi-pre open. Since Z&atisfies the involutive condition, this implies that &( Z\) is fuzzy
Zsemi-pre open. By using Lemma 2.8, A is fuzzy & -semi-pre closed. Since #satisfies the monotonic and the
involutive conditions, by using Proposition 3.4, SPBd«(Z\) < %A. Also by using Proposition 3.2, we get SPBd ¢
(A)< Z\. This completes the proof.

Example 3.7. Let X = {a, b, c} and t = {0, {a.5, b.7}, {a.s, b.,, C.c}, {a.s, b7, C.6}, {3, b.o}, 1}

X
Let Z(x) = ,
14 x?

0 < x £ 1, be the complement function. We note that the complement function #°does not satisfy

the involutive condition. The family of all fuzzy #-closed sets is Z(t)={0,{a.642, D.201, C1}.{2.2,0.769, C.204}, {84, D-201,
C.204}{@.642, D.760,C1}, 1}.

Let A = {a.4, b.122, C.57}, the value of SPCng = {a.4, b.122, C.517}. Now ZA = {a.517, b-SGSy C.3gl} and SPCIQ\‘ = {a.517,
b'865! C.381}, it follows that SPBd N = SFCI g?x/\SPCI g( %) = {a.4, b.122, C.381}. This shows that SPBd s j<_ EA.

Therefore the conclusion of Proposition 3.6 is false.
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Proposition 3.8. Let (X, 1) be a fuzzy topological space and #Zbe a complement function that satisfies the monotonic
and involutive conditions. If L < pand p is fuzzy &-semi-pre closed then SPBd g\ < .

Proof. Let A < p and p be fuzzy #-semi-pre closed. Since Z&satisfies the monotonic and involutive conditions, by
using Proposition 5.6(iv) in [6], we have A < p implies SPCl g\ < SPCl gp.

By using Definition 3.1, §PBd A = SFClgh A SPCl (GA). Since SPCl A < SPClgu, we have SPBd A < SPCl
UASPCIl o Z)) < SFCl . Again by using Proposition 5.6 (ii) in [6], we have SPClgu = p.

This implies that SPBd &) < .

The following example shows that if the complement function #does not satisfy the monotonic and involutive
conditions, then the conclusion of Proposition 3.8 is false.

Example 3.9. From Example 3.5, let X = {a, b} and © = {0, {a.¢, b.o}, {a.7, b.3}, {a.s b.3}.{a.7, b.o}, 1}
Let A ={a.7, b.ss} and p = {a.7s, b.s}. Then it can be found that Int u={a.7, b.s}, ClzInt u = {a.75, b.4s} and Int Cl zInt

p ={a.7, b.3}. That implies Int ClInt pu < . This shows that p is fuzzy #Z-pre closed. It can be computed that S£CI A
= {a-Sv b-47}'

Now %i = {a.824, b.ez} and S#CI e EN= {3.824, b.47}. SPBd = SFCI #A A SFCI g( %\.) = { a.g, b.47}. This shows that
SPBd, L £

Therefore the conclusion of Proposition 3.8 is false.

Proposition 3.10. Let (X,t) be a fuzzy topological space and %he a complement function that satisfies the monotonic
and involutive conditions. If A < pand p is fuzzy #-semi-pre open then SPBd A < F.

Proof. Let A <u and p is fuzzy &-semi-pre open. Since Z&satisfies the monotonic condition, by using Proposition
5.6(iv) in [6], we have “u < A that implies SPCI, ~u < SPCl, ~"A. By using Definition 3.1, S/Bd ,A = SFCI . A A
SPCl, 7"\ Taking complement on both sides, we get 2°(S£Bd ,A)= « (SFPCI, AASPCl, (7 L)). Since ZFsatisfies the
monotonic and involutive conditions, by using Lemma 2.1, we have ~ (SfBd, L) = 7 (SPCl A)v 7 (SPClgx( 7 'L)).
Since SPCl, 7' n < SPCl, 7\, 7 (SPBd, L) > (SPCl, 7 w)v < (SPCl L), by using Proposition 5.5(ii) in [6], ~
(8PBd &A) > SPInt, uvSPInt, “ A > pintgu. Since u is fuzzy Z-semi-pre open, Z(SPBdgA) > u. Since Fiatisfies
the monotonic conditions, SPBd A < 2.

The following example shows that if the complement function & does not satisfy the monotonic and involutive
conditions, then the conclusion of Proposition 4.10 is false.

Example 3.11. From Example 3.5, let X = {a, b} and 1 ={0, {a.s, b.o}, {a.7, b.a}, {a.6, b3}, {a.7, b.o}, 1} Let A = {a.,
b.s} and p = {a.5, b.4}. Then it can be evaluated that Cl . A = {a.75, b.seo}, Int Cl, A = {a, b.s} and Cl, Int A = {a.7s,
b.462}. Thus we see that A < Cl, (Intd). By using Lemma 2.8, A is fuzzy “~semi-pre open. It can be computed that
SPCl A= {a.gs, b.g3}- Now A = {a.75, b.ser} and SPCI, A= {a.gs, D.g32}. SPBA A = SPCl A ASPCl, (7)) = {a.gs,
b.ss2}. This shows that SPBd , A £ ~ .

Proposition 3.12. Let (X,t) be a fuzzy topological space. Let ~ be a complement function that satisfies the monotonic
and involutive conditions. Then for any fuzzy subset A of X, we have Z{SPBd L) = SPInt AvSPInt, (7 A).

Proof. By using Definition 3.1, §/Bd, A = SFCl, A A SPCI, ('~ X). Taking complement on both sdes, we get «
(8PBd L) = 7 (SFCl A A SPCI,(~L)). Since Zsatisfies the monotonic and involutive conditions, by using Lemma
2.4(ii), (§PBd A) = 7 (SFPCI L)V 7 (SFCI,(~))). Also by using Proposition 5.6(ii) in [6], that implies “(S£Bd L)
= SPInt . ( “A)vSPInte( < (7). Since ~satisfies the involutive condition, ~(S£Bd .A) = SPInt A v SAnt, (7).

The following example shows that if the monotonic and involutive conditions of the complement function Z are
dropped, then the conclusion of Proposition 3.12 is false.

Example 3.13. Let X = {a, b} and © = {0, {a.3, b.s}, {a.», b.s}, {a.7, b.1}, {a.s, bs}, {as, b}, {a b}, {a7, b.e}, {as,
b.s}, 1}. Let “(x) = \/; 0 < x <1 be the complement function. From this example, we see that “ does not satisfy the
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monotonic and involutive conditions. The family of all fuzzy & -closed sets is (1) = {0, {a.s48, D.gos}, {8.447,
b.707}.{a.837, 0.316}, {548, 0.707}.{.548, 0.316}, {8447, D316}, {8837, D.g0s}, {@.837, b.707},1}.

Let A = {a.e, b.3}. Then it can be evaluated that SPInt, A = {a.3, b.1}, “A ={a.775, b.sag} and SPINt ., ~A = {a.775, b.ssg}-
Thus we see that SPInt, L v SPInt, ~A = {a.775, b.sag}. 1t can be computed that SPCI, A = {a.s, b.g}. Now “ A = {a.77s,
b.s4s}, SPCl,. 7k = {a.g37, b.7o7} and SPBd , A = SPCI A A SPCI, (7)) = {a.s, b.agr}. Also « (SPBd, L) = {a.77,
D.ga0}. Thus we see that Z(SPBd L) = SPInt, A v SPInt, ~A. Therefore the conclusion of Proposition 3.12 is false.

Proposition 3.14. Let (X,t) be a fuzzy topological space. Let ~be a complement function that satisfies the monotonic
and involutive conditions. Then for any fuzzy subset A of X, we have SPBd ,(A) = SFCI . (M)A “(SPInt . (1)).

Proof. By using Definition 3.1, we have SPBd, (L) = SPCI, (MASPCI, (< A). Since  satisfies the monotonic and
involutive conditions, by using Proposition 5.5(ii) in [6], we have §£Bd . (1) = SPCI ., (M)A 7 (SPInt .())).

The next example shows that if the complement function  does not satisfy the monotonic and involutive conditions,
then the conclusion of Proposition 3.14 is false.

Example 3.15. From Example 3.5, let X = {a, b} andt = {0, {a.s, b.o}, {a.7, b.3}, {a.6, b.3}, {a.7, b.o}, 1} Let & = {a.,
b.s}. Then it can be evaluated that SPInt, A = {a.75, b.4s2} and ~ (SPInt, L) = {a.gs7, b.e3o} and it can be computed that
SPCl, L= {a.g, b.s}. Now 7\ = {a.947, b.es7}, SPCl, “ A= {a.047, b.gs7} and SFBd . A = SPCI , A A SPCI . (7A) = {a.,
b.s}. Also SPCl, A 7 (SPInt, L) = {a.gs7, b.s}. Thus we see that SPBd, A=SPCIl, Aa 7 (SPInt, A). Therefore the
conclusion of Proposition 3.14 is false.

Proposition 3.16. Let (X,t) be a fuzzy topological space. Let “ be a complement function that satisfies the monotonic
and involutive conditions. Then for any subset A of X, SPBd ., (SAInt, (1)) < SABd . (L).

Proof. Since ‘satisfies the monotonic and involutive conditions, by using Proposition 3.14, we have S£Bd . (SPInt,
(A)) = S£CI, (SAInt, (M)A < (SPInt, (SAInt . (1))). Since SPInt, (A) is fuzzy “~-semi-pre open, SPBd , (SPInt, (L)) =
SPCl, (SAInt (M)A E(SPInt . (L)). Since SPInt (L)< A, by using Proposition 5.6(ii) in [6], S£CI, (SFInt (1)) < SFCI,
(A). Thus SPBd, (SPInt, (L)) < SPCl, (M)A ~(SPInt . (A)). Since ~ satisfies the monotonic and involutive conditions,
by using Proposition 5.5 in [6], SPBd . (SPInt (L)) < SPCI (\)ASPCI (7). By using Definition 3.1, we have SPBd .
(SAnt, (L)) <.SPBd (M.

Proposition 3.17. Let (X,t) be a fuzzy topological space. Let ~ be a complement function that satisfies the monotonic
and involutive conditions. Then S£Bd ,(S£Cl . (L)) < SPBd ().

Proof. Since #satisfies the monotonic and involutive conditions, by using Proposition 3.14, SPBd , (§£Cl, (0)) =
SPCl, (SPCI, (M) A 7 (SPInt . (SPCI . ()))). By using Proposition 5.6(iii) in [6], we have SPCI . (SPCI,(\)) = SFPCI .,
(1), that implies SPBd . (SPCI . (L)) = SPCI . (M)A 7 (SPInt . (SPCI . (1))). Since A < SPCI (), that implies SPInt, (A) <
SPAInt, (Cl,(1)). Therefore, SPBd , (SPCI (1)) < SPCI (M)A 7 (SAInt, (A)). By using Proposition 5.5 (ii) in [6], and by
using Definition 3.1, we get S#Bd , (S£CI (1)) < SPBd .(A).

Theorem 3.18. Let (X,t) be a fuzzy topological space. Let ~ be a complement function that satisfies the monotonic
and involutive conditions. Then SPBd , (A v u) < SPBd , Av.SFBd .

Proof. By using Definition 3.1, $/Bd , (A v ) = SPCl ., (A v n) A SPCI (7 (A v n)). Since ~ satisfies the monotonic
and involutive conditions, by using Proposition 5.7(i) in [6], that implies SPBd . (Avu) = (SFPCI, (A\)vSFCI,
(W)ASPCI, (~ (hvp)). By using Lemma 2.4 and Proposition 5.7(ii) in [6], SPBd , (Avp) < (SPCI, (L) v S£CI,(u)) A
(SFCl (L) A SFCl (7 w). That is, SPBd , (Avp) < (SPCl, (L) A SPCL, (7 L))v(SFCI, (W)ASFCL (7 ). Again
by using Definition 3.1, SPBd , (A\vp) < SPBd , (L) v SPBd , ().

Theorem 3.19. Let (X,t) be a fuzzy topological space. Suppose the complement function  satisfies the monotonic and
involutive conditions. Then for any two fuzzy subsets A and p of a fuzzy topological space X, we have
SPBd, (Map) < (SPBA . (MASPCL (1)) v (SPB , (WASPCI . (L)).

Proof. By using Definition 3.1, we have §#Bd, (Aap) = SPCl, (Aap) A SPCL (7 (Aap)). Since ~ satisfies the
monotonic and involutive conditions, by using Proposition 5.7(i), Proposition 5.7 (ii) in [6] and by using Lemma
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2.4(iv), we get SPBd, (Aap) < (SPCl, (MASFClL, (WA (SPCI (7~ MVvSPCl (7 w) is equal to
[SPCI, (M)ASPCL (7 LN)] A(SPCL (1)) v [SPCI, (WASPCI (7 )] ASPCI . (X). Again by using Definition 3.1, we get
SPBd  (AAp) < (SPBA , (MASPCL, (W) v(SPB , (WASFCL . ())).

Proposition 3.20. Let (X, 1) be a fuzzy topological space. Suppose the complement function  satisfies the monotonic
and involutive conditions. Then for any fuzzy subset A of a fuzzy topological space X, we have

(i) s/Bd, (SPBd , (L)) < SPBd (M)

(ii) sPBd , SPBd . SPBd . L < SPBd , SPBd /A

Proof. By using Definition 3.1, SPBd ,A = SPCI A A SPCI ,( 7)).

We have SPBd, SPBd L = SFCI, (SPBd, A) A SFPCl, [~ (SPBd, A)] < SFPCl, (SPBd . )). Since Zsatisfies the
monotonic and involutive conditions, by using Proposition 5.6(ii) in [6], S£CI . A= A, where A is fuzzy “ -pre closed.

Here SPBd , A is fuzzy ~ -pre closed. So, S£CI (5PBd ,A\) = SPBd ,A. This implies that S#/Bd , SPBd , A < §£Bd . A.
This proves (i). (ii) Follows from (i).

Proposition 3.21. Let A be a fuzzy ~ -semi-pre closed subset of a fuzzy topological space X and p be a fuzzy ~ -semi-
pre closed subset of a fuzzy topological space Y, then A x u is a fuzzy “ -semi-pre closed set of the fuzzy product
space X x Y where the complement function ~ satisfies the monotonic and involutive conditions.

Proof. Let A be a fuzzy “-semi-pre closed subset of a fuzzy topological space X. Then by applying Lemma 2.8, “'A is
fuzzy ~-semi-pre open set in X. Also if “ "\ is fuzzy « - semi-pre- open set in X, then “A x 1 is fuzzy “~-semi-pre-
open in X x Y. Similarly let pu be a fuzzy “-semi-pre closed subset of a fuzzy topological space X. Then by using
Lemma 2.8, v u is fuzzy ~-semi-pre open set in Y. Also if ~u is fuzzy ~ -semi-pre open set in Y then “'ux 1is
fuzzy “-semi-pre open in X x Y. Since the arbitrary union of fuzzy “ - semi-pre open sets is fuzzy “ - semi-pre open.
So, “Ax1v1x ~uisfuzzy ~-semi-preopenin X x Y. By using Lemma 2.13, “ (A x u) = “A x 1 v 1x “u, hence
Z (A x W) is fuzzy ~ -semi-pre open. By using Lemma 2.8, A x p is fuzzy ~ -semi-pre closed of the fuzzy product
space X x Y.

Theorem 3.22. Let ~ be a complement function that satisfies the monotonic and involutive conditions. If A is a fuzzy
subset of a fuzzy topological space X and n is a fuzzy subset of a fuzzy topological space Y, then

(i) SPCl, A x SPCl, u>SPCl, (A x )

(ii) SPInt A x SPnt, u < SPInt, (A x w).

Proof. By using Definition 2.11, (SPCl, A x SPCl . u ) (X, y) = min{SPCl . A(x), SPCI, u(y)}> min {A(X), W(y)} =
(Axp) (X, y). This shows that SPCI . A x SPCIl, u> (A x p).

By using Proposition 5.6 in [6], SPCI, (A x w) < SPCI, (SPCl, AxSPCl ,u) = SPCl, AxSPCI . By using Definition
2.11, (SAInt, A x SPInt, 1) (X, y) = min{SPInt, A(X), SPInte u(y)}< min {a(x), w(y)} = (Axp)(X, y). This shows that
SPInt, A x SPInt, u < (A x ). By using Proposition 5.2 in [6], SPAInt, (SAInt, A x SPInt, p) < SAInt, (A x p), that
implies SPInt A x SPInt, u < SPInt, (A x p).

Theorem 3.23. Let X and Y be -product related fuzzy topological spaces. Then for a fuzzy subset A of X and a fuzzy
subset p of Y,

(i) SPCl, (A xpn)=SPCl, A xSPCl, n

(ii) SAnt, (A x u) = SPInt, A x SANt, L.

Proof. By using Theorem 3.22, it is sufficient to show that SPCI, (Axp)>SPCl , AxSPCl .. By using Definition 5.4 in
[6], we have SPCI (A x p) = inf{ (A, x pp): “ (Mg x ug) = A x p where A, and p are fuzzy ~-semi-pre open}. By
using Lemma 2.11,
we have SPCI (A x ) =inf{ “A,x 1v1x “hg: “hex1vIix “pug >t xpu}

=Sinf{ehex1v1ix Zug: “hg2h0r s>}

=min(inf{ “Ax1v1ix Zpg: “he2 A}, inf{ “Ah,x Ivix “pg i “ug>}).

Now inf{ “h, x vl x “ug. “he 20} 2 inf{ 7y x 11 7he2 A}
=inf{ 7N 7A=Y} x1
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= (SFPCI, M) x 1.

Alsoinf{ “h, x1v1lx “pg: 7pug2p}> inf{lx “pug: “pg>p}
=1xinf{7pg: “pp2p}
=1x SPCl, p.

The above discussions imply that

SPCI (A xu) > min (SPCI & x 1, 1 x SFCI )
= SPCI ). x SPCl p.

(ii) follows from (i) and using Proposition 5.5 in [6].

Theorem 3.24. Let X;, i =1, 2 ....n, be a family of #Z-product related fuzzy topological spaces. If ; is a fuzzy subset
of X;, and the complement function Z%atisfies the monotonic and involutive conditions, then

n
sPBd, ([ [A )= [SPBd, dyx SPCI, ko x...xSPCI, hnlv [SPCI &y x SPBA Ay x...x SPCl, Al v ... V[SFCI, )y x

i=1
SFPCl, Xy x ... x SPBd A,

Proof. It suffices to prove this for n = 2. By using Proposition 3.14,

we have SPBd , (A x Ap) = SFCI, (hy x M)A “(SPInt, (Mg x Ay))
= (SPCl, Ay x SPCl M)A 7 (SPnt A x SPInt A,) [by using Theorem 3.23]
= (SPCl , Ay x SPCl, M)A « [(SPInt, MASPCI, L) x (SPINt , AonSPCL, Ly)]
= (8FPCIl Ay x SPCl ) A [ 7 (SPInt Ay A SPCI \q) x 1v1 x 7 (SPInt, A, A SPCI, Ly)].

[By Lemma 2.13]. Since %satisfies the monotonic and involutive conditions, by using Proposition 5.5(i), Proposition
5.5(i) in [6] and also by using Lemma 2.11,

SPBd , (M1 x Ap) = (SPCl, M xSFCl, M)A[(SPCl, “hvSPINt, 7 hy) x1vIX(SPCl, © hvSANt, 7' \,)]
= (SPCl, Ay x SPCl,A,) A [SPCl, 7hyx Lvl xSPCl, 7'A)]
= [(SPCI , Ax SPCI , M) A(SPCL, (7 Ag)x1)VI(SPCI (M) x SPCI , A) A(AXSPCI . (7 A2))].

Again by using Lemma 2.9, we get

SPBA (M1 x Ay) = [(SECI, MASECH, (7 A1) <(LASECL, M) IV[(SECL, %A SECH , (7 Ao))x(LASECI, 01)]
= [(SECI (A)ASPCL, (7 M1)) xSECL, (1) ] v [(SPCI . (A)A SECI, (7 Mo))xSFCI, (M1)]

SPBA, (M1 x Ao) = [SPBA, (L) x SPCI, (A,)] v [SPCI, (A1) x SPBA, (Ao)].

Theorem 3.25. Let f: X—>Y be a fuzzy continuous function. Suppose the complement function & satisfies the
monotonic and involutive conditions. Then

SPBA, (f () < f™ (SPBd, (w)), for any fuzzy subset p in Y.

Proof. Let f be a fuzzy continuous function and p be a fuzzy subset in Y. By using Definition 3.1, we have SPBd , (f
Y1) = SACL, (F ())ASFCL, (7 (f (). By using Lemma 2.10, SPBd . (f (1)) = SPCI, (f () A SPCL, (f (7 p)).

Since f is fuzzy continuous and f *(u) < f *(SPCI ., (p)), it follows that SPCI, (f () < f *(SPCI . (u)). This together
with the above imply that SPBd , (f *(w)) < £ (SPCI, (u))Af (SPCI, (). By using Lemma 2.12, S#PBd , (f *(u)) <
f Y(SPCI, (WASPCl( 7). That is SPBd , (f * () < £ (SPBd ., ().
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